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Find a 9-digit number N = abcdefghi where N contains all the digits 1, 2, 3, 4, 5, 6, 7, 8, 9 such that:



Condition 1:

1 divides the number a



Condition 2:

2 divides the number ab



Condition 3:

3 divides the number abc



Condition 4:

4 divides the number abcd



Condition 5:

5 divides the number abcde



Condition 6:

6 divides the number abcdef



Condition 7:

7 divides the number abcdefg



Condition 8:

8 divides the number abcdefgh



Condition 9:

9 divides the number abcdefghi

Solution:

Condition1 is trivial, and condition 9 is satisfied by any 9-digit number formed from 1, 2, 3, 4, 5, 6, 7, 8, 9 since 9 | (1 + 2 + ... + 9).

Condition 5 ( e = 5.

Conditions 2, 4, 6, 8 ( b, d, f, h are even. Hence a, c, g, i are odd chosen from 1, 3, 7, 9.

Condition 3 ( 3 | (a + b + c), condition 6 ( 3 | (a + b + ... + f), condition 9 ( 3 | (a + b + ... + i). It follows that 3 | (d + e + f) and 3 | (g + h + i).

Now e = 5 ( d + 5 + f ( 0 mod 3 ( d + f ( 1 mod 3 ( d + f = 10.

Condition 8 ( 100f + 10g + h ( 0 mod 8 ( 10g + h ( 0 mod 8 (since f is even) ( h ( –10g ( 6g mod 8 ( 6 ( (1, 3, 7 or 9) ( 2 or 6 mod 8 ( h = 2 or 6.

Condition 4 ( 10c + d ( 0 mod 4 ( –2c + d ( 0 mod 4 ( d ( 2c mod 4 ( 2 ( (1 or 3) ( 2 mod 4 ( d = 2 or 6.

Assume that d = 2. So h = 6, f = 8 and b = 4.

Then a + b + c = a + 4 + c ( 0 mod 3 ( a + c ( 2 mod 3

Now 10g + h ( 0 mod 8 ( 2g ( 2 mod 8 ( g = 1 or 9.

If g = 1 then a + c ( 2 mod 3 has no solution.

If g = 9 then a + c ( 2 mod 3 ( (a, c) = (1, 7) or (7, 1).

But direct division shows that neither 1472589 nor 7412589 is divisible by 7.

Hence d = 6, and so h = 2, f = 4 and b = 8.

Then a + b + c = a + 8 + c ( 0 mod 3 ( a + c ( 1 mod 3

Then 10g + h ( 0 mod 8 ( 2g ( 6 mod 8 ( g = 3 or 7.

If g = 3 then a + c ( 1 mod 3 ( (a, c) = (1, 9), (9, 1), (7, 9) or (9, 7).

But 7896543, 9876543, 1896543 and 9816543 are all indivisible by 7.

Hence g = 7. Then a + c ( 1 mod 3 ( (a, c) = (1, 3), (3, 1), (1, 9) or (9, 1).

Direct division by 7 supplies the unique solution to the problem:

N = 381654729.

