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This is the "formal” version of my note Generalizations of Popoviciu’s inequality. It
contains the proofs with more details, but is much more burdensome to read because of
this. I advise you to use this formal version only if you have troubles with understanding
the standard version.

UPDATE: A glance into the survey [10], Chapter XVIII has revealed that most
theorems in this paper are far from new. For instance, Theorem 5b was proven under
weaker conditions (!) by Vasi¢ and Stankovi¢ in [11]. Unfortunately, I have no access
to [11] and the other references related to these inequalities.

Notation

First, we introduce a notation that we will use in the following paper: For any set
S of numbers, we denote by max S the greatest element of the set S, and by min S the
smallest element of S.

1. Introduction

In the last few years there was some activity on the MathLinks forum related
to the Popoviciu inequality on convex functions. A number of generalizations were
conjectured and subsequently proven using majorization theory and (mostly) a lot of
computations. In this note I am presenting a probably new approach that proves these
generalizations as well as some additional facts with a lesser amount of computation and
avoiding the combinatorial difficulties of majorization theory (we will prove a version
of the Karamata inequality on the way, but no prior knowledge of majorization theory
is required - what we actually avoid is the asymmetric definition of majorization).

The very starting point of the whole theory is the following famous fact:

Theorem 1a, the Jensen inequality. Let f be a convex function from
an interval I C R to R. Let x, x», ..., x, be finitely many points from I.
Then,

n n

f(z)+ f(x2) + ... + f(xn) Zf(x1+x2+...+xn)_

In words, the arithmetic mean of the values of f at the points x1, x», ..., x,
is greater or equal to the value of f at the arithmetic mean of these points.



We can obtain a ”weighted version” of this inequality by replacing arithmetic means

by weighted means with some nonnegative weights wq, ws, ..., wy:

Theorem 1b, the weighted Jensen inequality. Let f be a convex
function from an interval I C R to R. Let zq, xo, ..., x, be finitely many
points from I. Let wy, wo, ..., w, be n nonnegative reals which are not all
equal to 0. Then,

wi f (1) +wof (x2) + ... +wpf (x,) > Wi, + WaTy + ... + Wy,
wy + Wy + ... + wy, - wy + wy + ... + wy, ‘

Obviously, Theorem 1a follows from Theorem 1b applied to w; = ws = ... = w,, = 1,

so that Theorem 1b is more general than Theorem 1a.

We won’t stop at discussing equality cases here, since they can depend in various
ways on the input (i. e., on the function f, the reals wy, ws, ..., w, and the points z,
Tg, ..., T,) - but each time we use a result like Theorem 1b, with enough patience we
can extract the equality case from the proof of this result and the properties of the

input.

The Jensen inequality, in both of its versions above, is applied often enough to be
called one of the main methods of proving inequalities. Now, in 1965, a similarly styled

inequality was found by the Romanian Tiberiu Popoviciu:

Theorem 2a, the Popoviciu inequality. Let f be a convex function
from an interval I C R to R, and let x;, x5, x3 be three points from I.
Then,

f(x1)+f ($2)+f <$3)+3f (W) > 2f (xQ +$3)+2f ($3—5$1>+2f ($1 +l‘2> ‘
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Again, a weighted version can be constructed:

Theorem 2b, the weighted Popoviciu inequality. Let f be a convex
function from an interval I C R to R, let x1, x5, x3 be three points from
I, and let wy, wy, ws be three nonnegative reals such that wy + w3 # 0,
ws + wy # 0 and wy + wy # 0. Then,

WL + Wokg + U)g[)?g)

wif (21) +waf (x2) +wsf (x3) + (w1 + wo + wy) f < w1 + wy + ws

Wako + W3T3 WaT3 + W1

ws + Wy

2(w2+w3)f( >+(w3+w1)f<

w2+w3

>+(w1+w2)f(

2

W11 + Wals

w1+UJ2

Now, the really interesting part of the story began when Vasile Cirtoaje - alias
”Vasc” on the MathLinks forum - proposed the following two generalizations of Theo-

rem 2a ([1] and [2] for Theorem 3a, and [1] and [3] for Theorem 4a):

Theorem 3a (Vasile Cirtoaje). Let f be a convex function from an
interval I C R to R. Let 1, 22, ..., x, be finitely many points from I.

Then,

n n T
T+ 2Tog+ ...+ Ty i<n; i#j

> f(@)nin—2)f (2 JE I

i=1 n j=1 n=

)



Theorem 4a (Vasile Cirtoaje). Let f be a convex function from an

interval I C R to R. Let 1, x5, ..., x, be finitely many points from I.
Then,
- T+ T2+ ..+ T, T + x;
-9 . > 2| —— ] .
(=23 ) of (P 5 g (B0
i=1 1<i<j<n

In [1], both of these facts were nicely proven by Cirtoaje. 1 gave a different and
rather long proof of Theorem 3a in [2]. All of these proofs use the Karamata inequality.
Of course, Theorem 2a follows from each of the Theorems 3a and 4a upon setting n = 3.

It is pretty straightforward to obtain generalizations of Theorems 3a and 4a by
putting in weights as in Theorems 1b and 2b. A more substantial generalization was
given by Yufei Zhao - alias ”Billzhao” on MathLinks - in [3]:

Theorem 5a (Yufei Zhao). Let f be a convex function from an interval

I C R toR. Let x1, 29, ..., x, be finitely many points from I, and let m be
an integer. Then,

(:1__21> Zf(il?i) + (;:Z)nf <x1 e :; +xn)

1<11<12<...<itm<n

Note that if m < 0 or m > n, the sum > mf( L 2 m> is

1<i1<ig<...<im<n m
empty, so that its value is 0.

It is left to the reader to verify that Theorems 3a and 4a both are particular cases
of Theorem 5a (in fact, set m = n — 1 to get Theorem 3a and m = 2 to get Theorem
4a).

An elaborate proof of Theorem 5a was given by myself in [3]. After some time, the
MathLinks user ”Zhaobin” proposed a weighted version of this result:

Theorem 5b (Zhaobin). Let f be a convex function from an interval
I € R to R. Let z1, 9, ..., x,, be finitely many points from I, let wy,
Wy, ..., W, be nonnegative reals, and let m be an integer. Assume that
w1+ wy + ... +w, # 0, and that w;, +w;, + ... +w;, # 0 for any m integers
11, 19, vy 1y satisfying 1 < iy < g < ... < iy, < 1.

Then,

(Z__Ql) > wf (@) + (;‘ 22) (w1 + w3+t w0) f (Wl T wads - *“’"‘”")

— w1 + W + ... +w,

Wi, Tjy + Wiy Tiy + oo + W5, T;
Z E (w11+w,2++wlm)f< W L, Tw UCEIC .
1<i1 <12 <. <im<n N 2 o tm




If we set wqy = wy = ... = w,, = 1 in Theorem 5b, we obtain Theorem 5a. On the
other hand, putting n = 3 and m = 2 in Theorem 5b, we get Theorem 2b.

In this note, I am going to prove Theorem 5b (and therefore also its particular cases
- Theorems 2a, 2b, 3a, 4a and 5a). The proof is going to use no preknowledge - in
particular, classical majorization theory will be avoided. Then, we are going to discuss
an assertion analogous to Theorem 5b with its applications.

2. Absolute values interpolate convex functions

We start preparing for our proof by showing a classical property of convex func-
tions!:

Theorem 6 (Hardy, Littlewood, Pdlya). Let f be a convex function

from an interval I C R to R. Let x1, xo, ..., x, be finitely many points from
I. Then, there exist two real constants v and v and n nonnegative constants
ai, as, ..., a, such that

f(t)=vt+u+ Zai |t — x;| holds for every t € {z1,29,...,2,}.

=1

In brief, this result states that every convex function f (z) on n reals xy, xo, ..., ,
can be interpolated by a linear combination with nonnegative coefficients of a linear
function and the n functions |z — ;] .

The proof of Theorem 6, albeit technical, will be given here for the sake of com-
pleteness: First, we need a (very easy to prove) fact which I use to call the max {0, z}

formula: For any real number x, we have max{0,z} = = (v + |z]) .

fy) —f(2)

-z
satisfying y # z. Then, we have (y — z) - f[y,z] = f (y) — f (2) for any two points y
and z from [ satisfying y # z.

We can assume that all points 1, xa, ..., , are pairwisely distinct (in fact, if we
can find two different integers ¢; and iy from the set {1,2,...,n} such that x;, = z,,,
then we can just remove x;, from the list (z1,xs,...,x,) and set a;, = 0, and since
we have {1, xs,...,x,} = {x1,22, ..., Ti,_1, Tiy41,.--Tn}, it Temains to prove Theorem
6 for the n — 1 points 1, =9, ..., Ziyy—1, Tiy41, ..., T, instead of all the n points x4,
T2, ..., T,; We can repeat this procedure as long as there are two equal points in the
list (z1,xa, ..., ;) , until we have reduced Theorem 6 to the case of a list of pairwisely
distinct points). Therefore, we can WLOG assume that 21 < zo < ... < z,,. Then, for

Furthermore, we denote f [y, z] = for any two points y and z from [

!This property appeared as Proposition B.4 in [8], which refers to [9] for its origins. It was also
mentioned by a MathLinks user called ”Fleeting_Guest” in [4], post #18 as a known fact, albeit in a
slightly different (but equivalent) form.



every j € {1,2,...,n}, we have

Fle) = o)+ Z (f (onsr) — f (@) = 1 (1) + (k1 — 28) - f [k, 2]
~ flo)+ Z (i — 25 (f frz,1] + Z (f [z — 1l xi_ﬂ))
~ Flo)+ Z (ks — 20) - f [z 1] + (1 — ) Z vos 2 — f o6 2]
— F(n) + F o] (ks — 20) + Z Z (F [oin, ] — £ [, 211]) - (2hs — 22)
— F(on) + flon] Z (k1 — ) + Z (F i, 2 — 1) - (ors1 — )

= f(z1) + f 22, 11] - (Th1 — a) + (f [Tiv1, 2] — f 25, 054]) - (Tpy1 — T1)

)

x>~
Il
—
.
Il
no
>
Il

j—1
= [ (@) + f w2, ] - (w5 — 21) + Y (f [y, @] = f s, wia)) - (5 — @)
i=2
Now we set
a; = a, =0;
a; = f [l’i+1,$i] — f [.Z'i,.fﬁi_l for all 7 € {2,3, e, = 1} .



Using these notations, the above computation becomes

flag) = f @)+ flog ] (25— o) + Do (25— 2)

=2
= f(x1) + [z, 2] - (j — x1) +\O/_/-max{0,xj — 1}

=

7j—1 n

=7 = s i o . )
=max{0,z;—;}, since z;—x;>0, as z;<z; J max{0,z;—x;}, since z;—x;<0, as z;<z;

= f(x1) + [z, 21] - (2 — 21) + oy - max {0, z; — 21}

J—1 n
—i—Zai-maX{O,xj —xi}+2ai~max{0,xj —z;}
i=2 i=j

= f(x1) + [z, 2] - (xj — 1) + Zai -max {0, z; — z;}

i=1

= f(x1) + f oo, 2] - (25 — 1) Z&z

=) + |25 — i)

l\DIH

(since max {0, z; —x;} = (( x;) + |x; — x;]) by the max {0, z} formula)

+Zaz —I'1|
% aa:j——Za,xZ>+Z —q |z — x4

= f(z1) + floo, 2] - (x; — 1) + ZO@

=1
1 n n
— ( To, T1| + ZO”) x; ( (1) — fxe, x1) 21 — 5;%:131) +;2al\xj ;|
Thus, if we denote
v = f g, 7] Z%, u=f(r1) = flzs, x:] 21 — l y QT
23
1 .

a4 = S0 for all i € {1,2,...,n},

then we have .
f(z)) :vxj+u+2ai |z — 4] .
i=1
Since we have shown this for every j € {1,2,...,n}, we can restate this as follows: We
have .
f@t)=vt+u-+ Zai |t — a;| for every t € {xy, 2o, ...,x,}.
i=1
Hence, in order for the proof of Theorem 6 to be complete, it is enough to show that

the n reals ay, as, ..., a, are nonnegative. Since a; = 50@ for every ¢ € {1,2,...,n},



this will follow once it is proven that the n reals oy, as, ..., a;,, are nonnegative. Thus,
we have to show that «a; is nonnegative for every i € {1,2,...,n}. This is trivial for
i = 1 and for i = n (since oy = 0 and «a,, = 0), so it remains to prove that «; is
nonnegative for every ¢ € {2,3,...,n —1}. Now, since a; = f |21, 2] — f [z, 1]
for every i € {2,3,...,n— 1}, we thus have to show that f|x;i1,2;] — f [z, xiq] is
nonnegative for every i € {2,3,....n — 1}. In other words, we have to prove that
flxia, ] > fxi, 2 4] for every i € {2,3,...,n — 1}. But since z; 1 < z; < x;,1, this
follows from the next lemma:

Lemma 7. Let f be a convex function from an interval I C R to R. Let x,
y, z be three points from I satisfying x <y < z. Then, f[z,y] > f [y, z].

Proof of Lemma 7. Since the function f is convex on I, and since z and x are points
from I, the definition of convexity yields

1 1 1
f(z) f(z) z x
z—y y—x > f z—y y—=
1 1 - 1 1
_l’_
-y y—=x -y Y-z
(here we have used that P > 0 and g > 0, what is clear from = < y < z).
1 1
zZ+ T
Since z—ly y;x = y, this simplifies to
22—y y—x
1 1
@ @)
Y i yl > f(y), so that
+
z—y yYy—x
1 1 1
—f(2)+ f(x) > ( + )f(y), so that
z—y y—x -y Y-z
> that
Z_yf@%+y_xf@)_Z_yf@%+y_xf@% s0 tha
S ) f )2 ) - ——f(), o that
syt Ty Y Ty
FR)=Fl)  fly) = f2)
z—y  y—x

This becomes f[z,y] > f[y,z], and thus Lemma 7 is proven. Thus, the proof of
Theorem 6 is completed.

3. The Karamata inequality in symmetric form

Now as Theorem 6 is proven, it becomes easy to prove the Karamata inequality in
the following form:



Theorem 8a, the Karamata inequality in symmetric form. Let f
be a convex function from an interval I C R to R, and let n be a positive
integer. Let zq, xo, ..., Ty, Y1, Y2, ..., Yo be 2n points from . Assume that

|21 =t + [my =t + o A |z =t > [y — [+ Y2 — [+ o+ [y — £
holds for every t € {x1, X2, ..., Tn, Y1, Y2, -, Yn} . Then,

fl) + f(xa) + o+ f(n) = F () + F(y2) + o+ f () -

This is a particular case of the following result:

Theorem 8b, the weighted Karamata inequality in symmetric
form. Let f be a convex function from an interval I C R to R, and
let N be a positive integer. Let 21, z, ..., zy be N points from I, and let
Wi, Wa, ..., wy be N reals. Assume that

and that

N
Zwk |z — t] > 0 holds for every t € {21, 22, ..., 25} . (2)
k=1

Then,

It is very easy to conclude Theorem 8a from Theorem 8b; we postpone this argument
until Theorem 8b is proven.

Time for a remark to readers familiar with majorization theory. One may wonder
why I call the two results above ”"Karamata inequalities”. In fact, the Karamata
inequality in its most known form claims:

Theorem 9, the Karamata inequality. Let f be a convex function from

an interval I C R to R, and let n be a positive integer. Let x1, xo, ..., x,,
Y1, Y2, ---y Yn be 2n points from [ such that (1,29, ...,2n) = (Y1, Y2, oy Yn) -
Then,

flo) + (o) + o+ f(n) 2 F () + F(y2) + 4 f () -

According to [2], post #11, Lemma 1, the condition (x1,xa, ..., ) = (Y1,Y2, -, Yn)
yields that |x; —t| + |xe — t| + ... + |z — t| > Jy1 — t| + |y2 — t| + ... + |yn — t| holds
for every real t - and thus, in particular, for every ¢ € {21, 29, ..., 2, } . Hence, whenever
the condition of Theorem 9 holds, the condition of Theorem 8a holds as well. Thus,
Theorem 9 follows from Theorem 8a. With just a little more work, we could also derive
Theorem 8a from Theorem 9, so that Theorems 8a and 9 are equivalent.

8



Note that Theorem 8b is more general than the Fuchs inequality (a more well-
known weighted version of the Karamata inequality). See [5] for a generalization of
majorization theory to weighted families of points (apparently already known long time
ago), with a different approach to this fact.

As promised, here is a proof of Theorem 8b: First, substituting ¢ = max {21, 22, ..., 2y }

N
into (2) (it is clear that this ¢ satisfies t € {21, 22, ..., 2n }), We get > wy |25 — t| > 0,
k=1

N

what is equivalent to — > wyzp > 0 (since t = max {zy, 29, ..., 2} yields 2z, < ¢ for
k=1

every k € {1,2,..., N}, so that z —t < 0 and thus |z —t| = — (2, — ) =t — 2, for

every k € {1,2,..., N}, so that

N N N N N N
E wk|zk—t|: E wk(t—zk):t E Wy — E wkzk:t-O— E WEep = — E W2k
k=1 k=1 k=1 k=1 k=1 k=1

=0

N
). Hence, > wizr < 0.
k=1
On the other hand, substituting ¢t = min {zy, 29, ..., 25 } into (2) (again, it is clear
N

that this ¢ satisfies t € {21, 22, ..., 28 }), We get > wy |25 — t| > 0, what is equivalent to
k=1

N

> wyzp > 0 (since t = min{zy, 29, ..., 2y } yields zx >t for every k € {1,2,...., N}, so
k=1

that zx —¢ > 0 and thus |z, — t| = 2, — t for every k € {1,2,..., N}, so that

N N N N N N
E wk|zk—t| = E Wi, (Zk—t) = E wkzk—t E Wy = E wkzk—t-O: E Wi 2L
k=1 k=1 k=1 k=1 k=1 k=1

=0

).

N N N
Combining » wgz, < 0 with Y wgzr > 0, we get > wyz, = 0.
k=1 k=1 k=1
The function f : I — R is convex, and zy, 29, ..., 2y are finitely many points from /.

Hence, Theorem 6 yields the existence of two real constants u and v and N nonnegative
constants ai, as, ..., ay such that

N
f@t)=vt+u-+ Zai |t — z;| holds for every t € {z1, 29, ..., 2n5} .
i=1

Thus,

N
I (z) :Uzk—l—u—l—Zaﬂzk—zi for every k € {1,2,..., N}

=1



(since z; € {21, 29, ..., 2n}). Hence,

N N N N N N N
Zwkf(zk) = Zwk (vzk —|—u+2ai |21 — zJ) = UZwkzk +u2wk+2wk2ai |2k — 2
k=1 k=1 =1 k=1 k=1 k=1 =1

=0 =0

N N N N
= w Yy il -zl =Y a Y wpla-—zu >0
k= i=1 k=1 )

1 =1

TV
>0 according to (2) for t=z;

Thus, Theorem 8b is proven.

Now, as Theorem 8b is verified, let us conclude Theorem 8a:
Proof of Theorem Sa: Set N = 2n and

L xy for all k € {1,2,...,n}; . — 1forall k€ {1,2,...,n};
Tl ypen forall ke {n+1,n+2,...,2n} T —lforallke {n+1,n+2 ...,2n}

That is,
21 = T, Z2 = T2, e Zn = Tn;
Zn4+1 = Y1, Zn+2 = Y2, ) Zon = Yn;
Wy =Wy = ... = Wy, = 1; Wpy1 = Wpgo = ... = Wap = — 1.

Then, the conditions of Theorem 8b are fulfilled: In fact, (1) is fulfilled because

N 2n n 2n n 2n
k=1 k=1 k=1 k=n+1 k=1 k=n+1

Also, (2) is fulfilled, because for every t € {z1, 29, ..., 2x } , we have t € {1, xa, ..., Tn, Y1, Y2, -, Yn}
(because {z1, 29, ..., 2y} = {x1,Z2, ..o, Tn, Y1, Y2, .-, Yn}) and thus, after the condition of
Theorem 8a, we have

|y — ]+ |y —t| + oA oy — ] >y — ]+ g — ]+ o |y — t], so that

Z\xk—ﬂZZ\yk—t!, so that
k=1 k=1

D ok =t =Dy —t] =0,
k=1 k=1

and thus
N 2n n 2n
Swpla—t] =Y wila—tl =Y wila—tl+ Y wilm—1
k=1 k=1 k=1 k=n+1
n 2n
=S =t Y (1) [y —
k=1 k=n+1
n 2n n n
=Y =t = D gk =t =D ok =t =Y |y —t[ >0,

10



what proves (2).
Hence, we can apply Theorem 8b and obtain

N
k=1

That is,

2n n 2n

0< > wif (21) =Y wif (2) Zwkf (z)+ D wif () =D Uf (m) + Y (=1) f (yn)
K1 k=1

k=n+1 k=1 k=n+1
n 2n
B STIC I ST zf )= 7).
k=1 k=n+1 k=1

so that > f(zx) > > f (yx), and Theorem 8a is proven.
k=1 k=1

4. A property of zero-sum vectors

Next, we are going to show some properties of real vectors.

If k is an integer and v € R* is a vector, then, for any i € {1,2,...,k}, we denote

U1

by v; the i-th coordinate of the vector v. Then, v = v
Uy,

Let n be a positive integer. We consider the vector space R™. Let (ey, es, ..., €,) be
the standard basis of this vector space R"; in other words, for every i € {1,2,...,n}, let
e; be the vector from R™ such that (e;); = 1 and (e;); = 0 for every j € {1,2,...,n}\{i}.
Let V,, be the subspace of R™ defined by

={zeR" | vy +22+..+2,=0}.

For any v € {1,2,...,n} and any two distinct numbers i and j from the set
{1,2,...,n}, we have

1, if u=1;
(ei_ej)u = —1, lfU:j, . (4)
0, ifu##iandu##j

We have e; —e; € V,, for any two numbers ¢ and j from the set {1,2,...,n} (in fact, if
the numbers i and j are distinct, then (4) yields (e; — €;),4(e; — €;),+...+(€; —¢;), =0
and thus e; — e; € V},, and if not, then ¢ = j and thus e; —e; =¢; —e; =0 € V},).

For any vector t € R™, we denote I (t) = {k € {1,2,...,n} | tx >0} and J (t) =
{ke€{1,2,...,n} |ty <0}. Obviously, for every ¢ € R", the sets [ (¢) and J (t) are
disjoint (since there does not exist any k satisfying both ¢, > 0 and ¢; < 0).

Now we are going to show:

Theorem 10. Let n be a positive integer. Let € V,, be a vector. Then,
there exist nonnegative reals a; ; for all pairs (¢, j) € I (z) x J (z) such that

Tr = Z Qi 4 (ei — €j) .

(4,5)el(z)x J(x)

11



Proof of Theorem 10. We will prove Theorem 10 by induction over |I (z)|+ |J (z)].
The basis of the induction - the case when |I (x)| + |J (x)] = 0 - is trivial: If
|I (z)|+|J (x)] =0, then I (z) = J (z) = &, so that x = > a; j (e; — e;) holds
(4,5)€l(x)x J(x)
because x = 0 (because if « were different from 0, then there would exist at least one
k € {1,2,...,n} such that x; # 0, so that either x; > 0 or x < 0, but x; > 0 is
impossible because {k € {1,2,...,n} |z, >0} = I (x) = @, and x; < 0 is impossible
because {k € {1,2,...,n} |z, <0} = J(z) = &) and > a;j(e;—e;) =0
(4,5)el(z)xJ(x)
(since I (z) = J(z) = @ yields I (z) x J (x) = @, so that > a;;(e; —ej) is
(3,5)€l(z)x J(z)
an empty sum and thus equals 0).

Now we come to the induction step: Let r be a positive integer. Assume that
Theorem 10 holds for all x € V,, with |I (z)| + |J (z)| < r. We have to show that
Theorem 10 holds for all x € V,, with |I (z)| + |J (z)| =r.

In order to prove this, we let z € V, be an arbitrary vector with |I (z)|+|J (2)| = r.
We then have to prove that Theorem 10 holds for x = z. In other words, we have to
show that there exist nonnegative reals a; ; for all pairs (i, j) € I (z) x J (2) such that

z= Z a;; (e —e;). (5)

(4,7)€I(2)xJ(2)

First, |1 (z)| +|J (2)] = r and r > 0 yield |I (2)| + |J (2)| > 0. Hence, at least one
of the sets I (z) and J (z) is non-empty.

Now, since z € V,,, we have z; + zo + ... + 2z, = 0. Hence, either z; = 0 for every
k€ {1,2,...,n}, or there is at least one positive number and at least one negative
number in the set {z1, 2o, ..., 2, } . The first case is impossible (in fact, if z; = 0 for every
ke{l,2,...n}, then I (2) ={k € {1,2,...,n} | z > 0} = @ and similarly J (z) = &,
contradicting the fact that at least one of the sets I (z) and J (z) is non-empty). Thus,
the second case must hold - i. e., there is at least one positive number and at least
one negative number in the set {z1, 29, ..., 2, } . In other words, there exists a number
u € {1,2,...,n} such that z, > 0, and a number v € {1,2,...,n} such that z, < 0. Of
course, z, > 0 yields u € I (2), and 2z, < 0 yields v € J (z) . Needless to say that u # v
(since z, > 0 and z, < 0).

Now, we distinguish between two cases: the first case will be the case when z,+z, >
0, and the second case will be the case when z, + 2z, < 0.

Let us consider the first case: In this case, z,+2z, > 0. Then, let 2’ = z+2, (e, — €,) .
Since z € V,, and e, —e,, € V,,, we have z+z, (e, — e,)) € V,, (since V}, is a vector space),
so that 2’ € V,. From 2’ = z + z, (e, — e,) , the coordinate representation of the vector
2" is easily obtained:

/
z
z} 2, =z forall k€ {1,2,....,n} \ {u,v};
2 = 2], where 2=z + 2 .
W 20 =0

12



Thus,

I(Z)={ke{1,2,...,n} ]|z, >0}
={ke{l,2,..,n}\{u,v} [ 5 >0 U{k=ulz>0tu {k=v|[zg >0}

~
=, since 2}, is not >0, but =0

={ke{1,2,...n}\{u,v} | z;, >0} U{k =u| z, > 0}
:iké{l,Q,...,n}\{u,v}|zk>0};U ik:u|z,;>0};

Vv Vv
subset of {k€{1,2,...,n}|zp>0}=I(2) this is either {u} or @, anyway a subset of I(z) since ue€l(z)

(we have replaced z, by 2, here, since z;, = z;, for all k € {1,2,...,n}\ {u,v})
ClI(z)

(since the union of two subsets of I (z) must be a subset of I (z)). Thus, |I(z')| <
| (2)|. Besides, z/, > 0 (since z/, = z, + z, > 0), so that

J(Z)={ke{1,2,...,n} ]| 2, <0}
={ke{l,2,..n}\{u,v} |2, <0}U {k=ul|z,<0} U {k=v]z <0}

VvV VvV
=, since 2}, is not <0, but >0 =g, since 2], is not <0, but =0

={ke{1,2,...,n}\{u,v} |z, <0}
={ke{l,2,..,n}\{u,v} |z <0}

(we have replaced z;, by 2, here, since z), = z; for all k € {1,2,...,n} \ {u,v})
C{ke{l,2,...,n} |z <0} =J(2).

Moreover, J (2') is a proper subset of J(z), because v ¢ J (2') (since 2/ is not < 0,
but = 0) but v € J (z). Hence, |J (2')] < |J (2)|. Combined with |I (2")] < |I (2)|, this
yields |1 (2)| + [J ()| < |1 (2)| 4+ |J (2)|. In view of |I (2)| + |J (2)| = r, this becomes
[T (2)|+]J (") < r. Thus, since we have assumed that Theorem 10 holds for all x € V,
with |I (z)| + |J (x)| < r, we can apply Theorem 10 to x = z/, and we see that there
exist nonnegative reals a; ; for all pairs (4,7) € I (2') x J (2') such that

2 = Z a; ; (e —ej).

(4,9)€I(z")xJ(2")

Now, 2/ = 2z + z, (e, — €,) yields z = 2/ — z, (e, — €,) . Since z, < 0, we have —z, > 0,
so that, particularly, —z, is nonnegative.

Since I (2') CI(z)and J(2') C J(2), we have [ (2') x J(2') CI(z) x J(z). Also,
(u,v) € I(2) x J(z) (because u € I(z) and v € J(2)) and (u,v) ¢ I (') x J(z )
(because v ¢ J (2)).

Hence, the sets I (2') x J (2') and {(u,v)} are two disjoint subsets of the set I (2) x
J (2). We can thus define nonnegative reals a, ; for all pairs (¢,7) € 1(z) x J(z) by
setting

ai j, if (1,5) € 1(2') x J (¢);
a;; = — 2y, if (i,7) = (u,v);
0, if neither of the two cases above holds

13



/

(these a; ; are all nonnegative because a; ;,

Y. aiilei—ey)

—2z, and 0 are nonnegative). Then,

(i,7)€l(z)x J(2)

= > agla—e)+ Y aglei—e)+ ai; (€ — €5)
(6.5)el(z')xJ () (4.3)=(u,v) (6.5) €U (2) X J(2)\ (U (2")x J (2))U{(u,v)})

= doooalei—e)+ Y, (—z)(ei—e)+ > 0(ei — ¢)
(65)€l(Z')xJ () (4.3)=(u,v) (6.3)€U (2) x J(2))\(( (") x J (2))u{(u,v)})

= Y (i)t (—m) eu—e) T =2+ (=2) (eu —€) +0
(4,)€l(2")x J(2')

= (24 2o (€u — €)) + (—2,) (64 — €,) + 0 = 2.

Thus, (5) is fulfilled.

Similarly, we can fulfill (5) in the second case, repeating the arguments we have
done for the first case while occasionally interchanging u with v, as well as I with J, as
well as < with >. Here is a brief outline of how we have to proceed in the second case:
Denote 2’ = z — z, (e, — €,) . Show that 2’ € V}, (as in the first case). Notice that

/
Z} 2, =z for all k € {1,2,...,n} \ {u,v};
J=1 > , where 2l =0 .
2l = 2y + 2y

S~

V4

Prove that u ¢ I (2') (as we proved v ¢ J (2') in the first case). Prove that J (2') C J (z)
(similarly to the proof of I (2’) C I (2) in the first case) and that I (2) is a proper subset
of I (z) (similarly to the proof that J (2') is a proper subset of J (z) in the first case).
Show that there exist nonnegative reals a; ; for all pairs (4, j) € I (2) x J (2') such that

7= Z a;; (ei — €5)

(i,9)€I(z")x J(2")

(as in the first case). Note that z, is nonnegative (since z, > 0). Prove that the sets
I(2') x J(2') and {(u,v)} are two disjoint subsets of the set I (z) x J(z) (as in the
first case). Define nonnegative reals a; ; for all pairs (i,7) € I (2) x J (2) by setting
a; j, if (i,7) € [(2') x J();
Qi 5 = Zuy if (Zaj) = (’LL,U);
0, if neither of the two cases above holds

Prove that these nonnegative reals a; ; fulfill (5).

Thus, in each of the two cases, we have proven that there exist nonnegative reals
a;; for all pairs (¢,7) € I(z) x J(z) such that (5) holds. Hence, Theorem 10 holds
for x = z. Thus, Theorem 10 is proven for all z € V,, with |I (x)| + |J (z)| = r. This
completes the induction step, and therefore, Theorem 10 is proven.

As an application of Theorem 10, we can now show:

Theorem 11. Let n be a positive integer. Let aq, as, ..., a, be n nonneg-
ative reals. Let S be a finite set. For every s € S, let r, be an element of

14



(R™)* (in other words, a linear transformation from R" to R), and let b, be
a nonnegative real. Define a function f : R” — R by

fla) = auled =) bl wherez = | "2 | e R™
gt g
Ty

Then, the following two assertions are equivalent:
Assertion A;: We have f (z) > 0 for every x € V,.

Assertion Ay: We have f (e; —e;) > 0 for any two distinct integers ¢ and
j from {1,2,....,n}.

Proof of Theorem 11. We have to prove that the assertions .4; and A, are equivalent.
In other words, we have to prove that A; = Ay and Ay, = A;. Actually, 4, = A,
is trivial (we just have to use that e; —e; € Vj, for any two numbers ¢ and j from
{1,2,...,n}). It remains to show that A, = A;. So assume that Assertion A, is valid,
i. e. we have f (e; —e;) > 0 for any two distinct integers ¢ and j from {1,2,...,n}. We
have to prove that Assertion A; holds, i. e. that f (z) > 0 for every z € V,.

So let z € V,, be some vector. According to Theorem 10, there exist nonnegative
reals a; ; for all pairs (i,7) € I (x) x J (x) such that

xr = Z Qg 5 (62' — ej) .

(3,9)el(z)xJ(x)

We will now show that

|z, | = Z aij|(e; —e€;),] for every u € {1,2,...,n}. (6)
(i,7)el(z)xJ (z)

Here, of course, (e; — e;), means the u-th coordinate of the vector e; — e;.

In fact, two cases are possible: the case when x, > 0, and the case when z, < 0.
We will consider these cases separately.

Case 1: We have x,, > 0. Then, |z,| = x,,. Hence, in this case, we have (e; —e;), >0
for any two numbers ¢ € I (z) and j € J(z) (in fact, j € J(z) yields z; < 0, so
that v # j (because z; < 0 and z,, > 0) and thus (e;), = 0, so that (e; —¢;), =
(), — (e5), = (&), — 0= (es), = B liffzi %sz > 0). Thus, (¢; —¢;), = |(ei —¢;),]

for any two numbers ¢ € [ (x) and j € J (z). Thus,

|| = 2y = Z aij(e; —ej), since x = Z a;;(e; —e;)

(i,7)€l(x)x J(x) (3,9)€l(z)x J(x)

= >y

(i,5)€l(z)x J(x)

(ei - ej>u| )
and (6) is proven.
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Case 2: We have z, < 0. Then, u € J(z) and |z,| = —x,. Hence, in this case,
we have (e; —e;), < 0 for any two numbers ¢ € I (z) and j € J () (in fact, i € I (2)
yields z; > 0, so that u # i (because z; > 0 and z, < 0) and thus (e;), = 0, so

that 65— €5), = (e, — (), = 0= (e9), = = (e), = = {

—(ei—¢), = |(ei —

1, if u = 7;

< .
0 if u ] < 0). Thus,

e;),| for any two numbers i € I (z) and j € J (z). Thus,

Tl =—ra=— > a(e—e), sincer = 3, ayy(ei—ey)
(4,5)€l(x)x J(z) (4.5)€l(z)x J ()
= > aitla-e))= Y alla-e)l],
(4,5)€l(z)x J(z) (4.5)€l(z)xJ (z)

and (6) is proven.
Hence, in both cases, (6) is proven. Thus, (6) always holds. Now let us continue
our proof of Ay = Aj;:

We have
Z bs |rsx| = Z bs |75 Z a;; (e; —e;) since © = Z a;; (e; —e;)
seS seS (i,5)€l(x)x J(x) (i,5)el(z)x J ()
= Z bs Z CLZ‘J‘TS (ei — ej)
seS (3,9)el(x)xJ(x)
<D b > ailn(ei—e)
s€S  (i,5)el(x)xJ(x)
(by the triangle inequality, since all a; ; and all b, are nonnegative) .
Thus,
fla)=) aulza =) bolral =) aulza =Y b D aiglrs(ei—e)
u=1 seS u=1 s€S  (i,j)el(z)xJ(z)
=Y aw D> aglle—e) =D b D alrs(ei—e)l (by (6))
u=1 (3,5)€l(x)x J(2) ses  (i,j)el(z)xJ(z)
= D agyadl—e) = Y a) bilra(ei—e)
(ij)el(@)xJ(z)  u=l (ij)el(z)xJ(x)  s€S

aij- (Z y ‘(ei — ej)u| — st Irs (e; — ej)|)
(3,7)€l(z)xJ(x)

seSs

(Here, f(e; —e;) > 0 because ¢ and j are two distinct integers from {1,2,...,n}; in
fact, i and j are distinct because i € I (z) and j € J (z), and the sets I (x) and J (x)
are disjoint.)
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Hence, we have obtained f (z) > 0. This proves the assertion A;. Therefore, the
implication Ay = A; is proven, and the proof of Theorem 11 is complete.

5. Restating Theorem 11

Now we consider a result which follows from Theorem 11 pretty obviously (but
again, formalizing the proof is going to be gruelling):

Theorem 12. Let n be a nonnegative integer. Let aq, as, ..., a, and a be
n + 1 nonnegative reals. Let S be a finite set. For every s € S, let r4 be an
element of (R™)" (in other words, a linear transformation from R™ to R),
and let b; be a nonnegative real. Define a function g : R® — R by

Zy
n
g () :Zau|xu|+a]x1+x2+...+xn\—2bs rsx, wherez = | 2 | e R™
u=1 seS T
n

Then, the following two assertions are equivalent:
Assertion By: We have g (z) > 0 for every x € R".

Assertion By: We have g (e;) > 0 for every integer i € {1,2,....,n}, and
g (e; —e;) > 0 for any two distinct integers ¢ and j from {1,2,....,n}.

Proof of Theorem 12. We are going to restate Theorem 12 before we actually prove
it. But first, we introduce a notation:

Let (€1, €, ..., €n,_1) be the standard basis of the vector space R"~!; in other words,
for every i € {1,2,...,n — 1}, let € be the vector from R""* such that (¢;), = 1 and
(€i); =0 for every j € {1,2,....,n — 1} \ {i}.

Now we will restate Theorem 12 by renaming n into n — 1 (thus replacing e; by €;
as well) and a into ay:

Theorem 12b. Let n be a positive integer. Let aq, as, ..., an_1, a, be
n nonnegative reals. Let S be a finite set. For every s € 5, let v, be an
element of (R"7!)" (in other words, a linear transformation from R"~! to
R), and let b, be a nonnegative real. Define a function g : R"~! — R by

x
n—1
g(x)= Z@u | Ty |+an |21 + 20 + ... + wn,ll—z bs |rsx|, where z = 2 e R
u=1 sES
Tn—1

Then, the following two assertions are equivalent:
Assertion Ci: We have g (z) > 0 for every z € R*L.

Assertion Co: We have g (€;) > 0 for every integer ¢ € {1,2,...,n — 1}, and
g (e; — €j) > 0 for any two distinct integers ¢ and j from {1,2,...,n — 1}.
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Theorem 12b is equivalent to Theorem 12 (because Theorem 12b is just Theorem
12, applied to n — 1 instead of n). Thus, proving Theorem 12b will be enough to verify
Theorem 12.

Proof of Theorem 12b. In order to establish Theorem 12b, we have to prove that
the assertions C; and C, are equivalent. In other words, we have to verify the two
implications C; = Cy and Cy = C;.

The implication C; = C, is absolutely trivial. Hence, it only remains to prove the
implication Co = C;.

So assume that the assertion Cy holds, i. e. that we have g(e;) > 0 for every
integer i € {1,2,...,n — 1}, and g (&; — €;) > 0 for any two distinct integers i and j
from {1,2,...,n — 1} . We want to show that Assertion C; holds, i. e. that g (x) > 0 is
satisfied for every o € R"!.

Since (€1, €y, ..., €,_1) is the standard basis of the vector space R"!, every vector

x € R" ! satisfies © = ni:l ;65
Since (eq, €, ..., €,) ;s: }che standard basis of the vector space R", every vector x € R"”
satisfies © = i T;€;.
Let ¢, : ]R?;11 — R” be the linear transformation defined by ¢,e; = e; — e, for every
€ {1,2,...,n — 1}. (This linear transformation is uniquely defined this way because

1
(€1,€3,...,€,_1) is a basis of R""1.) For every x € R"!, we then have

n—1 n—1
OnT = ¢y, (Z 13z‘€~i) = Z TiPn€; (since ¢, is linear)
i=1 i=1

n—1 n—1 n—1 n—1
= E x;(e; —e,) = E ;€ — E Tily = E zie; — (r1 + 2o+ ... + 1) €p
i=1 i=1 i=1 i=1

Ty
o)
= , (7)
Tn—1
- ($1 + X9+ ... + xn,l)

As a consequence of this computation, we get ¢,z € V,, for every x € R"! (in fact,
n—1

above we have shown that ¢,z = > z;(e; —e,); but since e; — e, € V,, for every
i=1
n—1

i€{1,2,..,n—1}, we must have Y x;(e; —e,) € V,,, so that ¢,x € V,). Hence,
i=1
Im o, CV,.

Let v, : R® — R"! be the linear transformation defined by ¥,,e; = { ¢ir 1 % {ilf’ 12’—7’1n —1}

for every i € {1,2,...,n}. (This linear transformation is uniquely defined this way be-
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cause (e, €9, ..., €,) is a basis of R™.) For every x € R™, we then have

Un® = Py, (Z .Tiei) = Z Tine; (since 1), is linear)
i=1 i=1

N~ a2, -1}
N — ! 0, ifi=n

T
~ To

Then, ¥,¢, = id (in fact, for every i € {1,2,...,n — 1}, we have

Unn€; = Uy (65 — €) = Yne; — Ppey, (since 1), is linear)

=e¢ —0=¢;

thus, for every x € R"™!, we have

n—1 n—1
Unnt = Vyty (Z xé) = xithntnt;
=1 =1

(since the function ,¢,, is linear, because v,, and ¢,, are linear)

€T;e; = T,
i=1

and therefore ¥, ¢, = id).
We define a function f : R™ — R by

X1

F@) =3 aulrd = bslraual, wherez = | ™ | eR™
u=1 seS
Tn
Note that
f(=z)=f(2) for every x € R", (8)
since
f=0) =) aul(=2), ] = Y bslrabn (=2)| = Y aul—2ul = Y by |=rsthna]
u=1 ses u=1 sesS
(here, we have 1), (—z) = —rs),z since rg and 1, are linear functions)
= Zau |xu| - st |Ts¢n$| = f ({L‘) :
u=1 s€S
Furthermore, I claim that
f(onx) =g (x) for every » € R 1. 9)
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In order to prove this, we note that (7) yields (¢,z), = z, for all w € {1,2,...,n — 1}
and (¢,z), = — (21 + 22+ ... + x,_1), while ¥, ¢,, = id yields ¥, ¢,z = x, so that

n

[ (6n2) = 3 aul(6n),| = S by lretbuina

u=1 seS
n—1
= Z ay [(n),| + an |(dnz),| — Z bs |1sndn|
u=1 s€S
n—1
= ay |zl +an | (@14 22+ o F 20)] = D b |z
u=1 ses

(since (¢nz), =z, for all u € {1,2,...,n — 1} and
(pnx), = — (21 + 22+ ... + 1), and Yo,z = )

n—1
= Zau|xu| +ay |21+ 22+ o+ | — st Irsz] = g (x),
u=1 ses

and thus (9) is proven.
Now, we are going to show that

f(ei —ej) > 0 for any two distinct integers ¢ and j from {1,2,...,n}.  (10)

In order to prove (10), we distinguish between three different cases:

Case 1: We have i € {1,2,...n—1} and j € {1,2,....n — 1}.

Case 2: We have i € {1,2,....,n—1} and j = n.

Case 3: We have i =n and j € {1,2,...,n — 1}.

(In fact, the case when both ¢ = n and j = n cannot occur, since ¢ and j must be
distinct).

In Case 1, we have

flei—e5) = f(es —en) — (ej —€n)) = [ (dn€i — n€j)
= f(¢Pn (€ —€5)) (since ¢n€; — Pn€; = ¢y, (€; — €;) , because ¢, is linear)
=g(ei—¢) (after (9))
>0 (by assumption) .

In Case 2, we have

flei—e) = [flei—en) = f(onei) =g (&) (after (9))

>0 (by assumption).
In Case 3, we have
flei—ej) = [flen—e;) = f(=(ej—en)) = flej —en) (after (8))
= [ (¢n€)) = 9(¢)) (after (9))
>0 (by assumption) .

Thus, f (e; —e;) > 0 holds in all three possible cases. Hence, (10) is proven.
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Now, our function f :R"™ — R is defined by

T
n
T2 n
fx)=) ay|zvy =) bs|rstnz|, where x = € R".
u=1 ses
T
Here, n is a positive integer; the numbers aq, as, ..., a, are n nonnegative reals; the

set S is a finite set; for every s € S, the function r,, is an element of (R")" (in other
words, a linear transformation from R” to R), and b, is a nonnegative real.

Hence, we can apply Theorem 11 to our function f, and we obtain that for our
function f, the Assertions A; and A, are equivalent. In other words, our function f
satisfies Assertion A; if and only if it satisfies Assertion A,.

Now, according to (10), our function f satisfies Assertion A,. Thus, this function f
must also satisfy Assertion A;. In other words, f () > 0 holds for every x € V,,. Hence,
f (énx) > 0 holds for every z € R"™! (because ¢,z € V,, since Im¢,, C V},). Since
f(onx) = g (x) according to (9), we have therefore proven that g (z) > 0 holds for
every x € R"!. Hence, Assertion C; is proven. Thus, we have showed that Co = C;,
and thus the proof of Theorem 12b is complete.

Since Theorem 12b is equivalent to Theorem 12, this also proves Theorem 12.

As if this wasn’t enough, here comes a further restatement of Theorem 12:

Theorem 13. Let n be a nonnegative integer. Let aq, as, ..., a, and a be
n + 1 nonnegative reals. Let S be a finite set. For every s € S, let r 1, 752,
..., Ts,n be n nonnegative reals, and let by be a nonnegative real. Assume
that the following two conditions hold:

a; +a > strm for every i € {1,2,...,n};
seS

a; +a; > Z bs [rsi — 7sjl for any two distinct integers i and j from {1,2, ...
s€S

Let y1, yo, ..., Yy, be n reals. Then,

doalyl+ald) v
i=1 v=1

> 0.

n
§ Ts,oYv

v=1

_st

seS

Proof of Theorem 13. For every s € S, let 1y = (r51,752,...,7sn) € (R™)" be the
n-dimensional covector whose i-th coordinate is r,; for every i € {1,2,...,n} . Define a
function g : R® — R by

L1
n
g(x):Zau|xu|+a|m1—I—x2+...—|—mn]—st Irsx|, where 2 = | 2 | e R™.
u=1 s€S ZL’
n
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For every i € {1,2,...,n}, we have (e;), = { B’ liffl;;? for all w € {1,2,...,n},

so that (e;); + (e;)y + ... + (e;),, = 1, and for every s € S, we have

n
re€; = Z s (€:), (since rs = (151,752, s Tsn))
u=1

_ir Lifu=i _

o 10, ifuki %Y
u=1

so that

g(e) =D aul(e | +alen), +(e)y+ o+ (€)= D bslraei

seS
= 1, if u=74;
=S al{ 55 e - Thl
u=

seS
=a; [l +all] =) b lra| =ai+a—> bryi >0

seS seS

=Ts,i,
since
Ts,izo

(since a; +a > > byrs,; by the conditions of Theorem 13).
seS

For any two distinct integers ¢ and j from {1,2,...,n}, we have (e; —e¢;), =
1, if u = i;
-1, ifu=7; for all w € {1,2,...,n}, so that (e; —e;), + (e; —¢€;), + ... +

0, if u#iand u # j
(e; —e;),, = 0, and for every s € S, we have

rs(e; —ej) = Z Tsu (€0 —€5), (since rs = (151,752, s Tsn))
u=1
n 1, ifu=7;
:er,u _17 1fu:.7> =Tsi — Ts,j,
u=1 0, if u+#iand u # j
and thus
glei—e) =Y au|lei—e;),| +al(ei—e;), + (e =€)y + o+ (e =€), | =D bl (€5 — €5)]
u=1 seS
n 1, ifu=7;
:Zau _1? lfu:], +a|0|_zbs|rs,i_7ﬂs,j|
u=1 0, ifu+#iand u#j ses
= (a; |1+ a; [=1)) + al0] = > by |rei = rojl = (@i +a;) +0 =) bylry; — 1
ses ses
— aZ + CL] — st |lr‘87i - T87j| Z 0
seS

(since a; +a; > > bs|rs; — 75| by the condition of Theorem 13).
ses
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So we have shown that g (e;) > 0 for every integer i € {1,2,...,n}, and g (e; — e;) >
0 for any two distinct integers i and j from {1, 2, ...,n}. Thus, Assertion By of Theorem
12 is fulfilled. According to Theorem 12, the assertions By and By are equivalent, so
that Assertion B; must be fulfilled as well. Hence, g (z) > 0 for every x € R™. In

hn
Y2 -
particular, if we set x = , then rx = ) 74,y (since 75 = (rs1,7s2, s Tsn))s
=
Yn

so that

g(z) = Zau Yl +alyr +y2 + o+ Yn| — st 7|

u=1 seS
:Zau |yu|+a|y1+y2++yn|_zbs er,vyv
u=1 seS v=1

n
E Ts,oYv

v=1

_st

seS

Y

= Z&i \yl| +a
=1

and thus g (z) > 0 yields

> u
v=1

n

Zai |yi| +a

i=1

n

Z Tswlv

v=1

zn:yv _st ZO
v=1

seS

Theorem 13 is thus proven.
6. A general condition for Popoviciu-like inequalities
Now, we state a result more general than Theorem 5b:

Theorem 14. Let n be a nonnegative integer. Let aq, ao, ..., a, and a be
n + 1 nonnegative reals. Let S be a finite set. For every s € S, let r; 1, 752,
..., Ts,n be n nonnegative reals, and let by be a nonnegative real. Assume
that the following two conditions hold?:

ai+a:ZbSrs,i for every i € {1,2,...,n};
seS

a; +a; > Z bs |Tsi — T's 5] for any two distinct integers ¢ and j from {1,2, ...
ses

Let f be a convex function from an interval I C R to R. Let wy, wo, ...,
n n

w,, be nonnegative reals. Assume that > w, # 0 and ) r;,w, # 0 for all
v=1 v=1

se S

2The second of these two conditions (a; + a; > > bs|rs; —rs ;| for any two distinct integers 4
SES
and j from {1,2,...,n}) is identic with the second assumed condition in Theorem 13, but the first one
(ai+a =Y bers; for every i € {1,2,...,n}) is stronger than the first required condition in Theorem
seS
13 (which only said that a; +a > > bsrs, for every ¢ € {1,2,...,n}).
ses
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Let x1, x5, ..., x, be n points from the interval I. Then, the inequality

n

Zawfx"m(Zw) y >Zb (ZT w)f M

i=1 Wy sesS v=1 erﬂjwv
v=1 v=1

holds.

Remark. Written in a less formal way, this inequality states that

n

Zaiwif (x;) +a(wy +wy+ ... +wy) f
i=1

W1T] + Weko + ... + WpTy
wy + we + ... +w,

Ts1W1T1 + T 2WoT2 + ... + Ts nWpTy
Ts,1W1 + T's,2W2 + ...+ TsnWn

> ) by (reqwy + oo + o A Papty) f
seS

Proof of Theorem 14. Since the elements of the finite set S are used as labels
only, we can assume without loss of generality that S = {n + 2,n + 3, ..., N} for some
integer N > n + 1 (we just rename the elements of S into n + 2, n+ 3, ..., N, where
N =n+1+|S]; this is possible because the set S is finite?). Define

U; = a;w; for all i € {1,2,....,n};
bt = a (z wv) ;
v=1
U = —by <Z rsﬂ,wv> for all s € {n+2,n+3,..., N} (that is, for all s € 5).
v=1
Also define
2 = X for all i € {1,2,...,n};

Zn+l =
n
> TspWyTy
Zs = ::L— for all s € {n+2,n+3,..., N} (that is, for all s € 5).
Z T's v Wy
Each of these N reals 21, 2o, ..., zy is a weighted mean of the reals xi, xo, ..., x,
with nonnegative weights*. Since the reals 1, s, ..., =, lie in the interval I, we can
3In particular, N =n+1if S = @.
4In fact,
o for 21, . Zn, this is clear because Z; = T; =

0z + 029 + .. —i—OaL‘Z 1+1xl+0xl+1+0x1+2+ .+ 0z,
0+0+..40+14+0+0+...40

for all i € {1,2,...,n};
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thus conclude that each of the N reals zi, 25, ..., zy lies in the interval I as well
(because if some reals lie in some interval I, then any weighted mean of these reals

with nonnegative weights must also lie in I). In other words, the points z1, 2,
are N points from I.
Now,

ceey RN

n

n n Z Wy Ty n Z T's o WyTy
Z aiwif (SL’I) +a (Z wv> f % — bs (Z 7’s,vwv> f -
i es

n
D Ty
v=1

n i wvxv n i TS,’Uw’Ux’U
= a;w; f \xj/ +a (Z wv> flE——| + Z —by <Z rs,vwv) flE———-
v=1 v=1

=1 =1
n n
i=1 - > w, ses D Tty
1 K2 N s — ~~ g — b
=Un+1 L_l/_/ =Us &,—/
=Zn41 =Zs
n n N
= Zuif (i) + Uns1 f (Zng1) + Zusf (25) = Zuif (1) + U1 f (2ns1) + Z us f (zs)
=1 seS =1 s=n+2
N
= Z urf (z1) -
k=1
N
Hence, once we are able to show that > uxf (2x) > 0, we will obtain
k=1
n n
n n Z wU‘rU n Z TS,’UwU‘rU
-1 =1
S avunf () + 0 (z wv> = sy (z w) PlE
i=1 v=1 Wy seS v=1 Z T's0Wy
v=1 v=1
and thus Theorem 14 will be established. N
Therefore, in order to prove Theorem 14, it remains to prove the inequality » uf (2) >
k=1
0.
D Wy
e for 2,1, this is clear from z, 1 = %;
> wy
v=1
Do TswWeTy
e for z,10, Zni3, ..., 2N, bhis is clear because z 1’:7117 forall se {n+2,n+3,..,N}.
Do Ts Wy
v=1
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We have

N
Zuk Zuz—i-unJrl—l—Zus Zuz+un+1+2us
k=1

_ Zazwz ta (Z wv> + ; ( (%} rs,vwv>>
FeoE) 2+ ()

= Z a;w; + Z aw; — Z Z bers iw; = Z (aiwi + aw; — Z bsrs,iwi>

i=1 i=1 seS8 =1 seS

= Zn: (ai +a— Z bSTSJ‘) w;

i=1 seS

n since a; +a = Y bsrs,; by an assumption of Theorem 14,
— Z Ow: s€8

: ! and thus a; +a — ) bsrs; =0

i=1 seS
=0.

N

Next, we are going to prove that > uy |z — t| > 0 holds for every t € {21, 22, ..., 2n } .
k=1

In fact, let t € {z1, 29, ..., 25 } be arbitrary. Set y; = w; (z; — t) foreveryi € {1,2,...,n}.

Then, for all i € {1,2,...,n}, we have w; (2; — t) = w; (z; — t) = y;. Furthermore,

Swyry — Y wy -t > wy (T, —t) >

= v=1 v=1 _ v=1 _ v=
> w, dow dw

v=1 v=1 =

Zn+1 —t=

n
> wym,
v=1
=l
2

Finally, for all s € {n +2,n+ 3,..., N} (that is, for all s € S), we have

n n n
Z T's vwvxv Z Ts,vwvxv - Z rs,vwv -t Z rs,vwv (xv - t) Z rs,vyv
1 v=1 v=1 v=1 v=1
Z—t= t= . —v=l = b ,
Z T's oWy Z T's0Wy Z T's0oWy Z Ts0Wy
v=1 v=1 v=1
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Hence,

N n N
Zuﬂzk —t| = Zuﬁz, —t] + Upa1 |2ne1 — | F Z Ug |25 — T
k=1 =1 s=n-+2

n

n n Zlyv N n ilrs,vyv
- 3 Wy ’ i t| + < v> Un: + <_bs < s,V v)) —
izla Ww; |Z a ;w Z ZT w

n
=|w;(zi—1)], Wy s=n+2 v=l Zl Ts,0Wy
v=

since w; >0 v=1
n n Yoy N n
1 v=1
= E a; lw; (z; —t)| +a E Wy + g —by E Ts.0Wey _—
i=1 v=1 Wy s=n+2 v=1 Z Ts,0Wy
n

here we have pulled the ) w, and ) rs,w, terms out of the modulus
v=1 v=1
signs, since they are positive (in fact, they are # 0 by an assumption
of Theorem 14, and nonnegative because w; and 7, are all nonnegative)

n n N n n n N
== Zaz‘yz| +a Zyv + Z <_bs) er,vyv = Zal|y1| +a Zyv - Z bs
i=1 v=1 v=1 i=1 v=1

3

<
Il

]

o

<

<
=

<

3

s 1]
<
I
L

n
§ Ts,oYv

s=n+2 s=n+2 v=1
n n n
= ailyl +a|d vl =D b | rewt| =0
i=1 v=1 seS v=1

by Theorem 13 (in fact, we were allowed to apply Theorem 13 because all the require-

ments of Theorem 13 are fulfilled - in particular, we have a; +a > Y byry,; for every
seS
i €{1,2,...,n} because we know that a; +a = ) byrs,; for every i € {1,2,...,n} by an
seS
assumption of Theorem 14).

Altogether, we have now shown the following: The points 21, 23, ..., zy are N points

N N
from I. The N reals uy, us, ..., uy satisfy > ux =0, and ) uy |z — t| > 0 holds for
k=1 k=1
N
every t € {21, 22, ..., 2n } . Hence, according to Theorem 8b, we have > wuyf (zx) > 0.

k=1
N

And as we have seen above, once » ugf (z;) > 0 is shown, the proof of Theorem 14 is
k=1
complete. Thus, Theorem 14 is proven.

7. Proving the Popoviciu inequality

Here is a very obvious lemma:

Theorem 15. Let N be a finite set, let m be an integer, and let ¢ be an

element of N. Then,
Z 1, ifies; . |N|—1
0,ifi¢ds \m—-1)

sCN; |s|=m
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(Note that, though it may sound unusual, we refer to subsets of N by a minor letter

s here and in the following.)
Proof of Theorem 15. The sum > { L l.f Z‘E %
SN Tep=m L 0, i i g s
all m-element subsets s C N satisfying i € s (because every such subset s contributes
a 1 to the sum, and all other subsets contribute 0’s). But the number of all m-

INT -

equals to the number of

element subsets s C N satisfying ¢ € s is equal to (because such subsets

are in a one-to-one correspondence with the (m — 1)-element subsets t C N \ {i} (this

correspondence is given by t = s\ {i} and, conversely, s = ¢t U {i}), and the number
N\ {2 N| -1

of all (m — 1)-element subsets ¢ C N \ {i} is <| \{Zl}|> = (| | )) Thus,
m j—

m—1
1, ifies;  [IN]—-1 .
SQN;Z|S|m{ 0 ifid¢s ( o 1 ), and Theorem 15 is proven.

Now we can finally step to the proof of Theorem 5b:

We assume that n > 2, because all cases where n < 2 (that is, n =1 or n = 0) can
be checked manually (and are uninteresting).

-2
Let a; = (n 1) for every i € {1,2,...,n}. Let a = <

m —

-2
" ) These reals aq, as,
m — 2

-2
..., @, and a are all nonnegative (since n > 2 yields n — 2 > 0 and thus (n ; ) >0

for all integers t).
Let S = {s C {1,2,...,n} | |s| = m};that is, we denote by S the set of all m-element
subsets of the set {1,2,...,n}. This set S is obviously finite.

For every s € S, define n reals 1, 752, ..., 7’5, as follows:
1, ifies; .
Tsi = o for every ¢ € {1,2,...,n}.
{0 very i € {12, ..}
Obviously, these reals rg1, 752, ..., 7s, are all nonnegative. Also, for every s € S, set

bs = 1; then, by is a nonnegative real as well.
For every i € {1,2,...,n}, we have

1, ifies; 1, if i € s;
strs,i221rsyizzrs,i22{ O7 lflgs = Z { 07 ]fz¢3
seS seS seS seS sg{li,li,m,n},

1,2,.. -1
= (H 2] ) (by Theorem 15 for N ={1,2,...,n})

m— 1

_ n—1
S \m-—1)’
so that

e () 0m2) - G)

(by the recurrence relation of the binomial coefficients)

= bore (11)

seS
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For any two distinct integers i and j from {1,2,...,n}, we have

st |rs,i - Ts,j’ - Z 1 |Ts,i - 7,s,j‘ = Z |Ts,i - Ts,j‘

seS ses seS

1—1,ift€sand j € s;
B 1, ifi € s; L, iftjes | 1-0,ifi€sandj¢s;
—SGS{O,ifigés _{o,ifje,és —Z 0—1, ifi¢sandj€ s;
0—-0,ifi¢sand j¢s

0, ifiesandj€s; 0, ifiesandjeEs;

B 1, ifi € sand j ¢ s; _Z 1, ifi€sand j ¢ s;

- —1,ifi¢sandjes; | 1, ifi ¢ sand j € s;

€5 0,ifi¢sandjé¢s €5 0,ifi¢sand j¢s

B 1,ifi€sandj§és;+ 1, ifi ¢ sand j € s;
- —~ 0 otherwise 0 otherwise
because the cases (i € sand j ¢ s) and (i ¢ s and j € s)
cannot occur simultaneously

0 otherwise 0 otherwise

_ {17ifz'€sandj§és; +Z{1,ifi¢sandj€s;
€s s€S

_ {1,ifi€sandj¢s; _'_Z{l,iijsandigés;.
ses

0 otherwise 0 otherwise

ses
Now,
Z l,ifiesandj¢s; Z 1, ifi € sand j ¢ s;
0 otherwise - 0 otherwise
ses sC{1,2,...,n};
|s|=m
B Z 1, ifi € sand j ¢ s; because all terms of the sum
N 0 otherwise with j € s are zero
sC{1,2,...,n};
[s|=m; j¢s
. Z 1, if1 € s B Z 1, ifi € s
N 0 otherwise 0 otherwise
S|g‘{172’m'7£}; SC{l ‘2 ‘ 7n}\{J}
s|l=m; jé¢s sl=m

_ oy L, ifies;  (H{1,2,...n}\{j} -1
= 0,ifid¢s m—1
sC{1,2 )\ (s

|s|=m

by Theorem 15 for N = {1,2,....,n} \ {j}; here, we use that i is an
element of N (because i € {1,2,...,n}\ {j}, since i and j are distinct)

(")) e
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. l,ifjesandi¢s;
and similarly s%:s { 0 otherwise = a;. Thus,
a; + Q;
_Z 1, ifi € sand j ¢ s; +Z 1, ifjesandi¢s;
a 0 otherwise 0 otherwise
ses ses
= Z bs |75 — Ts.5] - (12)
sES
Also,
Zwvzw1+w2+...+wn#0 (13)

v=1

(by an assumption of Theorem 5b).
The elements of S are all the m-element subsets of {1,2,...,n}. Hence, to every

element s € S uniquely correspond m integers i1, is, ..., i, satisfying 1 < i1 < i <
e <y <nand s = {iy,ig,...,0im} (these m integers iy, is, ..., i,, are the m elements of
s in increasing order). And conversely, any m integers iy, is, ..., i,, satisfying 1 <i; <

1o < ... < i, < n can be obtained this way - in fact, they correspond to the m-element
set s = {i1,42, ..., 0} € S. Given an element s € S and the corresponding m integers
11, 29, ..., tm, W€ Can write

irs,vwvzi{ B’ i&i}]z? -wU:Zwv: Z Wy = W4, + Wy, + ... +wj,.;

v=1 v=1 VES VE{11,12, eyim }
n n .
1, ifves;
E TspWyly = g 0’ if v ¢ s cWyly = E WoyTy
v=1 v=1 vES

= g WyXy = Wiy Tiy + Wiy Tiy + ... + W5, Ty

vE{i1,i2,yim }

From this, we can conclude that

n

er,vwv #£0 for every s € S (14)

v=1

n
(because Y rs W, = Wy, +wi, +...+w;,,, and w;, +w;, +...+w;,, # 0 by an assumption

v=1
of Theorem 5b), and we can also conclude that
n
n > TspWely
v=1
3 () |
s€S \v=1 Z Ts,pWy
v=1

= Z (wil +wi2+.--+wim)f (

1<i1<2<...<tm<n

Wi, gy —+ Wiy Ty + ...+ Ws,, Li,,
wil + wl-z 4+ ...+ wim

(15)
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Using the conditions of Theorem 5b and the relations (11), (12), (13) and (14), we
see that all conditions of Theorem 14 are fulfilled. Thus, we can apply Theorem 14,
and obtain

n n i WyLy n i Ts0WyTy
o (3w ) [ 0 (S ) [ E
1 -

n
v=1 Z Wy seS Z Ts,0Wy
v=1 v=1
This rewrites as

5 (22 (272) (S0 ) [ S

i=1

n i T's pWyLy
Z Z 1 <Z rs,vw't)) f _

sES v=1

In other words,

Using (15) and the obvious relations

Zwvzw1+w2+...+wn;

v=1

n
5 WyLy = WL + Wk + ... + WpTy,

v=1

we can rewrite this as

(=) S (2o (i

wi + w2 + ... +w,

(]

Wiy Tiy + Wiy @iy + o+ wimxim)

( 1 2 m)f( wll+wl2++wlm

1< <2< .<tm<n

This proves Theorem 5b.
8. A cyclic inequality
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The most general form of the Popoviciu inequality is now proven. But this is not
the end to the applications of Theorem 14. We will now apply it to show a cyclic
inequality similar to Popoviciu’s:

Theorem 16a. Let f be a convex function from an interval I C R to R.
Let x1, x5, ..., x, be finitely many points from I.

We extend the indices in xy, xs, ..., x, cyclically modulo n; this means
that for any integer ¢ ¢ {1,2,...,n}, we define a real z; by setting z; = z;,
where j is the integer from the set {1,2,...,n} such that i = jmodn. (For

instance, this means that z, 3 = x3.)
X+ T+ ... +x,

Let z = . Let r be an integer. Then,
n

2§f(a:i)+n(n—2 >an< “)

A weighted version of this inequality is:

Theorem 16b. Let f be a convex function from an interval I C R to R.

Let x1, o, ..., x, be finitely many points from I. Let r be an integer.
Z Wy Ty
Let wy, ws, ..., w, be nonnegative reals. Let x = L and w = Z Wy.

Z Wy v=1
Assume that w # 0 and that w + (ws — wsi,) # 0 for every s € S.

We extend the indices in zy, x, ..., x, and in w;, wsy, ..., w, cyclically
modulo n; this means that for any integer ¢ ¢ {1,2,...,n}, we define reals
x; and w; by setting x; = x; and w; = w;, where j is the integer from
the set {1,2,...,n} such that i = jmodn. (For instance, this means that
Tpas = 3 and wy49 = Wo.)

Then,

Z WyTy + (wsms - ws+r$s+r)

w+ (ws — W)

Proof of Theorem 16b. We assume that n > 2, because all cases where n < 2 (that
is, n =1 or n = 0) can be checked manually (and are uninteresting).

Before we continue with the proof, let us introduce a simple notation: For any
assertion A, we denote by [A] the Boolean value of the assertion A (that is, [A] =
{ L if A s true; ). Therefore, 0 < [A] < 1 for every assertion .4

0, if A is false T - ’

Let a; = 2 for every i € {1,2,...,n}. Let a = n — 2. These reals a;, as, ..., a, and a
are all nonnegative (since n > 2 yields n — 2 > 0).

Let S ={1,2,...,n}. This set S is obviously finite.
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For every s € S, define n reals 41, 752, ..., 75, as follows:

rei=1+1[i =5 —[i =s+rmodn] for every i € {1,2,...,n}.

)

These reals 751, 752, ..., s, are all nonnegative (because

rsi=14+i=s]—[i=s+rmodn]>14+0—-1=0
S—— ~~ d
>0 <1

for every i € {1,2,...,n}). Also, for every s € S, set by = 1; then, b, is a nonnegative
real as well.
For every i € {1,2,...,n}, we have

n n

. 1, ifi=s
Z[Z_S]_Z{ 0 otherwise =1

s=1 s=

(because there exists one and only one s € {1, 2, ...,n} satisfying ¢ = s). Also, for every
i€{l,2,...,n}, we have

S - 1, if s =1 — rmodmn;
Z [s =7 —rmodn] = Z{ 0 otherwise =1

s=1 s=1

(because there exists one and only one s € {1,2,...,n} satisfying s =i — rmodn). In
n

other words, > [i = s+ rmodn| = 1 (because [s =7 —rmodn] = [i = s+ rmodn],
s=1
since the two assertions s =i — rmodn and i = s + rmodn are equivalent).

For every i € {1,2,...,n}, we have

n n n

bs 8,4 — bs 8,0 — 80 — 1 ) = — i = d
Z Ts, Zvr’ ZT, Z(+[Z s] —[i = s+ rmodn])
ses s=1 =1 s=1 s=1
:Zl+z[i:3]_2[i58+7‘m0dn]=n+1—1:n:2+(n_2):ai+a’
s=1 s=1 s=1

so that

a; +a= Z bsTs ;- (16)

ses
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For any two integers ¢ and j from {1,2,...,n}, we have

S rei—1=)_|(1+[i=s—[i=s+rmodn]) — 1|
s=1 s=1

_ ZW =3+ (= [i = s+ rmodn])|

<> (|li=s]| + |- [i = s + rmodn]|)
s=1
since |[i =s]+ (= [i =s+rmodn])| <|[i =s]|+|—[i =s+ rmodn]|
by the triangle inequality

:Z([i:s]—f—[izs—l—rmodn])

because [i = s] and [i = s+ rmodn] are nonnegative, so that
i =s]|=[i=s] and |—[i = s+ rmodn|| =[i = s+ rmodn)|
= [i:s]—l—Z[iEs—l—rmodn}:l—i—l:Q
s=1 s=1

n

and similarly > [r; — 1] <2, so that
s=1

n

n
Z bs |Ts,i - /rs,j| = Z bs |Ts,i - /rs,j| = Z |T5,i - /rs,j|

seS s=1 _ s=1
=D Mo =D+ (1 =re )] <Y (Ires = 1+ 1= r5))
s=1 s=1

because |(rs; — 1)+ (1 —rs;)| < |rsi — 1]+ |1 — 1yl
by the triangle inequality

n

(Irs; = 1+ |rs; — 1)) = Z rs; — 1 + Z rsy — 1
s=1 s=1 s=1

+2:(IZ’+6L]‘,

IN

and thus
a; +a; > Z bs [rsi — 7s ;- (17)

seS

For every s € S (that is, for every s € {1,2,...,n}), we have

= . B & 1, if v = s+ rmodn;
2 [v=s+rmodn]- w, = Z;{ 0 otherwise W
v= v=

n .
Z Wy, if v = s+ rmodn;
= : =w
- 0 otherwise st
v=
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(because there is one and only one element v € {1, 2, ..., n} that satisfies v = s+r modn,
and for this element v, we have w, = w,,,), so that

erwv = Z(l +[v=s¢]—[v=s+rmodn|) - w,
v=1 v=1
:Zwv+2[v:s] -wv—Z[vzs+rmodn]-wv
v=1 3:1 o 3:1 g ,
=w =Ws =Ws+r

=W+ Ws — Weyp = W+ (Ws — Wsiy) -
Also, for every s € S (that is, for every s € {1,2,...,n}), we have
Z[U58+Tmodn].wva:Z{ 17 lf’UES—i-TmOdn; ‘wvxv

0 otherwise
v=1 v=1

) = WeirT
0 otherwise strstr

n o
- Z{ WyXy, if v =8+ rmodn;
v=1

(because there is one and only one element v € {1, 2, ..., n} that satisfies v = s+r mod n,
and for this element v, we have w, = w,, and x, = x4, ), and thus

n n
er,vwvxv = Z (1+[v=s]—[v=s+rmodn])-w,z,
v=1 v=1
n n n
= Zwvxv + Z [v = s] -wvxv—z [v = s+ rmodn] - w,z,
v=1 o=l P y
Vv Vv
=WsTs =Ws+rTs+r

n n
= Z WyTy + WsTs — Wy Lspy = Z Wy Ty + (wsms - ws+rxs+r> .
v=1 v=1

n n
Now it is clear that Y 7, ,w, # 0 for all s € S (because Y 75w, = W+ (ws — Weir)

v=1 v=1
and w + (ws — wsyr) # 0). Also, > w, # 0 (since > w, = w and w # 0). Using these
v=1 v=1

two relations, the conditions of Theorem 16b and the relations (16) and (17), we see
that all conditions of Theorem 14 are fulfilled. Hence, we can apply Theorem 14 and
obtain

n

n n 5w, n > T Wy
Do wif (@)t | D we [ [ S| 2D b (Z rs,ku> fl=——
=1 5

™ n
=n—2 v=1 Z Wy seS 1 Z Ts,0Wy
N—— v=1

This immediately simplifies to

n n Zn: Ts,0WyTy
> 2wif (@) + (n=2)wf(x) > 1 (Z rs,vwv> T e —
i=1

n
D Ty
v=1



n n
Recalling that for every s € S, we have Y rg ,w, = w+ (ws — wsyy) and D rg Wy, =
v=1 v=1

> wymy + (Wsks — Wy Tsyy), We can rewrite this as

Z (wsxs ws—i—rl‘s—&-r)
2wif (z;)+(n—=2)wf (z) > L (w+ (ws — weyy)) f .
Z ; +>) w+( s_ws+r)
In other words,
n Z (wsxs ws+rxs+r)
2) wif (z)+(n=2wf (@) 2 Y (w+ (ws — wey,)) f | =
; Sezs " W A (Ws = Weyr)

Equivalently,

Z WyLy + (wsxs - ws+rxs+r)

ZZwif () +(n—2)wf () =Y (w+ (w, — wesy)) f

W+ (Ws — Wetr)

This proves Theorem 16b.

Proof of Theorem 16a. Define n reals wy, ws, ..., w, by setting w; = 1 for every
i €{1,2,...,n}. Obviously, these reals wy, ws, ..., w, are nonnegative.
Define w = ) w,. Then, w =Y  w, = >, 1 =n-1=n. Also,
v=1 v=1 v=1

n n n n
T 1x 1x Wyl
:$1+$2+---+$n 'uz: ! 1;2::1 ! 1;2::1 ! 1;2::1 o

-1
n n n w n
Z Wy

(since 1 = w, and w = > w,). Also, w # 0 (since w = n) and w + (ws — wgy,) # 0
v=1

for every s € S (since w + (ws — wgyy) =n+ (1 —1) = n).

We summarize: The n nonnegative reals wy, wy, ..., w, and the reals w = ) w,
v=1

satisfy w # 0 and w+ (ws — wsy,) # 0 for every s € S. Therefore, all
> Wy

v=1
conditions of Theorem 16b are fulfilled. Hence, we can apply Theorem 16b and obtain

n > wymy + (Wsks — WeipTyyy)

23 wif (@) H(n =D wf (@) = 3 (Wt (wy = wep)) f

s=1

W+ (Ws — Weyr)
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Since w; =1 for all i € {1,2,...,n} and w = n, this rewrites as

n dolx, + (1o — lagy,)
23 1f(x;) + (n—2)nf (x >Z n+(1—1)f| =t
=1

n+(1-1)
Since

n Yo lz, + (1o — lagy,) n Sty + (25 — Tspy)
n+ ]._1 v=1 g n v=1

St -1 | Sy > .
- 2. Ty Ty — T - T +To+ ... +x Ty — T

_ nf v=1 + s s+r _ TLf( 1 2 n+ s s+7‘)
— n n — n n

this becomes

Qilf(xi)—i-(n—Z)nf(x)2nif<x+w).

In other words,

235 ) +nln =21 (0) 203 f (w4 ).

i=1 s=1
Thus, Theorem 16a is proven.
9. Applications of Theorem 16a
Finally we are going to show two easy applications of the above Theorem 16a. First,
if we apply Theorem 16a to r =1, to r =2, to r = 3, and so on up to r =n — 1, and

sum up the n — 1 inequalities obtained, then we get:

Theorem 17. Let f be a convex function from an interval I C R to R.

Let xy, 9, ..., x, be finitely many points from [.
Let 2 — 2 Tt I Then,
n

2 =1 f @) +nn—1)n-2)f @) zn > f(Hxi;xj).
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The details of deducing this inequality from Theorem 16a are left to the reader. I
am only mentioning Theorem 17 because it occured in [6], post #4 as a result by Vasile
Cirtoaje (Vasc). Our Theorem 16a is therefore a strengthening of this result.

The next theorem is just a rewritten particular case of Theorem 16a:

Theorem 18. Let f be a convex function from an interval I C R to R.
Let A, B, C, D be four points from . Then,

FUAYE£(B)+ F(C)+ (D) +af (FFEHEE2)

22<f(myif+0>+f(ﬂaff+D)+f<m?ff+A>+f(m9ff+B)>‘

Proof of Theorem 18. Set x1 = A, 19 = B, 3 = C, x4 = D. Then, x1, x9, T3, T4 are
finitely many (namely, four) points from I (because A, B, C, D are four points from
I).

We extend the indices in x1, xo, x3, x4 cyclically modulo 4; this means that for any
integer i ¢ {1,2,3,4}, we define a real z; by setting z; = x;, where j is the integer
from the set {1,2, 3,4} such that : = jmod 4. (For instance, this means that z¢ = z5.)

Let x = Tt T2 1_ T3+ ey Then, we can apply Theorem 16a with n = 4 and r = 3,

and we obtain

QiZZl:f(:ci)Jrn(n—Z >an<x+ xS*")

where n = 4 and r = 3. In other words,

QZf(wi)+4(4 2) f >4Zf(x+ %*3) (18)

Since 1 = A, 2o =B, 23=C, 04 =D, x5 =21 = A, 16 = 10 = B, 17 = x3 = C and
$1+ZL‘2+I‘3+ZL‘4 A+B+C+D
r= = , we have

4 4

Zf(:vz) Flan) + flaa) + fxs)+ f(za) = f(A) + f(B)+ f(C)+ f(D);

1= =g (FEELEED),

Ts — Tsq3
;f<x+—4 )

Ty — T4 To — Ts T3 — Tg Ty — Ty
T+ 1 )+f(x+ 1 )—i—f(x+ 1 )—f—f(x—l— 1 )
+

B+C+D A—-D A+B+C+D B-A
=/ 1 T +/ A Ty
A+B+C+D C-B A+B+C+D D-C
+f 1 )t 1 Tty
2+ B+ C 2B+C + D 20+D+ A 2D+ A+ B
=f — 1 + f — +f — 1 + f — )
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and thus (18) becomes

2(f(A)+f(B)+f(C)+f(D))+4.2,f<A+BZC+D)

24<f(2A+f+C>+f(23+f+D)+f(20+f+A>+f(2D+f+B))-

Dividing this inequality by 2, we obtain

F(A)+ f(B)+ f(C)+ f(D)+Af (AJFBZCJrD)

22<f(2A+f+C>+f(2B+f+D)+f(20+f+A>+f(2D+f+B))-

Thus, Theorem 18 is proven.
We will use this Theorem 18 to prove an inequality from Michael Rozenberg (aka
”Arqady”) in [7]:

Theorem 19. Let a, b, ¢, d be four nonnegative reals. Then,

at + bt + & + d* + dabed > 2 (a2bc + b%cd + Pda + d2ab) )

Proof of Theorem 19. The case when at least one of the reals a, b, ¢, d equals 0 is
easy (in fact, in this case, we can WLOG assume that a = 0; then, the inequality in
question,

a' +b* + '+ d* + dabed > 2 (a®be + bPed + Pda + d*ab)

is true because

(a* +b* + ¢* + d* + dabed) — 2 (a®be + bed + ¢*da + d*ab)
= (0" +b"+c"+d" +4-0-bed) — 2 (0%bc + bPed + *d - 0+ d* - 0b)
= (b + '+ d") = 2WPed = (¥ = cd)’ + (2 = &)’ + @2 > 0

N

>0 >0

). Hence, we can assume for the rest of this proof that none of the reals a, b, ¢, d equals
0. Since the reals a, b, ¢, d are nonnegative, this means that the reals a, b, ¢, d are
positive.

Let A=1In(a?), B=1In(b*), C =1n(c'), D =In(d*). Then, exp A = a?, exp B =
b, expC = ct, expD = d*.

Let I C R be an interval containing the reals A, B, C, D (for instance, [ = R).
Let f: I — R be the function defined by f (z) = exp x for all z € I. Then, it is known
that this function f is convex. Thus, Theorem 18 yields

P+ £(B)+1(C)+ (D) +af (FEEEEED)

22(f(2A+f+C>+f(2B+40+D)+f<20+f+A>+f(2D+4A+B)).
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Since we have

f(A) = pr— at and similarly
f(B)=b", f(C)=c", and f (D) =d";
f(A+B+O+D>: AJFBZCJFD_\/eXpA 0B opC oD
= Vat bt db = abed;
f(2A+B+C) :expw ¥ eXpA -exp B -expC
= 1/(a%)* - bt - ¢t = a?be and similarly
f<2B+C+D> (2(J+f+A):CQda’ andf(2D+f+B):d2ab,

this becomes
at + bt + & + d* + dabed > 2 (a2bc + bPed + Ada + d2ab) )
This proves Theorem 19.
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