THE GOLDEN RATIO

Start with a regular pentagon of side 1, and join up the vertices to form a pentagram (“5–pointed star”).

AB // CE and BD // AE ( ABFE is a rhombus ( EF = 1

By similar triangles,  EQ \f(CF,CD) =  EQ \f(EF,BE) (  EQ \f(BE – 1,1) =  EQ \f(1,BE) 
( BE2 – BE = 1 ( BE2 – BE – 1 = 0 
( BE =  EQ \f(1 + \r(1 + 4),2) = (, the golden ratio ( 1.618.

Note that ( satisfies (2 = ( + 1 and  EQ \f(1,() = ( – 1.
Interior angle of a pentagon =  EQ \f((5 – 2)180(,5) = 108(
(BAC = (CAD = (DAE = 108(/3 = 36(
Consider (ABE. 

For convenience, let AE = 2. Then BE = 2( = 1 +  EQ \r(5) 
x2 + (2 = 22
x2 = 4 – (2 = 4 – (( + 1) = 3 – (
(sin 36( =  EQ \f(\r(3 – (),2) =  EQ \f(\r(3 – \f(1 + \r(5),2)),2) =  EQ \r(\f(5 – \r(5),8)) 
sin 54( =  EQ \f((,2) =  EQ \f(1 + \r(5),4) 

Consider (ACD. 

For convenience, let AD = 2. Then CD =  EQ \f(2,() = 2(( – 1).
y2 + (( – 1)2 = 22
y2 = 4 – ((2 – 2( + 1) = 4 – (( + 1 – 2( + 1) = ( + 2
(sin 18( =  EQ \f(1,2() =  EQ \f(1,\r(5) + 1)   EQ \f(\r(5) – 1,\r(5) – 1) =  EQ \f(\r(5) – 1,4) 
sin 72( =  EQ \f(\r(( + 2),2) =  EQ \f(\r(\f(1 + \r(5),2) + 2),2) =  EQ \r(\f(5 + \r(5),8)) 
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