THE WORST POSTMAN PROBLEM

How many ways are there of putting n different letters into n letter boxes so that no letter ends up in the correct box?

Let
A1   =   the set of arrangements with the 1st letter in the correct box


A2   =   the set of arrangements with the 2nd letter in the correct box


:


:


An   =   the set of arrangements with the nth letter in the correct box

Number of arrangements with at least 1 letter in the correct box

=   | A1 ( A2 ( ... ( An |

=   | A1 |   +   | A2 |   +   ...   +   | An |




(  EQ \b(\a(n,1))  terms


–   | A1 ( A2|   –   | A1 ( A3|   –   ...   –   | An–1 ( An |

(  EQ \b(\a(n,2))  terms


+   | A1 ( A2 ( A3 |   +   ...   +   | An–2 ( An–1 ( An |

(  EQ \b(\a(n,3))  terms


:


:


+   (–1)n+1 | A1 ( A2 ( ... ( An |



(  EQ \b(\a(n,n))  terms

=   (n–1)!   +   (n–1)!   +   ...   +   (n–1)!



(  EQ \b(\a(n,1))  terms


–   (n–2)!   –   ...   –   (n–2)!




(  EQ \b(\a(n,2))  terms


+   (n–3)!   +   ...   +   (n–3)!




(  EQ \b(\a(n,3))  terms


:


:


+   (–1)n+1 (n–n)!





(  EQ \b(\a(n,n))  terms

=    EQ \b(\a(n,1)) (n–1)!   –    EQ \b(\a(n,2)) (n–2)!   +    EQ \b(\a(n,3)) (n–3)!   –   ...   +   (–1)n+1  EQ \b(\a(n,n)) (n–n)!

=    EQ \f(n!,1! (n–1)!) (n–1)!   –    EQ \f(n!,2! (n–2)!) (n–2)!   +   EQ \f(n!,3! (n–3)!) (n–3)!   –   ...  +   (–1)n+1  EQ \f(n!,n! (n–n)!)  (n–n)!

=    EQ \f(n!,1!)   –    EQ \f(n!,2!)   +    EQ \f(n!,3!)   –   ...   +   (–1)n+1  EQ \f(n!,n!) 
Hence number of arrangements with no letter in the correct box

=   n!   –   ( EQ \f(n!,1!)   –    EQ \f(n!,2!)   +    EQ \f(n!,3!)   –   ...   +   (–1)n+1  EQ \f(n!,n!)   )

=   n!   ( 1   –    EQ \f(1,1!)   +    EQ \f(1,2!)   –    EQ \f(1,3!)   +   ...   +   (–1)n  EQ \f(1,n!)   )
( This is called subfactorial n

