HYPOTHESIS TESTING
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Small sample size n < 30
t = EQ \f(\x\to(x) – (0, \o(^,() / \r(n))
( ( (0
t < –t(/2,df or t > t(/2,df
with df = n – 1
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Large sample size
z = EQ \f(\o(^,p) – p0,\r(p0q0 / n))
p ( p0
z < –z(/2 or z > z(/2

p = p0


p > p0
z > z(




p < p0
z < –z(


Large sample size n ( 30
z = EQ \f(\x\to(x)1 – \x\to(x)2,\r(\f((\s(2,1),n1) + \f((\s(2,2),n2))) 
(1 ( (2
z < –z(/2 or z > z(/2




(1 > (2
z > z(




(1 < (2
z < –z(


Small sample size n < 30
t = EQ \f(\x\to(x)1 – \x\to(x)2, \o(^,()p\r(\f(1,n1) + \f(1,n2)))  

where pooled variance 
 EQ \o(^,()
EQ \s(2,p) = EQ \f((n1 – 1) \o(^,()\s(2,1) + (n2 – 1) \o(^,()\s(2,2),n1 + n2 – 2)
(1 ( (2
t < –t(/2,df or t > t(/2,df
with df = n1 + n2 – 2

(1 = (2


(1 > (2
t > t(,df




(1 < (2
t < –t(,df


Matched pairs
t = EQ \f(\x\to(d), \o(^,()d / \r(n))
(1 ( (2
t < –t(/2,df or t > t(/2,df
with df = n – 1




(1 > (2
t > t(,df




(1 < (2
t < –t(,df


Large sample size
z = EQ \f(\o(^,p)1 – \o(^,p)2,\r(\o(^,p) \o(^,q) \b(\f(1,n1) + \f(1,n2)))) 

where EQ \o(^,p) = EQ \f(x1 + x2,n1 + n2)
p1 ( p2
z < –z(/2 or z > z(/2

p1 = p2


p1 > p2
z > z(




p1 < p2
z < –z(

Large-Sample Test about a Population Mean (sample size ( 30)

We claim that the mean chin-up scores of children is more than 2. A random sample of children produced the following data:

Sample size
n = 48

Sample mean
 EQ \x\to(x) = 3

[image: image4.emf]Population variance
(2 = 3

Do the data support our claim? Use a significance level of ( = 0.05.

Test statistic    z    =    EQ \f(\x\to(x) – 2, ( / \r(n))    =    EQ \f(3 – 2,\r(3) / \r(48))    =    4

Since   4   >   the critical value z0.05 = 1.645   , we have sufficient evidence at 5% level of significance to conclude that the mean chin-up score of children is significantly more than 2.

Small-Sample Test about a Population Mean (sample size < 30)

Same scenario but with a small sample:

Chin-up scores
2, 2, 5

Sample size
n = 3

Sample mean
 EQ \x\to(x) =  EQ \f(2 + 2 + 5,3)  = 3

Estimate of Population variance
 EQ \o(^,(2)  =  EQ \f(22 + 22 + 52 – 3(3)2, 3 – 1)  = 3
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Degree of freedom    (    =    n – 1    =    3 – 1    =    2

Test statistic    t    =    EQ \f(\x\to(x) – 2, \o(^,() / \r(n))    =    EQ \f(3 – 2, \r(3) / \r(3))    =    1

Since   1   <   the critical value t0.05,2 = 2.92   , we have insufficient evidence at 5% level of significance to conclude that the mean chin-up score of children is significantly more than 2.

Large-Sample Test about a Population Proportion

We claim that more than half of all children can pass a certain fitness test. A random sample of children produced the following data:

Sample size
n = 36

No. of children who passed
x = 21

Do the data support our claim? Use a significance level of ( = 0.05.

[image: image6.emf]
Test statistic    z    =    EQ \f(\o(\s\up3(^),p) – p0,\r(p0q0 / n))    =    EQ \f(\f(7,12)  –  \f(1,2),\r(\b(\f(1,2))\b(\f(1,2)) / 36))    =    1

Since   1 <   the critical value z0.05 = 1.645   , we have insufficient evidence at 5% level of significance to conclude that the proportion of children who passed is significantly more than half.
Note: To ensure that the sample size is large enough, we need to check that the interval
EQ \o(\s\up3(^),p) ± 2EQ \r(\o(\s\up3(^),p)\o(\s\up3(^),q)/n)    =    EQ \f(7,12) ± 2EQ \r(\b(\f(7,12)) \b(\f(5,12)) / 36)     =    [0.419,0.748]    does not contain 0 or 1.

Large-Sample Test of Difference between 2 Population Means (sample size ( 30)

We claim that boys can do more chin-ups than girls. 2 random samples of children produced the following data:


Boys
Girls

Sample size
n1 = 54
n2 = 54

Sample mean
 EQ \x\to(x)1 = 4
 EQ \x\to(x)2 = 3

Population variance
( EQ \s(2,1)  = 3
( EQ \s(2,2)  = 3

Do the data support our claim? Use a significance level of ( = 0.05.

[image: image7.emf]
Test statistic    z    =    EQ \f(\x\to(x)1 – \x\to(x)2,\r(\f((\s(2,1),n1) + \f((\s(2,2),n2)))    =     EQ \f(4 – 3,\r(\f(3,54) + \f(3,54)))    =    3

Since   3   >   the critical value z0.05 = 1.645   , we have sufficient evidence at 5% level of significance to conclude that the mean chin-up score of boys is significantly higher than that of girls.

Small-Sample Test of Difference between 2 Population Means (sample size < 30)

Same scenario but with small samples:


Boys
Girls

Scores
2, 5, 5
2, 2, 5

Sample size
n1 = 3
n2 = 3

Sample mean
 EQ \x\to(x)1 =  EQ \f(2 + 5 + 5,3)  = 4
 EQ \x\to(x)2 =  EQ \f(2 + 2 + 5,3)  = 3

Estimate of

Population variance
 EQ \o(^,()

 EQ \s(2,1)  =  EQ \f(22 + 52 + 52  – 3(4)2, 3 – 1)  = 3
 EQ \o(^,() EQ \s(2,2)  =  EQ \f(22 + 22 + 52  – 3(3)2, 3 – 1)  = 3

Degree of freedom   (   =   3 + 3 – 2   =   4
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Pooled variance   
 EQ \o(^,()
EQ \s(2,p)   =   EQ \f((n1 – 1) \o(^,()\s(2,1) + (n2 – 1) \o(^,()\s(2,2),n1 + n2 – 2)   =    EQ \f(2 (3) + 2 (3),4)  =   3

Test statistic   t   =   EQ \f(\x\to(x)1 – \x\to(x)2,\r(\o(^,()\s(2,p) \b(\f(1,n1) + \f(1,n2))))   =    EQ \f(4 – 3,\r(3 \b(\f(1,3) + \f(1,3))))   =   0.707

Since   0.707   <   the critical value t0.05,4 = 2.132   , we have insufficient evidence at 5% level of significance to conclude that the mean chin-up score of boys is significantly higher than that of girls.

Test of Difference between 2 Population Means using Matched Pairs

We claim that children can do more chin-ups after taking up a special diet. A random sample of children produced the following data:


No. of chin-ups
Difference


Before
After
d

Ann
2
4
2

Bob
4
6
2

Clare
5
4
–1

Do the data support our claim? Use a significance level of ( = 0.05.

Sample mean      EQ \x\to(d)     =      EQ \f(2 + 2 – 1,3)    =     1

Estimate of population variance      EQ \o(^,() EQ \s(2,d)    =      EQ \f(22 + 22 + 12 – 3(1)2, 3 – 1)    =     3

Degree of freedom     (     =     3 – 1     =     2

Test statistic     t     =     EQ \f(\x\to(d), \o(^,()d / \r(n))     =     EQ \f(1,\r(3) / \r(3))     =     1

Since   1   <   the critical value t0.05,2 = 2.92   , we have insufficient evidence at 5% level of significance to conclude that the mean score is significantly higher after taking up the special diet.

Large-Sample Test of Difference between 2 Proportions

We claim that boys do better than girls in a fitness test. 2 random samples of children produced the following data:


Boys
Girls

Sample size
n1 = 32
n2 = 32

No. of children who passed
x1 = 20
x2 = 12

Do the data support our claim? Use a significance level of ( = 0.05.


EQ \o(\s\up3(^),p)    =    EQ \f(x1 + x2,n1 + n2)    =    EQ \f(20 + 12,32 + 32)    =    EQ \f(32,64)    =    EQ \f(1,2)
Test statistic   z   =   EQ \f(\o(\s\up3(^),p)1 – \o(\s\up3(^),p)2,\r(\o(\s\up3(^),p) \o(\s\up3(^),q)\b(\f(1,n1) + \f(1,n2))))   =   EQ \f(\f(5,8)  –  \f(3,8),\r(\b(\f(1,2))\b(\f(1,2))\b(\f(1,32) + \f(1,32))))   =   2

Since   2   >   the critical value z0.05 = 1.645   , we have sufficient evidence at 5% level of significance to conclude that the proportion of boys who passed is significantly higher than the corresponding proportion for girls.

Note: To ensure that sample sizes are large enough, we need to check that the intervals
EQ \o(\s\up3(^),p)1 ± 2EQ \r(\o(\s\up3(^),p)1\o(\s\up3(^),q)1 / n)   =   EQ \f(5,8) ± 2EQ \r(\b(\f(5,8)) \b(\f(3,8)) / 32)   =   [0.454,0.796]   and 
EQ \o(\s\up3(^),p)2 ± 2EQ \r(\o(\s\up3(^),p)2\o(\s\up3(^),q)2 / n)   =   EQ \f(3,8) ± 2EQ \r(\b(\f(3,8)) \b(\f(5,8)) / 32)   =   [0.204,0.546]   do not contain 0 or 1.
Correlation Analysis

The ages and chin-up scores of 4 children are as follows: 

Age x
Chin-up score y
xy
x2
y2

Ann
3
1
3
9
1

Bob
4
1
4
16
1

Clare
6
3
18
36
9

Dave
7
5
35
49
25

Sum
20
10
60
110
36

Are x and y linearly correlated? Use a significance level of ( = 0.05.

SSxy
=
(xy   –    EQ \f(((x)( (y),n) 
=
60  –    EQ \f((20)(10),4) 
=
60   –   50
=
10

SSxx
=
(x2   –    EQ \f(((x)2,n) 

=
110   –    EQ \f(202,4) 
=
110   –   100
=
10

SSyy
=
(y2   –    EQ \f(((y)2,n) 

=
36   –    EQ \f(102,4) 
=
36   –   25
=
11

Correlation coefficient  
r
=
 EQ \f(SSxy,\r(SSxxSSyy)) 
=
 EQ \f(10,\r((10)(11))) 
=     0.953

Since    0.953    >  the critical value  r0.025,4 = 0.95    , we have sufficient evidence at 5% level of significance to conclude that x and y are linearly correlated.

Linear Regression

The primary goal of regression analysis is to predict the unknown value of one variable using the known value of another by means of a regression equation.

Let y1, y2, ..., yn be the observed values corresponding to the values x1, x2, ..., xn.

The least square line y = a + bx is the line that minimises the sum of the squares of the prediction errors ie. S =  EQ \i\su(i=1,n, ) (yi – a – bxi)2.

EQ \f((S,(a)
=
– 2 ( (yi – a – bxi)
=
– 2 (
(yi 
– na
– b(xi
)
=
0





a
=
 EQ \f((yi,n) 
–
b  EQ \f((xi,n) 
=
EQ \x\to(y)
–
bEQ \x\to(x)
EQ \f((S,(b) 
=
– 2 ( xi (yi – a – bxi)

=
0

(xiyi
–
a(xi
–
b(xi2

=
0

(xiyi
–
(EQ \x\to(y) – bEQ \x\to(x)) n EQ \x\to(x)   –
b(xi2
=
0




b ((xi2
     –
nEQ \x\to(x)2)
=
(xiyi
–
nEQ \x\to(x)

 EQ \x\to(y) 

b
=
EQ \f((xiyi – n\x\to(x) \x\to(y),(xi2 – n\x\to(x)2)

=
EQ \f(((xi – \x\to(x))(yi – \x\to(y)),((xi – \x\to(x))2)
=
EQ \f(SSxy,SSx)
Example:

Same scenario. Find the estimated regression line. Use the estimated regression line to predict the average chin-up score of 5-year old children.


EQ \x\to(x)
=
 EQ \f(20,4) 
=
5

EQ \x\to(y)
=
 EQ \f(10,4) 
=
2.5

b
=  EQ \f(60 – 4(5)(2.5),110 – 4(5)2) 
=  EQ \f(60 – 50,110 – 100) 
=  EQ \f(10,10) 
=
1

a
=
2.5
–
1(5)

=
– 2.5

Therefore the estimated regression line is y = – 2.5 + x.

When x = 5, the predicted value of y is 2.5.
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Chart3

		3

		4

		6

		7



Age

Chin-up Score

1

1

3

5



Small Sample

		girls		2		2		5

		boys		2		5		5

		difference		0		3		0

		Test of Two Population Means (Small Sample)

		n1 =		3				n2 =		3																1		1		3		7								1		3		6		6				1		1		4

		x1 =		3				x2 =		4																2		5		5		8								2		5		5		8				2		5		8

		var1 =		3				var2 =		3

		pooled variance =		3																						1		1		7		7								1		1		1		5				2		2		5

		degree of freedom =		4																						2		5		5		8								1		1		7		7				2		5		8

		t =		0.7071067812		<		2.132

		no difference																								1		2		4		7								1		1		1		5

																										2		5		5		8								1		1		7		3

		Test using Matched Pairs

		degree of freedom =		2																						1		1		3		5		5						1		3		5

		mean of difference =		1																						1		2		4		5		7						2		6		4

		var of difference =		3

		t =		1		<		2.92																		1		1		3		5		5						1		3

		no difference																								2		4		7		4		8						4		2

		Test of Two Population Means (Large Sample)																								1		2		5		8								1		4		7

		n =		54																						2		5		5		8								2		5		5

		x1 =		3				x2 =		4

		var1 =		3				var2 =		3

		pooled variance =		0.1111111111

		z =		3		>		1.645

		significantly higher





t Table

		1		6.314

		2		2.92

		3		2.353

		4		2.132

		5		2.015

		6		1.943

		7		1.895

		8		1.86

		9		1.833

		10		1.812

		11		1.796

		12		1.782

		13		1.771

		14		1.761

		15		1.753

		16		1.746

		17		1.74

		18		1.734

		19		1.729

		20		1.725

		21		1.721

		22		1.717

		23		1.714

		24		1.711

		25		1.708

		26		1.706

		27		1.703

		28		1.701

		29		1.699





Proportion

		x1=		21				x2=		15

		n1=		36				n2=		36

		p1=		0.583				p2=		0.417

		pooled proportion=		36		=		0.5000

				72

																		1

		pooled variance=		36		36		( 1		+1 )		=		0.0139		=		72.0000

				72		72		36		36

		z =		1.4142		<		1.645

		no difference

		intervals=		[		0.419		0.748		]		does not contain 0 or 1, so OK

				[		0.252		0.581		]		does not contain 0 or 1, so OK

																		6		4				28		20

																		10		10				36		36

																		21		15				30		18

																		24		24				36		36

																		20		16				18		12

																		24		24				30		30





Correlation

				x		y		xy

				3		1		3		9		1

				4		1		4		16		1

				6		3		18		36		9

				7		5		35		49		25

		sum		20		10		60		110		36

		sample size		4

		sumsquare(xy)		10

		sumsquare(x)		10																2		1				1		1				6		1				1		1

		sumsquare(y)		11																2		2				1		1				5		3				6		3

		r		0.9534625892		>		0.95												3		1				3		1				7		5				8		5

		linearly correlated																		4		3				7		5

																				4		3										7		1				1		1

																										1		1				9		3				3		3

																				1		2				1		3				8		5				8		5

																				2		1				4		5

																				3		3										2		1				4		1

																				4		5				2		1				8		3				5		3

																				5		4				2		3				8		5				12		5

																										8		5

																				5		1										7		1				4		1

																				10		3				5		1				11		3				11		3

																				12		5				7		3				12		5				12		5

																										12		5

																				3		2

																				3		1

																				5		3

																				7		5

																				7		4





Correlation

		



Age

Chin-up Score



r Table

		3		0.9969

		4		0.95

		5		0.878

		6		0.811

		7		0.754

		8		0.707

		9		0.666

		10		0.632

		11		0.602

		12		0.576

		13		0.553

		14		0.532

		15		0.514

		16		0.497

		17		0.482

		18		0.468

		19		0.456

		20		0.444

		21		0.433

		22		0.423
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Chart4

		3

		4

		6

		7



Age

Chin-up Score

1

1

3

5



Small Sample

		girls		2		2		5

		boys		2		5		5

		difference		0		3		0

		Test of Two Population Means (Small Sample)

		n1 =		3				n2 =		3																1		1		3		7								1		3		6		6				1		1		4

		x1 =		3				x2 =		4																2		5		5		8								2		5		5		8				2		5		8

		var1 =		3				var2 =		3

		pooled variance =		3																						1		1		7		7								1		1		1		5				2		2		5

		degree of freedom =		4																						2		5		5		8								1		1		7		7				2		5		8

		t =		0.7071067812		<		2.132

		no difference																								1		2		4		7								1		1		1		5

																										2		5		5		8								1		1		7		3

		Test using Matched Pairs

		degree of freedom =		2																						1		1		3		5		5						1		3		5

		mean of difference =		1																						1		2		4		5		7						2		6		4

		var of difference =		3

		t =		1		<		2.92																		1		1		3		5		5						1		3

		no difference																								2		4		7		4		8						4		2

		Test of Two Population Means (Large Sample)																								1		2		5		8								1		4		7

		n =		54																						2		5		5		8								2		5		5

		x1 =		3				x2 =		4

		var1 =		3				var2 =		3

		pooled variance =		0.1111111111

		z =		3		>		1.645

		significantly higher





t Table

		1		6.314

		2		2.92

		3		2.353

		4		2.132

		5		2.015

		6		1.943

		7		1.895

		8		1.86

		9		1.833

		10		1.812

		11		1.796

		12		1.782

		13		1.771

		14		1.761

		15		1.753

		16		1.746

		17		1.74

		18		1.734

		19		1.729

		20		1.725

		21		1.721

		22		1.717

		23		1.714

		24		1.711

		25		1.708

		26		1.706

		27		1.703

		28		1.701

		29		1.699





Proportion

		x1=		21				x2=		15

		n1=		36				n2=		36

		p1=		0.583				p2=		0.417

		pooled proportion=		36		=		0.5000

				72

																		1

		pooled variance=		36		36		( 1		+1 )		=		0.0139		=		72.0000

				72		72		36		36

		z =		1.4142		<		1.645

		no difference

		intervals=		[		0.419		0.748		]		does not contain 0 or 1, so OK

				[		0.252		0.581		]		does not contain 0 or 1, so OK

																		6		4				28		20

																		10		10				36		36

																		21		15				30		18

																		24		24				36		36

																		20		16				18		12

																		24		24				30		30





Correlation

				x		y		xy

				3		1		3		9		1

				4		1		4		16		1

				6		3		18		36		9

				7		5		35		49		25

		sum		20		10		60		110		36

		sample size		4

		sumsquare(xy)		10

		sumsquare(x)		10																2		1				1		1				6		1				1		1

		sumsquare(y)		11																2		2				1		1				5		3				6		3

		r		0.9534625892		>		0.95												3		1				3		1				7		5				8		5

		linearly correlated																		4		3				7		5

																				4		3										7		1				1		1

																										1		1				9		3				3		3

																				1		2				1		3				8		5				8		5

																				2		1				4		5

																				3		3										2		1				4		1

																				4		5				2		1				8		3				5		3

																				5		4				2		3				8		5				12		5

																										8		5

																				5		1										7		1				4		1

																				10		3				5		1				11		3				11		3

																				12		5				7		3				12		5				12		5

																										12		5

																				3		2

																				3		1

																				5		3

																				7		5

																				7		4





Correlation

		



Age

Chin-up Score



r Table

		3		0.9969

		4		0.95

		5		0.878

		6		0.811

		7		0.754

		8		0.707

		9		0.666

		10		0.632

		11		0.602

		12		0.576

		13		0.553

		14		0.532

		15		0.514

		16		0.497

		17		0.482

		18		0.468

		19		0.456

		20		0.444

		21		0.433

		22		0.423






