To solve the equation 22x + 17y = 1

	22
=
1 ×
17
+ 5

17
=
3 ×
5
+ 2

5
=
2 ×
2
+ 1

2
=
2 ×
1 
	Working backwards,

1
= 5 – 2 × 2


= 5 – 2 (17 – 3 × 5)


= 7 × 5 – 2 × 17


= 7 (22 – 17) – 2 × 17


= 7 × 22 – 9 × 17

( x = 7 and y = – 9


The general solution to this equation is x = 7 + 17n, y = – 9 – 22n, n (ℤ. 

The process can be systematised as follows:

	k
	–1
	0
	1
	2
	3
	4
	

	rk
	
	22
	17
	5
	2
	1
	
where
rk = rk–2  mod  rk–1

	ak
	
	
	1
	3
	2
	2
	

ak = rk–1  div  rk

	pk
	0
	1
	1
	4
	9
	22
	

pk = akpk–1 + pk–2

	qk
	1
	0
	1
	3
	7
	17
	

qk = akqk–1 + qk–2


The partial quotients of  EQ \f(22,17) are 1, 1 +  EQ \f(1,3) =  EQ \f(4,3) , 1 +  EQ \f(1,3 + \f(1,2))  = 1 +  EQ \f(2,7) =  EQ \f(9,7) , 1 +  EQ \f(1,3 + \f(1,2 + \f(1,2)))  = 1 +  EQ \f(5,17) =  EQ \f(22,17) .

In general, if   EQ \f(c,d)  has an even number of partial quotients, then a solution to cx + dy = 1 is x = qk–1, y = –pk–1.
If   EQ \f(c,d)  has an odd number of partial quotients, then a solution is x = –qk–1, y = pk–1.

If we need to solve 22x + 17y = 100 instead, we multiply the above solutions by 100 to obtain x = 700 and y = – 900.    The general solution to this equation is x = 700 + 17n, y = – 900 – 22n, n (ℤ. 

In general, cx + dy = b is solvable in integers iff gcd(c, d) divides b.

To solve x2 – 41y2 = 1.

a1 =  [  EQ  \r(41) ]  = 6,

 EQ \r(41)  = 6 +  EQ \f(1,(2)  ,


(2  =   EQ \f(1,\r(41) – 6)  =   EQ \f(\r(41) + 6,5) 
a2 =   EQ \b\bc\[(\f(\r(41) + 6,5))  = 2,

 EQ \f(\r(41) + 6,5)  = 2 +  EQ \f(1,(3)  ,

(3  =   EQ \f(5,\r(41) – 4)  =   EQ \f(\r(41) + 4,5) 
a3 =   EQ \b\bc\[(\f(\r(41) + 4,5))  = 2,

 EQ \f(\r(41) + 4,5)  = 2 +  EQ \f(1,(4)  ,

(4  =   EQ \f(5,\r(41) – 6)  =   EQ \r(41) + 6

a4 =  [  EQ \r(41) + 6 ]  = 12,

 EQ \r(41) + 6  = 12 +  EQ \f(1,(5)  ,

(5  =   EQ \f(1,\r(41) – 6)  =  (2   ...

( EQ \r(41) = 6 +  EQ \f(1,2+)   EQ \f(1,2+)   EQ \f(1,12+)   EQ \f(1,2+)   EQ \f(1,2+)   EQ \f(1,12+)   ...  = <  6, EQ \x\to(\l(2, 2, 12)) >

The partial quotients of  EQ \r(41) are 6, 6 +  EQ \f(1,2) =  EQ \f(13,2) , 6 +  EQ \f(1,2 + \f(1,2))  = 6 +  EQ \f(2,5) =  EQ \f(32,5) , 6 +  EQ \f(1,2 + \f(1,2 + \f(1,12)))  = 6 +  EQ \f(25,62) =  EQ \f(397,62) , ...

The process can be systematised as follows:

	k
	–1
	0
	1
	2
	3
	4
	5
	6
	

	rk
	
	
	0
	6
	4
	6
	6
	4
	
where
rk = ak–1sk–1  –  rk–1

	sk
	
	
	1
	5
	5
	1
	5
	5
	
sk =  EQ \f(d – r\a(2,k), sk–1)   ,  ak =  EQ \b\bc\[(\f(\r(d) + rk, sk)) 

	ak
	
	
	6
	2
	2
	12
	2
	2
	

	pk
	0
	1
	6
	13
	32
	397
	826
	2049
	
pk = akpk–1 + pk–2

	qk
	1
	0
	1
	2
	5
	62
	129
	320
	
qk = akqk–1 + qk–2


Therefore 20492 – 41(320)2 = 1, ie. x = 2049 and y = 320.

In general, if the expansion of  EQ \r(d) has even period k, then a solution to x2 – dy2 = 1 is x = pk, y = qk.

If the expansion of  EQ \r(d) has odd period k, then a solution is x = p2k, y = q2k.







