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Abstract

The decomposition-based technique for calculation of
Petri net invariants is presented. It was proved that
invariants of the entire Petri net might be constructed of
invariants of its functional subnets. The acceleration of
calculations obtained is exponential with respect to the
number of Petri net nodes.
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Introduction

Invariants are a powerful tool for the structura
properties of Petri net investigation [Murata 1989] and
constitute nonnegative solutions of linear homogeneous
Diophantine systems of equations. There is known the
Toudic method [Toudic 1982] for the calculation of Petri
net invariants. This method alows the obtaining of
nonnegative integer solutions by means of matrix
transformations. The forma grounding of the Toudic
method was implemented in [Zaitsev 2003b]. But the
complexity of this method is asymptotically exponential,
which makes the analysis of real-life models difficult.

The decomposition of the given Petri net into
functional subnets was studied in [Zaitsev 2003a]. Notice
that the functional subnet is a special class of subnet with
input and output (contact) places. In the above-mentioned
paper the generating family of functional subnets was
presented and grounded. As the main result, an efficient
polynomial algorithm of the decomposition of the given
Petri net was constructed.

In the present paper, decomposition of Petri net into
functional subnets is used for invariants calculation. The
idea is clear enough and consists in calculation of
invariants for functional subnets with consequent
composition of the invariants for the entire Petri net.
Acceleration of the calculations obtained is exponential.

1. Basic concepts

As only the structural properties of Petri net will be
studied in the present paper, we shall not consider the
concept of net behaviour.

Petri net isatriple N=(P,T,F), where P={p} isa
finite set of places, T ={t} isafinite set of transitions and
PNT =4, aflow relaionF i P" TUT P defines a
set of arcs connecting places and transitions. Let us
introduce the special notations for the sets of input, output
and incident nodes of a place:

p={tISE T FY, po={tIS(p.0T F},
p=pUp .

Similarly we may define the sets of input, output and
incident nodes of atransition and moreover of an arbitrary
subset of places (transitions).

Net with input and output places is a triple
Z=(N,X,Y), where N is Petri net, XI P— input
places, Y1 P— output places and the sets of input and
output places do not intersect: XY =/. Places from
the set of Q=P\(XUY) we shal name an internal.
Input and output places altogether C =X UY are named
acontact.

Functional net is a net with input and output places
such that input places do not have input arcs and output

places do not have output arcs. "pl X: p=4&,

"pl Y:p =/. We shal denote the functional net as
Z=(X,Q,Y,T,F) with the respect to the correspondent
elements of Petri net N.

Petri net N(=(P(T(F(
ifPAd P,TU T,FA F.

Subnet generated by the specified sets of nodes
B(P(T( isasubnet N(=(P(T(F(), where F( contains
al the arcs connecting nodes P(T ¢ in the source net:

is a subnet of N,

Fe={(p,t)| pT PGtT T¢(p,t)T FIU
{(t,p)| pT PE¢tT T¢(t, p)T F}.



Subnet generated by the specified set of transitions
B(TQ isasubnet B(P(TY , where

P(={p|pl P,$tT TC(t,p)T FU(p,)T F}.

In other words, together with the transitions from T¢
subnet B(T() contains al incident places and is generated

by these nodes. Further we shall consider mainly all the
arcs connecting specified nodes in source net; that is, we
shall consider subnets generated by the set of nodes.
Therefore, for brevity we shall omit a flow relation
implying the source relation F.

Functional net Z =(N(¢ X,Y) isa functional subnet

of net N and is denoted as Z > N, iff N is subnet of N
and moreover Z is connected with the residuary part of the
net only by arcs incident to contact places so that input
places may have only input arcs and output places may
have only output arcs. Thus:

"pl X {(p,t)|tT T\T¢ = /&,
“pl Y:{(t,p) |t T\TG =/,
"pl Q:{(p,t)|tT T\TG=AU{(t,p)|t] T\T¢ =£.

Statement 1. Functional subnet is generated by the set
of own transitions.

So, the set of transitions uniquely defines functional
subnet. If we consider the constraints of arcs for contact
places, then we conclude that the residuary part of the
source net is also a functional subnet. Therefore, the
source net may be obtained by the way the union of
subnets with fusion of contact places of opposite classes:
input with output and output with input.

Difference of the source Petri net N and it's functional
subnet Z( isasubnet Z¢=N- Z( where

Ze=(Y,P\(XUYUQ),X,T\T9.

Statement 2. If Z(>~ N ,then N- Z(>- N .

Functional subnet Z¢(> N isaminimal iff it does not
contain any another functional subnet of Petri net N.

Notice that the concept of functional subnet does not
use additional characteristics of Petri net. To study
invariants we consider Petri nets with multiply arcs
N=(P,T,F,W), where P, T,F ae as above and
W:F ® N definesthe multiplicity of arcs, N isaset of
natural numbers.

Let us |P|=m, [T|=n and the sets of places and

transitions are enumerated. We introduce matrices A",

A" of input and output arcs of the transitions
correspondingly:

A :||a'i,j||, i=Lm, j=1n;

ai _iw(p ), (p t)TF,
! %O, otherwise,

A :||a+i'j||’ i=1m, j=Ln;

+ :EW(t,-,pi), (tj:pi)T F,
{O, otherwise.

And finally we introduce an incidence matrix A of
Petri netas A= A" - A",

P-invariant of Petri net is an integer nonnegative
solution of the system

X>A=0. o))

T-invariant of Petri net is an integer nonnegative
solution of the system A>y =0.

Petri net is p- or t-invariant, if it has a corresponding
invariant with all positive components.

Invariants are widely used for the investigation of Petri
net properties. p-invariant nets are bounded and t-
invariant nets are repetitive [Murata 1989]. Moreover t-
invariants are used for the investigation of such
significant properties as liveness and deadlock-free. So,
according to [Murata 1989], each t-invariant of Petri net is
p-invariant of dua net, we shall consider further only p-
invariants. Notice that dual net has a transposed incidence
matrix. In other words places of dual net correspond to
transitions of source net and vice versa.

2. Algorithm of Petri net decomposition
Asit was shown in [Zaitsev 20038, the set of minimal

functional subnets A={Z1}, Zl = N of an abitrary

Petri net N defines the partition of the set T into

nonintersecting subsets T so T=UT!, TINT =&,
i

j 1 i.Moreover, any functional subnet Z¢ of an arbitrary

Petri net N is the direct sum (union) of afinite number of
minimal functional subnets. So, the partition of the set T
defined by the set of minimal functional subnets is the
generating family of the set of functiona subnets of Petri
net N. Notice that in the general case a minimal subnet
does not imply a low quantity of nodes but suppose that
the subnet cannot be divided into inside subnets.

Subnet Z =B(R)=(X,Q,Y,R) of Petri net N is a
completein N, iff in N the following conditions hold true:

X TR, YI R, Q1IR.



Algorithm of decomposition:

Sep 0. Choose an arbitrary transition t1 T of the net N
and include it in the set of selected transitions R:={t} .

Sep 1. Construct subnet Z generated by the set R:
Z=B(R) =(X,Q)Y,R).

Sep 2. If Z is the complete in N, then Z is sought
subnet. Stop.

Sep 3. Construct the set of absorbed transitions:
S={t|tT X" Utl RUtl "YUtT RUtl 'Q Utl R} .

Sep 4. Assign R:=RU S and go to Step 1.

In [Zaitsev 20034 the following Lemma 1 and
Theorem 1 were represented.

Lemma 1. Subnet Z is complete in Petri net N iff it is
the functional subnet of N.

Theorem 1. Subnet Z constructed by the algorithm of
decomposition is the minimal functional subnet of Petri
net N.

Let us assign i:=1 and Z':=Z. Then we assign
N:=N- Z and repeat the execution of the algorithm in
the case if the set T is not empty. Continuing in such a
manner and choosing i:=i+1, we shall construct the set

of minimal functional subnets Zl,Zz,...,Zk of Petri net
N representing the desired partition of source net. As it
was shown in [Zaitsev 20033, the agorithm of

decomposition has polynomia complexity o(n3) , Where
n isthe number of nodes of the net.

The application of the decomposition algorithm to Petri
net N, is represented in Fig. 1 and is described in detail

in [Zaitsev 2003a]. Source net N; is decomposed into
three minimal functional subnets z*,z2,z3 completely
defined by the sets of its transitions T1={t,,tg},

T2 ={t}, T3 ={tp.ta,ts} -

3. Invariants of decomposed net

Let us consider the structure of the system of equations
D
L: XxA=0.

Every equation L;: xxAl =0, where Al denotes i-th
column of matrix A, corresponds to the transition t; . It

contains terms for all incident places. Coefficients are the
weights of arcs. The terms for input places have the sign
minus and the terms for output places have the sign plus.
S0, the system (1) may be represented as

L=L UL, U..UL,. 2

Fig. 1. Decomposition of Petri net N; into minimal
functional subnets

Theorem 2. An arbitrary invariant X¢ of Petri net N
istheinvariant of every functional subnet Z¢, Z(>- N .

Proof. So X¢ isthe invariant of Petri net N, then X(
is a nonnegative integer solution of (2) and consequently
X( is nonnegative integer solution of each L;. Therefore,
X( isthe solution of an arbitrary subset of the set {L;} .

According to Statement 2, functional subnet Z¢,
Z0C~ N is generated by the set of its transition T¢. Thus
the equation corresponding to the transition has the same
form L; asfor the entire net since the subnet contains all
the incident places of the source net. Therefore, the
system for invariant of afunctional subnet Z¢, Z(>- N is
the subset of the set {L;} and vector X¢ is its solution.

Consequently, X¢ isthe invariant of the functional subnet
Z(. The arbitrary choice of Z(-N in the above
reasoning proves the theorem. 8

Conclusion. If any Petri net is invariant, then al its
functional subnets are invariant too.



Lemma 2. Each contact place of decomposed Petri net
has no more than one input minimal functional subnet and
no more than one output minimal functional subnet.

Proof. Suppose the contrary. We have to consider two
Cases:

a) a contact place pl C that has more than one
input minimal functional subnet existing;

b) a contact place pl C that has more than one
output minimal functional subnet existing.

In case &) there are minima functiona subnets
Z(Ztsuch as

($td z¢ t¢ p)U(StE z¢ t€ p).
As, according to Lemma 1, each minimal functiona
subnet is completein N, so transitions t(t« according to

the definition of completeness belongs to the same
minimal functional subnet. Thus, we obtain a contrary.
In case b) there are minima functional subnets
Z(Ztsuch as
($td z¢ td p )U(StH z¢ tdl p').
And we obtain a contrary in such a manner as in the
case a). The contrary, obtained in the both cases, proves

thelemma. 6
Theorem 3. Petri net N isinvariant iff al its minimal

functional subnets Z1, ZJ = N areinvariant and there is
acommon nonzero invariant of contact places.

Proof. We shall use only equivalent transformations to
not prove separately necessary and sufficient conditions.
According to [Zaitsev 2003a], the set of minimal
functional subnets A:{Zj}, ZI >N of an arbitrary
Petri net N defines the partition of the set T into
nonintersecting subsets T . Let us assume the number of
minimal functional subnetsis k. As it was mentioned in
the proof of Theorem 1, equations contain terms for all
incident places. So we have

L 0 LUL2U0..0Lk,
where LI isthe subsystem for minimal functional subnet
z), 2}~ N.Noticethat if L has no solution, then L
has no solution too (except trivial, of course).

Let us assume R! is the matrix of basis solutions of
subsystem L. Then we write the general solution of the
subsystem LI in the form x=2z)RI , Where Zlis an
arbitrary nonnegative integer vector. Thus

L O x=2"R=22R% = =7 RK.
So the system
x=ZR =22R% = = ZORK ®)
is equivalent to the source system (1). Further more we

shall demonstrate, that the solution of the above system
(3) involves alow number of egquations. Let us consider a

set of places of Petri net N with the set of minimal

functional subnets {Zj |Zj > N} :
P=Q'UQ?U..UQ*Uc,

where Qj is the set of internal places of subnet Z) and

C is the set of contact places. According to the

definition, any place pl Q! is incident only to

transitions from the set T/ . So, Xp corresponding to this

place will appear only in the one subsystem L!. That is
why we have to solve only equations for contact places
fromtheset C.

Now we construct an equation for the contact place
pl C soitisincident more than one subnet. According to

Lemma 2, each contact place pl C isincident not more
than two functional subnets. So we have equations

R By 4
Z' R, =2/ R}, 4

where i, j are the numbers of minimal functional subnets

incident to contact place pi C, Rg, is a column of

matrix R corresponding to the place p. The equation

(4) may be transformed to the form
siwol s wdi —
P4 ><Rp- Z ><Rp =0.
So the system
ix, =2z xR}, pl Q' UpicC ®)
'Ifii xRip- 7l xR’i) =0, pi C

is equivalent to the source system (1). This fact provesthe
theorem. 0

Conclusion 1. To calculate Petri net invariants we may
caculate invariants of its minimal functional subnets and
then to find common invariants of contact places.

Notice that in both mentioned cases according to (5)
we have to solve a linear homogeneous system of
equation in nonnegative integer numbers.

Conclusion 2. The above Theorem 3 is valid for an
arbitrary set of functional subnets that defines a partition
of the set of the transitions of the source Petri net.

Therefore, a technique of linear homogeneous systems
solution with decomposition into functional subnets
consistsin:

I. Decompose given Petri net N into set of

minimal functional subnets A={z1}, z} = N.
Il. Caculate general solution for each minimal

functional subnet /.
I11. Caculate common solution of (5) for contact
places.



Now we estimate the acceleration of invariants
calculation with the decomposition technique. Let k be
the maximum number of contact or internal places of
subnets, and let the complexity of solution for system

with size n be about 2". So, the complexity of invariants
of subnets and common invariants of contact places

calculation is estimated as ~2. Complexity of
decomposition according to [Zaitsev 20034] is polynomial
and was omitted. Thus, the acceleration of computations

is about
n _ on-k
ZAK - 2n '

4. Example

Now we apply introduced technique to the calculation
of invariants of Petri net N, (Fig.1).

I. As it was represented in Fig. 1, Petri net N; is
decomposed into three minima functional subnets
z%,22,7% completely defined by the sets of its
transitions T ={t,,ts}, T2 ={t;}, T3 ={t,,t5,ts} .

[l. Let us calculate invariants of the minimal functional
subnets.

Subnet Z1 . The system of equationsis
1-6x5+% =0,
- 2%, +% =0.
The general solutionis
x=2z46 0 0 3 1)
SubnetZ2. The system of equationsis
{- % +3%¢, + x5 =0.
The general solution is
(2.2 10 0 08
122 ”@1 010 0

Subnet Z3. The system of equationsis
1- 3%, - X3 +6xx5 =0,
|l— X3+ X, =0,
}'— Xy + %5 =0.
The general solution is
x=240 1 3 3 1).
[11. Let us write the system of equations for the contact
places. Notice that in net N, all places are contact ones
1x =3xz2 +1x25 =67,
Fx, =122 =152,
% X =1x25 =3x22,
X, =37 =37,
fxg =1xf =12,

We may write this system in the form (1) and solve it
with the Toudic method

13x27 +1x25 - 657 =0,
I
(122 - 1522 =0,
L2 3
11325 - 3%z =0,
I -
3% - 3% =0,
f122 - 1 =0.
The general solution with the respect to the vector
=(4.4.24.7) is
z=r{1 1 3 1).
And the general solution of source systemis
x=r{6 1 3 3 1).
Notice that in this example we have not obtained any
acceleration of computations, so the Petri net is tiny and

all its places are contact ones. A real-life example studied
in [Zaitsev 2004] allows an essential accel eration.

Conclusions

The complexity of Petri net invariants calculation is
exponential in general case. This fact makes the analysis
of real-life objects difficult. The technique proposed and
studied in present paper alows the acceleration of the
calculation of invariants. This technique is based on the
decomposition of Petri net into functional subnets. The
acceleration obtained is exponential with respect to the
number of places of source Petri net.
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