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The Theory of }':e Divisiou of the Octave, and the Practical
L Treatment of the Musical Systems thus obtained. Revised
} Version of a Paper entitled ‘On Just Intonation in Music ;

with a description of a new Instrument for the easy control of
- Systems of Tuuning other than the equal Temperament of 12

Divisions in the Octave. By R. H. M. Bosanquer, Fellow of
St, John’s College, Oxford.
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In the original paper presented by the wrifer to the Royal Society,
‘ogarithms were emploved as the measure of intervals, as they have been
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lo others. Great advantages have been found,
::‘::::]yt::s&g!f?o: the adoption of the equal temperament (E. T.) |
aemitum: which is {4 of an octave, as the unit of in!er\'n_l. It is the unit
most fuu:ilinr to musicians, and has been found to admit of the expres-
sion of the theory of cyclical systems by means of formulw of the sim plest
character. The writer therefore devised the following rules for the
transformation of ratios into E.T. semitones and vice versd, and subse-
quently found that De Blorgan bad given rules for the same purpose
which are substautinlly the same (€amb. Phil. Trgns, vol. 5. p. 128).
The rules cbviously depend on the form of log 2. he form of the Hrsb

*  rule affords a little more accuracy than De Morgun's

Rule I To find the equivalent of a given vibrations ratio in E. T.
semitones. : ,

Take log (ratio), subtract gig, and call this the first improved value.

: 1
From log (ratio) subtract El]'o of the first improved valve and gmeg

of the first improved value. Multiply the remainder by 40. We can
five places in the result, I g
mz':: follo\';ring data ore introduced here ; they ecan be verified by
numbers given in Woolhouse's tract :— .
. =7-010.550.008,654. e SR
© Third=4—-186,802,551,351. —~ ST
Five places are ordinarily sulfeinit. , :

Rule II. To find the vibrations-ratio of an interval given in E. T.
semitones.

To the given number add ﬁ and iU.!L'@ of itself. Dhvide by 40. The 3

result is the logarithm of the ratio required. We can rely on five places
in the result, or on six, if six are taken. - . ;
Eg¢, The BE. T. third is 4 semitones. The vibrations ratio fuum.l.
above is 1-250021. B
Hence the vibrations-ratio of the E.T. third to the perfect t!.urd
is very mearly 126:125. - -

_ C 3 paeitions.
Regular systems are such that all their notes can be arranged in a con- .
tinuous series of equal fifths. X _

" Regular cyclical systems are not only regular, but return into l.he same
.pihha&arleerhﬁn number of fifths.- Every such system divides the
octave into a vertain number of equal intervals.

- Error is deviation from a perfect interval. )
Departure is deviation from an E. T. interval. L

: {
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Intervals taken upwards are called positive, taken downwards, nega-

Bystems are said to be of the rth order, positive or i
s ti ki
departure of 12 fths is ;tru.nitsofthe:;:‘.am. ST
) Intervals formed by Fifths.
Whea successions of fifths are spoken of, it is intended that

- A octaves be
dmr?gm'ded. If tlu: result of a number of fifths is expressed in E. T.
semitones, any multiples of 12 (octaves) are cast out. Representing the

fifth ded.?! syst I.'fy 7+3, where § is the departure of one fifth
::‘::::n:. in ET. tones, we form the following intervals amongst

Departure of 12 Gfths =123
(12x(7+3)=84 4 123, and 81 iy caat vut).
Two-fifths tone = 2 4 93

(@x(7T+3)=14423, and 12 is cast out).
Seven-fifths semitone, formed by seven fifths up,=1473

(Tx(7+3)=494173, and 48 is caist out).
Five-fifths semitone, formed by fve-fifths down, =1 — 53
_. _—\(ﬁx —(7+3)=—(35+53), and 26 is added).

: The aﬁve.n-—ﬁllhn'fmit_oh; will be denoted b -1 ]
fifths semitone by £ (=1 —53). - . iy s (=1+473); the live

Regular Systenss.

- The importance of regular systems arises from th
Skt ¥ row the symmetlry of Lhe

-

Theorem a. In any regular system five soven-fths semit
five-fifths semitones mnka‘m exnct octave, or 5:+‘I;= I;‘.l i
For the departures (from E.T.) of the 5 soven-fifths semitones are
dus to 35 fifths up, and those of the 7 five-Afths semitones to 35 fifths

_dm. leaving .12 E. T. semitoves, which form an exact octaye ; or,

., (14T +T(1—5h)=12.

Theorem f. In any regular system the difference betw :h. !
fifths semitone aud the five-fifths semitone is the depnrh::n of lﬂm

#— f=departure of 12 fifths.
Let & be the departure of each ffth 5f the system, then s=1+4 74,

S=1-5%; whence s —f=123.

- . Y
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Regular Oyclical Systems,

The importance of regular cyclical systems arises from the infinite
freedom of modulation in every direction which is possible in such
systems when properly arranged ; whereas in non-cyclical systems
required modulations are linble to be impossible, owing to the demand for
notes lying outside the material provided.

Theorem i. In a regular cyclical system of the 4 rth order the difference
between the seven-fifths semitone and five-fifths semitone is + r units of
the system, or £ — f= 4 r units,

Recalling the definition of rth order (128= 4 r urijts), the proposition
follows from Th. 8. :

Cor. This proposition, taken with Th. a, enables hs to sscertain the
sumber of divisioss in the octave in systems of any order, by introducing
the consideration that each semitone must consist of an integral number
of units. The principal known systems are here eaumerated :—

Primary (1t order) Positive.

7-8REs semitons 5-fifths seroit Number of uits in oetare
= x unils. =g units. © (Th a)Be4Ty=n
2 L e S 1 3 i 17
3 G - T e 29
4 ~ B e 41
& nemovasas . I O
q .......... a W ceesssamss 85
Secondary (é.mf order) Positive, .
B casersiess ] ‘ . 118
Primary ny«lfl'l:w. ‘ .
1 2 ' 19
| 1 I
SBecondnry Negative.
3 CyiE 3 5 . . B0

Theorem ii. In any regular eyclical system, if the octave be divided
into n equal intervals, _a.nd r be the order of the system, the departure of

each fifth of the system is ;. E. T. semitones.
For departure of 12 fifths =123 =r units by definition and the unit=

-?B.T.mibow; -
r -
i a8 ‘=l;.

Theorem iii. If, in a system of the rth order, the octave be divizl_ml int
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" equal interials, v 4 Tn is a multiple of 12

units in the fifth of the system.

Let ¢ be the number of units in the fifth.
Then ¢ 127 pymzy
=4 —7+;;

. Ingr

H - 9="pg

snd ¢ is an integer by hypothesi

Cor. From this . o~

and r. It in usefu

l'usting out mnltiple

fnl]oui:)g relations ¢

Pe . nhenm the proposihion

oposition we can deduce carrssponding values of «
in the investigntion of syatems of the h.ighn-r vrlers
3 0f 12, where necessacy, from |

nand ¥, we have the
wiween the remainders -

Remainder of
"....1 2°8 4 5 g 7 g
9 10 11
Feeee®5 10 03 8 1 611 ¢ 9 3 7

Theorem iv. If a system divide the ol ;
L‘ total departure of all tha n Gft o IOAIR Litd:p

r in the order of the aystem.

equal intervala, the
bs of the system = E.T. semitones, where

C For by Th. ii. §=",
::beTh‘uJ .“_, whence
=

s 4

nd=r,
or the departure of n ffths =r semitones.

This gives risa to a curious mode of deriving the different systems.

Buppose the notes of an E T, seri i
‘ - T, series a
proceeding onwards indefinitely, thus:— = e o

4ydaaﬁf£cfgﬁr{:«ﬁfcg,..

snd saon. Lat a regular s "

x yatem of fifths start from e
positive, then at each step the pitch rises furth ;
return to e by sharpening an EPT. note. % from E.T. Itcan only

Suppose that & js sharpetied one E. T. semitone
then the return may be effected

E at the first § in 5 fifths, .
= st the second & in 17 ffths, ’
: e .t-iﬁhathirdﬁhmﬁﬂhs;nndmon.
- Thus we obtain the itiv ;
primary positive systems. Secon iti
mltfal:;mybegotby:ibnrpmingﬁbﬂaemitm; mdmttrr postive
E!tha_am negative, the return may be effected depressing
8 semitone in 7, 19, 31 . . . ffths: we thus obtain &hb’primnry mag::f

tive systems; or by depressing d two semit i
secondary negative systems ; af:d 80 on. PR e phig

If they are

» 50 84 to becoma ¢;

i

w— -

-

2, and :-Il;g—u is tha number of

- \ -
- Theory of the Division of the Oclave.

An instructive illustration may be made a3 follows; it requires too
large dimensions for convenient reproduction here :—

Set off on the axis of abscissm the equal temperament series in order
of fifths, as above, taking about 10 complete periads. I the distances
of the single terms are made 1 centimetre, this will take 1720/in length,
starting from the origin on the left.

Select s anit for the E. T. semitone of departure, say 1 decimetre.

Rule a series of lines parallel to the asis of abscizsm, af distances repre
senting integral numbers of E.T. semitones, both above and bBelow, .

Raule, parallel to the axis of ordinates, strnight lines through the points
representing the E.T. notes. \

Bater on the intarsections the names of the B T, fotes thay rapecsont
Thus the notes on the positive ordinate of ¢ are ¢ o2 A , and wo
on, each pair separated by I decimotre, and the notes on the negatice
ordinate of ¢ ave c-5-3p . . . .

TE wo then join the ¢ on the left hand of the axis of absciswr to all the
other ¢'s on the fgure, except, of course, those an the axis, wa obtain a
compléte graphic representation of nll the systems w hose orders are
included. The rth order is represented by lines drawn to the <'s in the
rth line abave, the —rth by the lines drawn o the ¢ in the rth line
below.

This illustration brings speecially into prominence the singularity of
multipls systems, as all the multiples of any system lie on the sama
straight line with it, and the representation fails to give all the nates of
much systems. '

Multiple Systemns. ]

Multiple systems are such that the number of divisions in the octare
(kn) in any such system is a multiple (k) of the number af divisiona (41
of some obher system.

Multiple systems have not been ns yet practically applied.

These systems are not strictly regular ; for though their fifths are all
equal, yet they do not form one continuous series, but sevoral. They
are strictly cyclical, i. «. they divide the octave into n equal intervals.

Theorem v. A multiple system, kn, may be regarded as being of order
kr, where n is a system of order r.

* - For, n being a system of order r, r+47n is & multiple of 12; . also
- k(r4-Tn) is » multiple of 12, which is the condition that the system kn
be of order Ar.

This is useful in the investigntion of systems of the higher ordvrs.

If n is & maltiple of 12, the system is o multiple of the E.T., and of
order zero.

In the illustration described under Th. iv. the notes of a multiple
system (En) are Lhe same as those of system », until the latferis com-
plete. The rest of the representation consists simply of the same notes

“
A
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repested over and over again. To obtain the rest of the notes we should
have to change the starting-point,

On the whole, we may regard the system &n as consisting of k dif-

ferent systems n, having starting-points distant from each other by i
of the unit of the system n.
It follows immediately that the system kn is of the krth order; for in
every unit of the system n there are k units of system kn ; and so in r
_uzdmhmnthemmh units of system kn,
system, wh i i i
.ph:.n m, w nunotupm,unbemgnndeduamulhple
Thus the system(of 59 is of the 7th order ; 118 consequent| i
; Itipl
system of the 14th order, in which point of view it is l:fqnn mt,;:a:;.k: ;ﬂ:
casting out the 12 from the order, it may be also regarded as an i.mio-'

pendent system of the 2ud order, in which poi iew it i -
e sl in w point of view it is of con
‘Formation of Major Thirds in Positive mud Negative Systems,

The departure of the perfect third is —-13686 Hence negati
l;ntma. (where the fifth is 7 —) form their thirds in accordance wi:l:
the G‘d.lnn.ry‘nu‘hﬁon of music. For if we take 4 nogative fifths up, we
bhave & third with negative departure (—43) which can approximately
represent the departure of the perfect third. Thus cff is either the
tll.in'i.h:s.nrfour fifths up from @, in accordance with the usage of
musicians,

Po;it:l:e flpmm form their thirds by 8 ffths down ; for their Afths
are of the form (7-+12), and 8 fifths down give the tive departure
(-—8.'). Thus the third of a should be d}y, which i.lniﬂnnﬁlhnt with
musical usage. Hence positive systems require s separate notation.
th:!ho!h proposed a notation for this purpose, which, however, is
unsuitable for use with written music. following notation is I;aro
sdopted for positive systems in general ; it is not jutended to be limited
to any one system, like Helmholts's. In fact it may, on occasions, be
used oven for negative systems. ’

Notation for Positive Regular Systems,
mmmmdinmial.u&mﬁningu&fﬂu,frn
to b. %myhmmmsmhmmiiw

Ellis.
- fo-d-gh-di-ai-f-c-g-d-aeb,
which contains the standard ¢, is called the unmarked duodene. No

disﬂneﬁonhnndointhenurkahhmsuhwtuuc:ud These
signs refer only to the E.T.mtefmmvhiehthomuh:‘:uﬁmk

derived; the place in the series of fifths is determined by the notation.

Theory of the Division of the Octave. 397

Continuing the series to the right, each note of the nest 12 fifths is
affected with the mark / (mark of elevation), drawn upwards in the

direction of writing. These notes join on to the unmarked duodene as
follows :—

eb-/fo-/B-/ge .. - u
and so on.

Thus /¢ is 12 Bfths to the right of ¢, and the interval /c<is the depnr-

ture of 12 Gfths.

The next duodene to the right is affected with the mark /7, which

joins on to the last as before :—-

re-/8-/70% .. .. \

and so on. ‘
Proceeding in the same way, wo have notes affected with such marks

A S/ S :
Return to the unmarked duodene, and let it be continued to the left;

the notes in the next duodene on tho left are affected with tbr:- mark .,
(mark of depression), drawn downwards in the direction of writing. The
junction with the unmarked duodene will be

y NoNgNdaNe B fR-f ...
The next junction on the left will be
RSNV N S

snd, proceeding in the same way, we have such marks as o0,

NN .
Thus &« is & major third determined by eight fifths down in the whole

sories; and “¢ will have the departure (—82) from the E.T. note
derived from c.

Notation qrplimbh.u :ﬂﬂagular Systems, Negative as wel! as
Positive.
As this notation simply consists of a determination of position in 3
continuous series of fths, it may be applied to all regular systems, posi-
tive or negative ; but, as it is not commonly needed for negative systems,

it is not generally spplied to them.

Formation of Harmonic Sevenths in Positive and Negative Systems.
The harmonio seventh is the interval whose ratio is 7:4. Itaffordsa ’

smooth combination, free from beats. ]
The departure of the harmonic seventh from the note which gives the

E.T. minor seveath is —81174 (Rule L). )
Helmboltz observes that his system of just intonation affords an approxi-

e o\

— S




398 Mr. R. H. BI.-Baaanquet on the

mation to the harmonic seventh. In fact, if we form a seventh by 14
ﬂﬂha.down in positive systems (Afth=742), we obtain a note with
negn‘hre departure (—143), which can approximately represent the har-
monic seventh : ¢~ Ap represents such an interval. ‘

Mr. Ellis has obsersed (Roy. Soc. Proc. 1864) that the mean-tono
system, which is negatise, affords a good approximation to the harmonic
seventh. In fact, if we form a seventh by 10 fifths up in negative systems
(fifthe=7-3), we obtain n note with negative departure (-~ 103), which
ean approximately represent the harmonic seventh.

C’omnyaf Regular and Regular Cyclical Systems,

These consuleralions permit us to caleulate the departures and errors
of concords in the rarious regular and regular cyclical systems. Thern
s, h?wever, one quantity which may be also conveniently taken into
ennsideration in all cases, viz. the departure of 12 ffths of the system
We will call this &, putting A=124. B

We have then the following Table of the characteristic quantities for
the more important aystems hitherto known. ~ 8

The value of the ordinary comma @) is "21560. It is comparable

with the values of A, snd if introduced in its place in the Table would
give rise to a regular non-cyclical system, lying between the system of 53
and the positive system of perfect thirds, the condition of which would
be that the departure of 12 fifths =3 comma.

-

o Error of har-

Name, Onler, a=123," ErrorofiRh, Errorof third, monicsventh,
or n r. or I’i' d— 01955 13168688 qii74—14d.
17 1 70588 03027 33373 51178
» | 41379 01493 27586 17
41 1 20268 00484 19613 - 02970
FParlect fiftha 23460 - 01954 03804
Foil 63 1 22642 - 00068 L 01409 04768
itive et
e }- 20029 00244 or293
118 2 20339 — 00260 00127 07445
85 118482 0047 01378 00635
(‘—Ehhn negative.) i1 ':3“61_-43. 31174+ 10d.
48 1 —20707  —0u31 03784 08418
' ﬂn =1 —-38710 — 05181 00783 —0108¢
e et this | -~ —41068  — 06378 w —3041
0 -2 —48000 —05055 — 02314 —08826
19 -1 — 63158 —07218 — 05367 —-21458

A few systems of the higher orders, which possess some interest, will
be given separately.

-

- Yy A WEW .
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An illustration may be made as follows, which shows on insprction all
the data involved in the above Table, and the properties of any other
system introduced into it. .

Take axes of abscisse and ordinates, and set off on both distances
representing tenths of E. T. semitones— for ordinary purposss 10 inches
to the B. T. semitone answers best ; for Lecture scala, 1 metre to the E. T.
semitone.

On the axis of ordinates set off points représenting the values in
column A of the Tnb‘a, and corresponding values for any other sratem

rvquimd. Thrmtgh each of these points rule a atrai ht line parallel to
the axis of abscissme. i
On the axis of abscissn set off points represaiiting the valuey 1WA

and —31174. Rule lines throngh these parallel to the axis uf ondi

nates. Thesn abacissm represent respectively perfect thirds and perfect

sevenths. ' .
Draw lines inclined to the axis of abscissm at angles tan”! 3 and

tan"g. These give, by their intersections with the lines of the different

positive systems, the thirds and sevenths respectively.
Draw lines inclined to the sxis of absciss® st angles tan™' -3 and

tan—! ...:, Theso give, by their interseetions witl; the lines of the different

pegative systems, the thirds and sevenths respectively.

The errors of the thirds and sevenths are the perpendicular distances
of the intersections which determine them from the ordinates of perfoct
thirds and seyenths already constructed.

In Regular Cyrlical Systems, fﬂﬁ!vl the munsher of Tladte an iy Fates -
in the Scale

Let = be the number of units in the seyen-fifths semitone, then

9
..';.-unalng,

) ntTr
F=—y5—

- = '
Tt is easy to see that = will always be integral if the order condition is
satisfied (Th. iii.), viz. if Tn+r is s multiple of 12.
For then 7(7n+ r)=49n+7r; whence, casting out 48n, n47r is s
maltiple of 12. ? _ :
We can now determine the remaining intervals in terms of =
and r:—
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No. of units.
Interval itin i
5-fifths semitone . a pw .:-:-J .t: " . Neph:_.y.:-m'
Minortose ... .... .. \. .
10-fifths tone ...... .. .. } W=
Majortone ............

- 2-fifths tone. . .. ... ... . }&‘_ £ e 2r— r
Minor third ..., ... ., . 3r— r 8r—9,
Mlim‘thll‘d P 4 -3¢ 4dr—9»
Fourth ... .. _ Bxr-3r fr—8r
Fitth... ... 3 Tx—4r Te—4r
Bixth.. .. .| Or - 6r P — Gr
Harmonic an(*x-ul h 102 —T7¢ 10z — 5
Major seveath 1le—Tr 1lx—6-
Octave .., . ......... oo 12e=T7r 12 —Tr=n

. The — s in negalive systems are, of course, positive quantities.

Employment of Positive Systeis in Music.
Ruls for l!:ird:q.'—l £ we write down one of the duodenes of the notation
Po-<b-gh-dya-f-o-g-d-aeb,

and remember that positive systems form their thirds
mrsabo, ¥ eir by 8 fifths down,

‘I"he l’o.ur sccidentals on the left in any duodens of the notation form
major thirds to the four notes on the extreme right in the same duodene.
All other notes have their major thirds in the next duodene below. Thus
d-f%, ez are major thirds.

Use of the Notation with Musical Symbols,

It is an easential point in this notation that it can be used with musical

symbols. The following example shows the major and minor chord |
the interval used for the harmonie seventh :— J' ords ant

Ffapoleindd
NS T

T’?e first chord is the major triad ; the second involves 9=, the bar-
monic seventh ; the fourth crotchet gives the minor common chord; and
the first chord of the second bar is the sharp sixth, rendered peculiarly
;:t:::[ Izt:n}l:‘loyment of the approximate barmonic seventh for the

The employment of positive systems is ilh thi i
presupposed with this notati
unless the contrary is expressly stated. : o

Lo 18 £ ot —

I
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Such passages as this can be played on the harmonium hereafter
described.

Principle of Symmetrical Arrangement in Regular Systems.

If we place the E. T. notes in the order of the scale, and set off the
departures of the notes of any regular system at right angles tothe E. T,
line, sharp departures up and flat departures down, we obtain the posi-
tions of what may be called a symmetrical armngement.

The distunces of the E.T. notes from the starting-point sre abuciser
and the departures ordihates.

]

Pogitive Syn.‘n;u.

The hubjoined is 5 symmetrical arrangement of the notes of Geperal
Thompson's enharmonic organ (p. 402). It is selected ns not being too
extensive for reproduction, as being of historical interrst, and us illustra
ting the nature of the difficulty caused by the distribution of such systems
into separate key-boards, Each of the single vertical steps represents the
departure of one fifth. p

The property of symimetrical arrangements, from which they derive
their principal importance, is that, position being determined ouly by
relations of interval, the notes of a combination forming given intervals
present always the snme form, whateyer be the key or the actual notes
employed.

Let us expreas, as before, the number of E. T. semitones, which is now
our abscissa, by simple integers, and the number of departures of fifths,
which is our ordinate, by a coefficient attached to §. Then we have only
to note the values of the different intervals to obtain their coordinates

with respect to any nole taken as origin.

Thus the third is 483, or four steps to the right and eight down
(o) ; the Bfth is T4 &, seven steps to the right and one up (rg):
the minor third is three to the right and nine up (e—g); and so on.

Two notes are omitted from the otherwise complete series, fand - - o,
and we notice the number of otherwise complete chords which their
sbaencé destroys. 8

Distribution over three Key-boards.—As anexample of the effect of this,
we note that the notes of tho chord of a minor are all present ; but they
are @, /¢, 80 that the third and fifth are on different key-boards.

2 Negative Systems.
ing to the enunciation of the principle of symmetrical arrange-
ment, the positions should be taken lower for negative systems as we
ascend in the series of ffths; but it is practically more convenient to
use the positive form in negative systems as well. The coordinates of
some intervals become different—the third is 4443, the minor third
333, &e,




Symmetrical Arrangement of the Notes of Thompsou's Enbarmonis
Orgaa.

The subscripts , 5,3 refer to its three key-boards,
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Applicution of Principle of Symmetrical .{rmmﬁmrul to a * Generalizad
" for Regular Systems.
A key-board has been constructed, on the principle of * symmetrical
arrangement,” in the following manner -—
The octave is taken =6 inches horizontally (in ordinary key-boards the
octave is 6] inches). This is divided into 12 spaces, each } inch broad.

.These are called the 12 principal divisions of the octave. A horizontal

line gives the poaitions of an B.'T. series where it crosses them all.

The keys are then placed af vertical and horizoutal distances from the
E.T. line corresponding to their departures, on the supposition that the
arrangement is positive. ml

The departure of 12 Bftha up corresponds to a horizdatal displacement
of 8 inches from the player, snd a vertical displacement of 1 inch up.

These displacements sre divided equally among the fifths to which they
may be regarded as due, i.¢. the displacement of g with respect tocis
} inch back and (4 inch up ; so of d with respect to g, of a with respect
to d, and so on.

Although only 3 inches of each key are thus exposed on a plan, yet
the keys are sll made to overhang { inch, and thus the tangible length of
each hy is 3§ inches.

sccompanying figure (p. 404) shows a small portion of the key-
bo;;:. on & seale of half the real size.
keys sre esch J§ inch broad, and their centres are } inch apart.
There is thus } inch free between the adjacent surfaces of each pair of
keys, aud § inch altogether between the two keys which rise on each side
of any given key. This is of importance ; ¢.g., in the chord 0 e g,
taken with the right hand, the first Bnger has to reach e between §f
and under the overhanging e. -

The keys in the five principal divisions which bave “arcidontal” names
(o. 8. off or dp) are black, the rest whits,

There are seven keys in each principal division; the seven ¢'s are
marked from “>\¢ to // /¢, the unmarked ¢ being in the middle. Thus
there are 84 keys in each octave. The key-board controls an harmo
nium which contains the system of 53,

Application of ths Positive System of Perfect Thirds to the  Generalized
Key-board ™ (Helmholt='s system, just intonation),

If the thirds, such as ¢—¢, are made perfect, and the fifths fat by
00244, a quantity which escapes the ear, we have the system here men-
tioned. Helmholtz makes s mistake in describing it (* Die Lehre von
den Tonempfiidungen,’ ed. 3, p. 495); he supposes that the fifths are
sharp instead of flat by the above interval; it is easy to see from the
context that this is s mistake.

The notation of positive systems is applicable without specilization.
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Application of the Notation of I'usitive Systems to the System of 53.
The notation introduced for positive systems is susceptible of various
accessory rules, according to the system it is attached to. In the
h:_umomun to which the abore-mentioned key-board belongs the system

- -
- -

Theory of the Division of ¢ Oclare, 1715

of 93 18 alapted. 1t is required to fing ries of identification for I
from one prineipal division of the tetave to another,

o3

Rule—1In the system of 53 the notation of posiive syslems becomos
subject to the following identifications :—

If two nofes in adjoining principal divisions (e.g. ¢ and Z) be so
situated as to admit of identification (e. g. a high ¢ and a fow 7Z), they
will be the samo if the sum of the elevation- and depression-marks =4 ;
iitiless the Jower of the two divisions is black (aecidental), then the sum
«f the marks of identical notes =5.

This can only be proved by enunieration of & cnse: i each pair of divic
aons, This enumeration is made in the wriler's origmal paper. It ia
founded on the following principles :— 1

Noting that the f-fifths semitone is 4 units (scheme following Th. 1),
we gee that e—cff is 4 units, whence /s /e<ff, // /ey, 7/ /0Neg . - L.
are identities; or, again, cf—d is 4 units, and /s cf—d, /e 0d
. .. .are identities.

Application of the System of 53 to the ** Genzialized Key-board”

An harmonium has been constructed wkhick is arranged as folloss :—

The note \~¢ is taken as the first note of the series, nud reccives the
characteristic number 1. Then ¢ is 4, and the remaining numbers can
he nssigned by the rules for the identifications in the system of &3 given
shové. .

A pumber of notes at the top of the key-board are thus identical with
f'i:trri:spond'ing notes in the adjacent principal divisions on the nght at
the bottom, e.g. //e=b=>">cff. These permit the infinite freedumn of
moduistion which is the charavleristic of eyclical systems ; for in mosving
upivards on (he key-bourd we can, on arriving near the top, changs the
hands on to ideutical notes nenr the bottom, and so proceed furtler in
the snme direction, and vice versd. :

It is to be noted that, in positive aystems, displacement upuards or
downwards on the key-board takes place most readily by medulation
between related major and minor keys—not, as has been commonly
assumed; only by modulation round the circles of fifths. TIn negative
syatems, on the controry, displacements take place only by modulatio
of the latter type. : S

J}mfknhbn of the System of 118 to the © Generalized Key-board®

The 5-fifths semitone is here 9 units, and the 7-fifthe semitone is 11
units. The major tone (2-fifths tone) is conseqiently 20, and the minor
tone (10-fifths tome) is 18. Hence the notes in the snccessive principal
divisions are alternately odd and even, and the identifications lie in alter-
nate colurans. These are not bere further investigated, as no practical
use has been made of the system.

.
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fe=l, =10, 2= 12,d=21, . ...
. II! fr::;ld bt‘ possible to construct a key-board on the principles already
o;plslu;: + Which would gne complete control over the notes of the system
',},,,]',]eA portion of spch a key-hoard would be practically indistin-
gui from one tuned to the positive system of perfect thirds, as

the error of the (hirds of i
il e thirds of the system of 118 is too small to be perceived

{ppheation of the Negative Systea of Perfect Thirde (Mean- Tone § stem)
te the * Gencralized Key-board.” ¥

‘el.:‘l.:w tt]:.l.u'r'ﬂa, ’“f‘l" 8s c-¢, are made perfect, and the fifths ‘05376 fiat,
: € the mean-jone system. The forms of scales and chords in ne,
ive systewas are different from those in positive systems. The scales ﬁ
very easy to play, and the chords also. It is e:p;cled that this apphi
ho; :;]my prove of practical importance. e
ollowing the scale of unmarked naturals on the pl realiza
z an, we can
the nature ol'. the fingering. It is the same as f}mt of the Pytha-
. , Borean scale with the system of perfect ifths. The tonesare nll 2-ifths
tones, and the semitones both 5-fifths semitones.

Application of the Negutive System of 31 to the * Generalized
Key-board™
The fifths are a litUe better than in the las i
' Rixh t case, viz. 05181 -
thirds ‘00783 sharp. The only difference in the employmentu‘:l‘. :.::

system is that the arrangement is eycli i
five units, semitones of th?u. T TR i ¥

The Investigation of Cycles of the Higher Ord
ers—the
and others. G e

The system of 301 is of interest, as combini . perties
. t i
lolerably good positive cyelical system with the ;pm of intw‘;‘n.l:

accurately to f.hm.phwn by means of logarithms. This system has been

with what degree of accuracy they do so.

be & elose approximatiod to the system of perfect thirds, then will 8"
(thodeprtmqfiuthi:ﬂ)appmhmhh value to —-13686; or "
r -13686 1

n=T8 38453 e

H=r 5&%“@‘. :

'Qn"l'

Theory of the Divigion of the Octare. 107

Now, when r=2 we have the system of 115, whirh affords = - closest
spproximation to what is required of any evelical system knowr & herto,
the error of its third being -00127.

Referring to Th. v., it is easy to see that no other even sy<'em of an
order much below the 24th can afford o better approximation ; for the
aumbBer 118 differs from the value given by the sboyve condition by little
more than unity. Its multiple is always of the right order (Th. v.);
there can therefore be mo other system of the right order within 12 digits
of the multiple either wny, and the deviation of the value giten by the
condition cannot amount to 12 digits till near the 24th order . we there-
fore confine ourselves to systems of uneven orders.

Casting out 12s from 584526, we can take the remainder as 10°45

for the purposes of the search :—

Remainder re-
r, r.10.45. Wm‘mf. qmr'.(-d-r:u;‘_f;-du i
-8 3185 \ 7-35 ' 3
5 52-25 Gs-ess 425 Sw it 1
7 7315 1-15 s 2
9 94-05 . 10-06 Siasord 9
11 11495 695 7

The coincidence at the 11th order is the closest so fa-: and it is
ensy to see, by considerations analogous to those abave, that no subise-
queat system can sfford another fill a much higher order is reached.

For the 11th order, then, we have

11 x 58-4526 =142 0786 ;
and 6843 is a system of the 11th order, as shown by its giving remaindor
7 on dividing by 12 (Th. iii.). :
Calculsting the third of this system (Bsé‘ -:d»p.). and 1" ipg seven
places, we have:—
Departure of perfect third = —-1308629
Departure of third of 643 = —°1308585
Error = 0000044 sharp.

To five places both thirds are represented by —136886.
The intervals of this system will furnish us with simp's numerieal

ratios, which represent with great accuracy the intervals of the, perfect
‘We have (see the section on the number of units in any i terval)—

7-fifths semitone = 00 units,
5-fifths semifone = 49 units; |
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whenre we can dwlduce the remaining intersals,  These values of the
semifones suggest the folloxing curious derivalion of this system :-—
Referring to the Tahle of characteristic numbers, we notice that the
errors of the thirds of the systems of 53 and 65 are nearly equal snd
opposite.
The system of 53 is dernved on the assumption that the interval ratio

uf the semitones in; (Th. i. Cor.), and that of 65 on the assumption

: for the same ratio; laking, then, au intarmediate ratio, I’I' we get the
wyatem of 118, which has very good thirds.

Bat if we take a7 intermediate mtio in the fullowing manner, we get
the new aystem of 643 :—

Reducing the [ractions ;. : to a common denominalor, we have

o o or doubling, & 5 and if we take the intermediate ratio 35, we
get the system of 643, by the formula 5x + 7y=n, derived from Th. a of
Regular Systems. '

. , The systems of the fifth order are not particularly good ; the best is
289, then 301. They derive their interest from the logarithmic properties
of 301. .

Negative Systems.—The condition for the excellence of the thirds of

negative systems is that

r
" L -I;= — *13088 nearly,
or ! -
L4
= 202203 oearly.
n

“ \

* Bearching as before, we find for order — 7,
7 x 20-2263=204 5841 ;

2= -

and 205 is o system of order —7. .
Compnringll_lirdi, ,
3 ' Departure of perfect third = —-1363629
o 2 Departure of third of 205 = --1360002
N Pl " Error =  -0000373 fat.
] NeMwhgh_uM&&omuﬁathigMQMr—
_System. . Order.  A=122. Errorof ith.  Error of third.
: 289 5 20761 —-00225 —-00155
. 643 11 - . -20520 —+00244 40000044
801 5 19034 —-00204 +°00897
! 205

=T 41070 05877 —000087

. . St




