THE METHOD OF MATHEMATICAL INDUCTION by I S Sominskii
Prove that  EQ \i\su(r=1,n, ) 

 EQ \f(1,r(r + 1)) =  EQ \f(n,n + 1) for all positive integer n.
When n = 1:
LHS of P1 = EQ \i\su(r=1,1, ) 

 EQ \f(1,r(r + 1)) =  EQ \f(1,1(1 + 1)) =  EQ \f(1,2) 


RHS of P1 =  EQ \f(1,1 + 1) =  EQ \f(1,2) = LHS

(P1 is true.

The induction step:  EQ \i\su(r=1,k+1, ) 

 EQ \f(1,r(r + 1)) 
=  EQ \i\su(r=1,k, ) 

 EQ \f(1,r(r + 1)) 
+ (k + 1)th term





=  EQ \f(k,k + 1) 

+  EQ \f(1,(k + 1)(k + 2)) 




=  EQ \f(k(k + 2) + 1,(k + 1)(k + 2)) 




=  EQ \f(k2 + 2k + 1,(k + 1)(k + 2)) 

=  EQ \f((k + 1)2,(k + 1)(k + 2)) 

=  EQ \f(k + 1,k + 2) 
Prove that  EQ \i\su(r=1,n, ) (–1)r+1 r2 = (–1)n–1  EQ \f(n,2) (n + 1) for all positive integer n.
When n = 1:
LHS of P1 = EQ \i\su(r=1,1, ) (–1)r+1 r2 = (–1)2 12 = 1



RHS of P1 = (–1)0  EQ \f(1,2) (2) = 1 = LHS

(P1 is true.

The induction step:  EQ \i\su(r=1,k+1, ) (–1)r+1 r2
=  EQ \i\su(r=1,k, ) (–1)r+1 r2
+ (k + 1)th term





= (–1)k–1  EQ \f(k,2) (k + 1)
+ (–1)k+2 (k + 1)2




= (–1)k  EQ \f(k + 1,2) [ –k + 2(k + 1) ]

= (–1)k  EQ \f(k + 1,2) (k + 2)

Prove that  EQ \i\su(r=1,n, ) 

 EQ \f(1,(2r – 1)(2r + 1)) =  EQ \f(n,2n + 1)  for all positive integer n.
When n = 1:
LHS of P1 = EQ \i\su(r=1,1, )  EQ \f(1,(2r – 1)(2r + 1)) =  EQ \f(1,(1)(3)) =  EQ \f(1,3) 


RHS of P1 =  EQ \f(1,2 + 1) =  EQ \f(1,3) = LHS

(P1 is true.

The induction step:  EQ \i\su(r=1,k+1, ) 

 EQ \f(1,(2r – 1)(2r + 1)) 
=  EQ \i\su(r=1,k, ) 

 EQ \f(1,(2r – 1)(2r + 1)) 
+  EQ \f(1,[2(k + 1) – 1][2(k + 1) + 1]) 





=  EQ \f(k,2k + 1) 

+  EQ \f(1,(2k + 1)(2k + 3)) 





=  EQ \f(k(2k + 3) + 1,(2k + 1)(2k + 3)) 





=  EQ \f(2k2 + 3k + 1,(2k + 1)(2k + 3)) 
=  EQ \f((2k + 1)(k + 1),(2k + 1)(2k + 3)) 
=  EQ \f(k + 1,2k + 3) 
Prove that  EQ \i\su(r=1,n, ) 

 EQ \f(r2,(2r – 1)(2r + 1)) =  EQ \f(n(n + 1),2(2n + 1))  for all positive integer n.
When n = 1:
LHS of P1 = EQ \i\su(r=1,1, ) 

 EQ \f(r2,(2r – 1)(2r + 1)) =  EQ \f(1,(1)(3)) =  EQ \f(1,3) 


RHS of P1 =  EQ \f(1(2),2(3)) =  EQ \f(1,3) = LHS

(P1 is true.

The induction step:  EQ \i\su(r=1,k+1, )  EQ \f(r2,(2r – 1)(2r + 1)) 
=  EQ \i\su(r=1,k, )  EQ \f(r2,(2r – 1)(2r + 1)) 
+  EQ \f((k + 1)2,[2(k + 1) – 1][2(k + 1) + 1]) 





=  EQ \f(k(k + 1),2(2k + 1)) 

+  EQ \f((k + 1)2,(2k + 1)(2k + 3)) 





=  EQ \f(k + 1,2(2k + 1)(2k + 3)) [ k(2k + 3) + 2(k + 1) ]






=  EQ \f(k + 1,2(2k + 1)(2k + 3)) (2k2 + 5k + 2)






=  EQ \f(k + 1,2(2k + 1)(2k + 3)) (2k + 1)(k + 2)

=  EQ \f((k + 1)(k + 2),2(2k + 3)) 
Prove that  EQ \i\su(r=1,n, ) 

 EQ \f(1,(3r – 2)(3r + 1)) =  EQ \f(n,3n + 1)  for all positive integer n.
When n = 1:
LHS of P1 = EQ \i\su(r=1,1, ) 

 EQ \f(1,(3r – 2)(3r + 1)) =  EQ \f(1,(1)(4)) =  EQ \f(1,4) 


RHS of P1 =  EQ \f(1,3 + 1) =  EQ \f(1,4) = LHS

(P1 is true.

The induction step:  EQ \i\su(r=1,k+1, ) 

 EQ \f(1,(3r – 2)(3r + 1)) 
=  EQ \i\su(r=1,k, ) 

 EQ \f(1,(3r – 2)(3r + 1)) 
+  EQ \f(1,[3(k + 1) – 2][3(k + 1) + 1]) 





=  EQ \f(k,3k + 1) 

+  EQ \f(1,(3k + 1)(3k + 4)) 





=  EQ \f(k(3k + 4) + 1,(3k + 1)(3k + 4)) 





=  EQ \f(3k2 + 4k + 1,(3k + 1)(3k + 4)) 
=  EQ \f((3k + 1)(k + 1),(3k + 1)(3k + 4)) 
=  EQ \f(k + 1,3k + 4) 
Prove that  EQ \i\su(r=1,n, ) 

 EQ \f(1,(4r – 3)(4r + 1)) =  EQ \f(n,4n + 1)  for all positive integer n.
When n = 1:
LHS of P1 = EQ \i\su(r=1,1, ) 

 EQ \f(1,(4r – 3)(4r + 1)) =  EQ \f(1,(1)(5)) =  EQ \f(1,5) 


RHS of P1 =  EQ \f(1,4 + 1) =  EQ \f(1,5) = LHS

(P1 is true.

The induction step:  EQ \i\su(r=1,k+1, ) 

 EQ \f(1,(4r – 3)(4r + 1)) 
=  EQ \i\su(r=1,k, ) 

 EQ \f(1,(4r – 3)(4r + 1)) 
+  EQ \f(1,[4(k + 1) – 3][4(k + 1) + 1]) 





=  EQ \f(k,4k + 1) 

+  EQ \f(1,(4k + 1)(4k + 5)) 





=  EQ \f(k(4k + 5) + 1,(4k + 1)(4k + 5)) 





=  EQ \f(4k2 + 5k + 1,(4k + 1)(4k + 5)) 
=  EQ \f((4k + 1)(k + 1),(4k + 1)(4k + 5)) 
=  EQ \f(k + 1,4k + 5) 
Prove that  EQ \i\su(r=1,n, ) r(r!) = (n + 1)! – 1 for all positive integer n.
When n = 1:
LHS of P1 = EQ \i\su(r=1,1, ) r(r!) = 1! = 1



RHS of P1 = 2! – 1 = 1 = LHS

(P1 is true.

The induction step:  EQ \i\su(r=1,k+1, )  r(r!)
=  EQ \i\su(r=1,k, )  r(r!)
+ (k + 1)th term





= (k + 1)! – 1
+ (k + 1)(k + 1)!





= (k + 1)! [ 1 + k + 1 ] – 1

= (k + 2)! – 1

Prove that  EQ \i\su(r=1,n, ) 

 EQ \f(1,(r + a – 1)(r + a)) =  EQ \f(n,a(n + a))  for all positive integer n, where a is a constant.
When n = 1:
LHS of P1 = EQ \i\su(r=1,1, ) 

 EQ \f(1,(r + a – 1)(r + a)) =  EQ \f(1,a(1 + a)) 


RHS of P1 =  EQ \f(1,a(1 + a)) = LHS

(P1 is true.

The induction step:  EQ \i\su(r=1,k+1, ) 

 EQ \f(1,(r + a – 1)(r + a)) 
=  EQ \i\su(r=1,k, ) 

 EQ \f(1,(r + a – 1)(r + a)) 
+  EQ \f(1,(k + 1 + a – 1)(k + 1 + a)) 





=  EQ \f(k,a(k + a)) 

+  EQ \f(1,(k + a)(k + 1 + a)) 





=  EQ \f(k(k + 1 + a) + a,a(k + a)(k + 1 + a)) 





=  EQ \f(k2 + k + ka + a,a(k + a)(k + 1 + a)) 





=  EQ \f((k + a)(k + 1),a(k + a)(k + 1 + a)) 
=  EQ \f(k + 1,a(k + 1 + a)) 
Prove that  EQ \i\su(r=1,n, ) (–1)r  EQ \f(x(x – 1)...(x – r + 1),r!) = (–1)n  EQ \f((x – 1)(x – 2)...(x – n),n!) – 1 for all positive integer n.
When n = 1:
LHS of P1 =  EQ \i\su(r=1,1, ) (–1)r  EQ \f(x(x – 1)...(x – r + 1),r!) = –x


RHS of P1 = –(x – 1) – 1 = –x = LHS of P1

(P1 is true.

The induction step:  EQ \i\su(r=1,k+1, ) (–1)r  EQ \f(x(x – 1)...(x – r + 1),r!) =  EQ \i\su(r=1,k, ) (–1)r  EQ \f(x(x – 1)...(x – r + 1),r!) + (k + 1)th term





= (–1)k  EQ \f((x – 1)(x – 2)...(x – k),k!) – 1 + (–1)k+1  EQ \f(x(x – 1)...(x – k),(k + 1)!) 





= (–1)k  EQ \f((x – 1)(x – 2)...(x – k),(k + 1)!) [ k + 1 – x ] – 1






= (–1)k+1  EQ \f((x – 1)(x – 2)...(x – k)[ x – (k + 1) ],(k + 1)!) – 1

Prove that (a + b)n =  EQ \i\su(r=0,n, )  EQ \b(\a(n,r)) an–r br  for all positive integer n.

When n = 1:
LHS of P1 = (a + b)1 = a + b.


RHS of P1 =  EQ \b(\a(1,0)) a1b0 +  EQ \b(\a(1,1)) a0b1 = a + b = LHS.
(P1 is true.

The induction step: (a + b)k+1
= (a + b)(a + b)k




= (a + b)  EQ \i\su(r=0,k, ) 

 EQ \b(\a(k,r)) ak–r br




=  EQ \i\su(r=0,k, ) 

 EQ \b(\a(k,r)) ak–r+1 br +  EQ \i\su(r=0,k, ) 

 EQ \b(\a(k,r)) ak–r br+1




= ak+1 +  EQ \i\su(r=1,k, ) 

 EQ \b(\a(k,r)) ak–r+1 br +  EQ \i\su(r=1,k + 1, ) 

 EQ \b(\a(k,r – 1)) ak–r+1 br ( by replacing r by r – 1)





= ak+1 +  EQ \i\su(r=1,k, ) 

 EQ \b(\a(k,r)) ak–r+1 br +  EQ \i\su(r=1,k, ) 

 EQ \b(\a(k,r – 1)) ak–r+1 br
+ bk+1





= ak+1 +  EQ \i\su(r=1,k, ) [  EQ \b(\a(k,r)) +  EQ \b(\a(k,r – 1)) ] ak–r+1 br
+ bk+1





= ak+1 +  EQ \i\su(r=1,k, ) 

 EQ \b(\a(k + 1,r)) ak–r+1 br
+ bk+1

=  EQ \i\su(r=0,k + 1, ) 

 EQ \b(\a(k + 1,r)) ak+1–r br
Prove that if y = xex, then  EQ \f(dny,dxn) = (x + n)ex for all positive integer n.

When n = 1:  EQ \f(dy,dx) = xex + ex = (x + 1)ex. 

(P1 is true.
The induction step:  EQ \f(dk+1y,dxk+1) =  EQ \f(d,dx) 

 EQ \f(dky,dxk) =  EQ \f(d,dx) (x + k)ex = (x + k)ex + ex = (x + k + 1)ex
Prove that if A =  EQ \b\bc\[(\a\co2\hs5(2,a,0,1)) , then An =  EQ \b\bc\[(\a\co2\hs5(2n,(2n – 1)a,0,1))  for all positive integer n.
When n = 1: A =  EQ \b\bc\[(\a\co2\hs5(2,a,0,1)) =  EQ \b\bc\[(\a\co2\hs5(21,(21 – 1)a,0,1)) . 

(P1 is true.

The induction step: Ak+1 = AkA =  EQ \b\bc\[(\a\co2\hs5(2k,(2k – 1)a,0,1)) 

 EQ \b\bc\[(\a\co2\hs5(2,a,0,1)) =  EQ \b\bc\[(\a\co2\hs5(2k2,2ka + (2k – 1)a,0,1)) =  EQ \b\bc\[(\a\co2\hs5(2k+1,(2k+1 – 1)a,0,1)) 
Prove that n3 + (n + 1)3 + (n + 2)3 is divisible by 9 for all integer n ( 0.
When n = 0: 03 + 13 + 23 = 1 + 8 = 9 which is divisible by 9.
(P0 is true.

Assume that for some integer k ( 0, k3 + (k + 1)3 + (k + 2)3 = 9m for some integer m.

The induction step: (k + 1)3 + (k + 2)3 + (k + 3)3
= 9m – k3 + (k + 3)3






= 9m – k3 + k3 + 3k23 + 3k9 + 27






= 9m + 9(k2 + 3k + 3)
which is divisible by 9.
Prove that 11n+2 + 122n+1 is divisible by 133 for all integer n ( 0.

When n = 0: 112 + 12 = 121 + 12 = 133 which is divisible by 133.
(P0 is true.

Assume that for some integer k ( 0, 11k+2 + 122k+1 = 133m for some integer m.

The induction step: 11k+3 + 122k+3
= 11k+211 + 122k+1144





= (11k+2 + 122k+1)11 + 122k+1133





= (133m)11 + 122k+1133

which is divisible by 133.

Prove that if u1 = 1, uk+1 = 2uk + 1, then un = 2n – 1 for all positive integer n.
When n = 1: u1 = 1 = 21 – 1. 
(P1 is true.

Assume that for some positive integer k, Pk is true, i.e. uk = 2k – 1

The induction step: uk+1 = 2uk + 1 = 2(2k – 1) + 1 = 2k+1 – 1
Prove that if u0 = 2, u1 = 3, uk+1 = 3uk – 2uk–1 , then un = 2n + 1 for all integer n ( 0.
When n = 0: u0 = 2 = 20 + 1. 
(P0 is true.

When n = 1: u1 = 3 = 21 + 1. 
(P1 is true.

Assume that for some integer k ( 0, Pk and Pk+1 are true, i.e. uk = 2k + 1 and uk+1 = 2k+1 + 1

The induction step: uk+2
= 3uk+1 – 2uk



= 3(2k+1 + 1) – 2(2k + 1) = 3(2k+1) + 3 – 2k+1 – 2 = 2(2k+1) + 1 = 2k+2 + 1

Prove that if u1 = cos (, u2 = cos 2(, uk+1 = 2ukcos ( – uk–1 , then un = cos n( for all positive integer n.

When n = 1: u1 = cos (. 

(P1 is true.

When n = 2: u2 = cos 2(. 

(P2 is true.

Assume that for some positive integer k, Pk and Pk+1 are true, i.e. uk = cos k( and uk+1 = cos (k + 1)(
The induction step: uk+2
= 2uk+1cos ( – uk



= 2[ cos (k + 1)( ] cos ( – cos k(



= cos (k + 2)( + cos k( – cos k(

= cos (k + 2)(
Prove that if u1 = 1, u2 = 4, u3 = 9, uk+3 = 3uk+2 – 3uk+1 + uk , then un = n2 for all positive integer n.

When n = 1: u1 = 1 = 12. 
(P1 is true.

When n = 2: u2 = 4 = 22. 
(P2 is true.

When n = 3: u3 = 9 = 32. 
(P3 is true.

Assume that for some positive integer k, Pk , Pk+1 and Pk+2 are true,






i.e. uk = k2, uk+1 = (k + 1)2 and uk+2 = (k + 2)2

The induction step: uk+3
= 3uk+2 – 3uk+1 + uk



= 3(k + 2)2 – 3(k + 1)2 + k2




= 3(k2 + 4k + 4) – 3(k2 + 2k + 1) + k2
= k2 + 6k + 9
= (k + 3)2
Prove that  EQ \i\su(r=1,n, ) sin (r() =  EQ \f(sin \f(n+1,2) ( sin \f(n(,2),sin \f((,2)) for all positive integer n.
When n = 1:  EQ \i\su(r=1,1, ) sin (r() = sin ( =  EQ \f(sin \f(2,2) ( sin \f((,2),sin \f((,2)) .

(P1 is true.

The induction step:  EQ \i\su(r=1,k+1, ) sin (r()
=  EQ \i\su(r=1,k, ) sin (r()

+ (k + 1)th term




=  EQ \f(sin \f(k+1,2) ( sin \f(k(,2),sin \f((,2)) 
+ sin (k + 1)(




=  EQ \f(sin \f(k+1,2) ( sin \f(k(,2) + sin (k + 1)( sin \f((,2),sin \f((,2)) 




=  EQ \f(– \f(1,2) \b(cos (k + \f(1,2) )( – cos \f((,2)) – \f(1,2) \b(cos (k + \f(3,2) )( – cos (k + \f(1,2) )(),sin \f((,2)) 




=  EQ \f(– \f(1,2) \b(cos (k + \f(3,2) )( – cos \f((,2)),sin \f((,2)) 

=  EQ \f(sin \f(k+2,2) ( sin \f(k+1,2) (,sin \f((,2)) 
Prove that  EQ \i\su(r=1,n, ) cos (r() =  EQ \f(sin \f(2n+1,2) (,2 sin \f((,2)) –  EQ \f(1,2) for all positive integer n.

When n = 1:
LHS of P1 
= EQ \i\su(r=1,1, ) cos (r() = cos ( 



RHS of P1 
=  EQ \f(sin (( + \f((,2)),2 sin \f((,2)) –  EQ \f(1,2) 




=  EQ \f(sin ( cos \f((,2) + cos ( sin \f((,2),2 sin \f((,2)) –  EQ \f(1,2) 




=  EQ \f(2 sin \f((,2) cos2 \f((,2),2 sin \f((,2)) +  EQ \f(cos (,2) –  EQ \f(1,2) 




=  EQ \f(2 cos2 \f((,2),2) +  EQ \f(cos (,2) –  EQ \f(1,2) 
=  EQ \f(cos (,2) +  EQ \f(cos (,2) = cos (.

(P1 is true.

The induction step:  EQ \i\su(r=1,k+1, ) cos (r()
=  EQ \i\su(r=1,k, ) cos (r()

+ (k + 1)th term





=  EQ \f(sin \f(2k+1,2) (,2 sin \f((,2)) –  EQ \f(1,2) 
+ cos (k + 1)(





=  EQ \f(sin \f(2k+1,2) ( + 2 cos (k + 1)( sin \f((,2),2 sin \f((,2)) –  EQ \f(1,2) 




=  EQ \f(sin \f(2k+1,2) ( + sin \f(2k+3,2) ( – sin \f(2k+1,2) (,2 sin \f((,2)) –  EQ \f(1,2) 

=  EQ \f(sin \f(2k+3,2) (,2 sin \f((,2)) –  EQ \f(1,2) 
Prove that  EQ \i\su(r=1,n, ) r sin (r() =  EQ \f((n + 1) sin n( – n sin (n + 1)(,4 sin2 \f((,2)) for all positive integer n.

When n = 1: 
LHS of P1
= EQ \i\su(r=1,1, ) r sin (r() = sin (


RHS of P1
=  EQ \f(2 sin ( – sin 2(,4 sin2 \f((,2)) 




=  EQ \f(2 sin ( – 2 sin ( cos (,4 sin2 \f((,2)) 




=  EQ \f(sin ( (1 – cos (),2 sin2 \f((,2)) 
=  EQ \f(sin ( 2 sin2 \f((,2),2 sin2 \f((,2)) 
= sin (.

(P1 is true.

The induction step:  EQ \i\su(r=1,k+1, ) r sin (r()
=  EQ \i\su(r=1,k, ) r sin (r()

+ (k + 1)th term




=  EQ \f((k + 1) sin k( – k sin (k + 1)(,4 sin2 \f((,2)) + (k + 1) sin (k + 1)(



=  EQ \f((k + 1) sin k( – k sin (k + 1)( + 4(k + 1) sin (k + 1)( sin2 \f((,2),4 sin2 \f((,2)) 



=  EQ \f((k + 1) sin k( – k sin (k + 1)( + 2(k + 1) sin (k + 1)( (1 – cos (),4 sin2 \f((,2)) 



=  EQ \f((k + 2) sin (k + 1)( + (k + 1) sin k( – 2(k + 1) sin (k + 1)( cos (,4 sin2 \f((,2)) 



=  EQ \f((k + 2) sin (k + 1)( + (k + 1) sin k( – (k + 1)[sin (k + 2)( + sin k(],4 sin2 \f((,2)) 



=  EQ \f((k + 2) sin (k + 1)( – (k + 1) sin (k + 2)(,4 sin2 \f((,2)) 
Prove that  EQ \i\su(r=1,n, ) r cos (r() =  EQ \f((n + 1) cos n( – n cos (n + 1)( – 1,4 sin2 \f((,2)) for all positive integer n.

When n = 1: 
LHS of P1
= EQ \i\su(r=1,1, ) r cos (r() = cos (


RHS of P1
=  EQ \f(2 cos ( – cos 2( – 1,4 sin2 \f((,2)) 




=  EQ \f(2 cos ( – 2 cos2 (,4 sin2 \f((,2)) 




=  EQ \f(cos ( (1 – cos (),2 sin2 \f((,2)) 
=  EQ \f(cos ( 2 sin2 \f((,2),2 sin2 \f((,2)) 
= cos (.

(P1 is true.

The induction step:  EQ \i\su(r=1,k+1, ) r cos (r()
=  EQ \i\su(r=1,k, ) r cos (r()

+ (k + 1)th term





=  EQ \f((k + 1) cos k( – k cos (k + 1)( – 1,4 sin2 \f((,2)) + (k + 1) cos (k + 1)(




=  EQ \f((k + 1) cos k( – k cos (k + 1)( – 1 + 4(k + 1) cos (k + 1)( sin2 \f((,2),4 sin2 \f((,2)) 




=  EQ \f((k + 1) cos k( – k cos (k + 1)( – 1 + 2(k + 1) cos (k + 1)( (1 – cos (),4 sin2 \f((,2)) 




=  EQ \f((k + 2) cos (k + 1)( + (k + 1) cos k( – 2(k + 1) cos (k + 1)( cos ( – 1,4 sin2 \f((,2)) 




=  EQ \f((k + 2) cos (k + 1)( + (k + 1) cos k( – (k + 1)[cos (k + 2)( + cos k(] – 1,4 sin2 \f((,2)) 




=  EQ \f((k + 2) cos (k + 1)( – (k + 1) cos (k + 2)( – 1,4 sin2 \f((,2)) 
Prove that  EQ \i\su(r=1,n, ) 

 EQ \f(1,2r) tan  EQ \f((,2r) =  EQ \f(1,2n) cot  EQ \f((,2n) – cot ( for all positive integer n, ( ( m(.

When n = 1: 
LHS of P1
= EQ \i\su(r=1,1, )  EQ \f(1,2r) tan  EQ \f((,2r) =  EQ \f(1,2) tan  EQ \f((,2) 


RHS of P1
=  EQ \f(1,2) cot  EQ \f((,2) – cot (




=  EQ \f(1,2) cot  EQ \f((,2) –  EQ \f(cos (,sin () 




=  EQ \f(1,2) cot  EQ \f((,2) –  EQ \f(cos2 \f((,2) – sin2 \f((,2),2 sin \f((,2) cos \f((,2)) 
=  EQ \f(1,2) tan  EQ \f((,2) .
(P1 is true.

The induction step:  EQ \i\su(r=1,k+1, )  EQ \f(1,2r) tan  EQ \f((,2r) 
=  EQ \i\su(r=1,k, )  EQ \f(1,2r) tan  EQ \f((,2r) 

+ (k + 1)th term





=  EQ \f(1,2k) cot  EQ \f((,2k) – cot (

+  EQ \f(1,2k+1) tan  EQ \f((,2k+1) 




=  EQ \f(1,2k+1) [ 2 cot  EQ \f((,2k) + tan  EQ \f((,2k+1) ] – cot (




=  EQ \f(1,2k+1) [  EQ \f(2,tan \f((,2k)) + tan  EQ \f((,2k+1) ] – cot (




=  EQ \f(1,2k+1) [  EQ \f(2(1 – tan2 \f((,2k+1) ),2 tan \f((,2k+1)) + tan  EQ \f((,2k+1) ] – cot (




=  EQ \f(1,2k+1) 

 EQ \f(1 – tan2 \f((,2k+1) + tan2 \f((,2k+1),tan \f((,2k+1)) – cot (
=  EQ \f(1,2k+1) cot  EQ \f((,2k+1) – cot (
Prove that  EQ \i\pr(r=0,n, ) cos 2r( =  EQ \f(sin 2n+1(,2n+1 sin () for all integer n ( 0.

When n = 0: 
LHS of P0
= EQ \i\pr(r=0,0, ) cos 2r( = cos (


RHS of P0
=  EQ \f(sin 2(,2 sin () =  EQ \f(2 sin ( cos (,2 sin () = cos (.

(P0 is true.

The induction step:  EQ \i\pr(r=0,k+1, ) cos 2r(
= [  EQ \i\pr(r=0,k, ) cos 2r( ] (k + 1)th term





=  EQ \f(sin 2k+1(,2k+1 sin ()  cos 2k+1(

=  EQ \f(sin 2k+2(,2k+2 sin () 
Prove that 2n > 2n + 1 for all integer n ( 3.

When n = 3: 
23 = 8 > 2(3) + 1.

(P3 is true.

The induction step:
2k+1 = 2(2k) > 2(2k + 1) = 4k + 2 = 2(k + 1) + 2k > 2(k + 1) + 1.
Prove that 2n > n2 for all integer n ( 5.

When n = 5: 
25 = 32 > 52.

(P5 is true.

The induction step:
2k+1 = 2(2k) > 2k2 = k2 + k2 = k2 + 2k + (k – 2)k > k2 + 2k + 1 = (k + 1)2.

Prove that 3n > n3 for all integer n ( 4.

When n = 4: 
34 = 81 > 43.

(P4 is true.

The induction step:
3k+1 = 3(3k) > 3k3 = k3 + 2k3





= k2 + 3k2 + 2(k –  EQ \f(3,2) )k2 






> k2 + 3k2 + 2k2 






= k2 + 3k2 + 3k + 2(k –  EQ \f(3,2) )k 






> k3 + 3k2 + 3k + 1
= (k + 1)3.

Prove that (1 + x)n > 1 + nx for all integer n ( 2, x ( 0.

When n = 2: 
(1 + x)2 = 1 + 2x + x2 > 1 + 2x since x ( 0.

(P2 is true.

The induction step: (1 + x)k+1 = (1 + x)k(1 + x) > (1 + kx)(1 + x) = 1 + (k + 1)x + kx2 > 1 + (k + 1)x.

Prove that  EQ \f(4n,n + 1) <  EQ \f((2n)!,(n!)2)  for all integer n ( 2.

When n = 2:
 EQ \f(42,2 + 1) =  EQ \f(16,3) <  EQ \f(4!,4) .

(P2 is true.

The induction step:  EQ \f(4k+1,k + 2) 
=  EQ \f(4k,k + 1) 

 EQ \f(4(k+ 1),k + 2) .




<  EQ \f((2k)!,(k!)2) 

 EQ \f(4(k + 1),k + 2) 



=  EQ \f((2k)!,[(k + 1)!]2) 

 EQ \f(4(k + 1)3,k + 2) 



=  EQ \f((2k + 2)!,[(k + 1)!]2) 

 EQ \f(4(k + 1)3,(k + 2)(2k + 1)(2k + 2)) 



=  EQ \f((2k + 2)!,[(k + 1)!]2) 

 EQ \f(2(k + 1)2,(k + 2)(2k + 1)) 
=  EQ \f((2k + 2)!,[(k + 1)!]2) 

 EQ \f(2k2 + 4k + 2,2k2 + 5k + 2) 

<  EQ \f((2k + 2)!,[(k + 1)!]2) 
Prove that  EQ \f(1,n + 1) +  EQ \f(1,n + 2) + ... +  EQ \f(1,2n) >  EQ \f(13,24) 
for all integer n ( 2.
When n = 2:  EQ \f(1,3) +  EQ \f(1,4) =  EQ \f(7,12) >  EQ \f(13,24) 
(P2 is true.

Assume that for some positive integer k,   EQ \f(1,k + 1) +  EQ \f(1,k + 2) + ... +  EQ \f(1,2k) >  EQ \f(13,24) 
The induction step:  EQ \f(1,k + 2) +  EQ \f(1,k + 3) + ... +  EQ \f(1,2k + 2) 


=  EQ \f(1,k + 1) +  EQ \f(1,k + 2) + ... +  EQ \f(1,2k) +  EQ \f(1,2k + 1) +  EQ \f(1,2k + 2) –  EQ \f(1,k + 1) 


>  EQ \f(13,24) +  EQ \f(1,2k + 1) +  EQ \f(1,2k + 2) –  EQ \f(1,k + 1) 


=  EQ \f(13,24) +  EQ \f((2k + 2)(k + 1) + (2k + 1)(k + 1) – (2k + 1)(2k + 2),(2k + 1)(2k + 2)(k + 1)) 


=  EQ \f(13,24) +  EQ \f(2k2 + 4k + 2 + 2k2 + 3k + 1 – (4k2 + 6k + 2),(2k + 1)(2k + 2)(k + 1)) 


=  EQ \f(13,24) +  EQ \f(k + 1,(2k + 1)(2k + 2)(k + 1)) 


=  EQ \f(13,24) +  EQ \f(1,(2k + 1)(2k + 2)) 

>  EQ \f(13,24) 
Prove that  EQ \i\su(r=1,n, ) 

 EQ \f(1,\r(r)) >  EQ \r(n) for all integer n ( 2.
When n = 2:  EQ \f(1,\r(1)) +  EQ \f(1,\r(2)) = 1.7 >  EQ \r(2) .
(P2 is true.

The induction step: EQ \i\su(r=1,k+1, ) 

 EQ \f(1,\r(r)) = EQ \i\su(r=1,k, ) 

 EQ \f(1,\r(r)) +  EQ \f(1,\r(k + 1)) >  EQ \r(k) +  EQ \f(1,\r(k + 1)) =  EQ \f(\r(k)\r(k + 1) + 1,\r(k + 1)) >  EQ \f(\r(k)\r(k) + 1,\r(k + 1)) =  EQ \f(k + 1,\r(k + 1)) =  EQ \r(k + 1) 
Prove that  EQ \i\in(0,(/2, ) sinn x dx =  EQ \f((n –1)(n – 3)...(1),n(n – 2)...(2)) 

 EQ \f((,2) 
for all positive even integer n.
When n = 2:  EQ \i\in(0,(/2, ) sin2 x dx =  EQ \f(1,2) 

 EQ \i\in(0,(/2, ) 1 – cos 2x dx =  EQ \f(1,2) [ x –  EQ \f(sin 2x,2) ] EQ \a\al((/2,0) =  EQ \f(1,2) 

 EQ \f((,2) .

(P2 is true.

The induction step:  EQ \i\in(0,(/2, ) sink+2 x dx =  EQ \i\in(0,(/2, ) sink+1 x sin x dx




= [ – sink+1 x cos x ] EQ \a\al((/2,0) –  EQ \i\in(0,(/2, ) – (k + 1)sink x cos x cos x dx




= 0
+ (k + 1) EQ \i\in(0,(/2, ) sink x cos2 x dx




= (k + 1) EQ \i\in(0,(/2, ) sink x (1 – sin2 x) dx




= (k + 1) EQ \i\in(0,(/2, ) sink x dx – (k + 1) EQ \i\in(0,(/2, ) sink+2 x dx

(k + 2)  EQ \i\in(0,(/2, ) sink+2 x dx
= (k + 1) EQ \i\in(0,(/2, ) sink x dx


 EQ \i\in(0,(/2, ) sink+2 x dx
=  EQ \f(k + 1,k + 2) 

 EQ \f((k –1)(k – 3)...(1),k(k – 2)...(2)) 

 EQ \f((,2) 
Prove that  EQ \i\in(0,(/2, ) sinn x dx =  EQ \f((n –1)(n – 3)...(2),n(n – 2)...(3)) 
for all odd integer n ( 3.

When n = 3:  EQ \i\in(0,(/2, ) sin3 x dx =  EQ \f(1,4) 

 EQ \i\in(0,(/2, ) 3 sin x – sin 3x dx



=  EQ \f(1,4) [–3 cos x +  EQ \f(cos 3x,3) ] EQ \a\al((/2,0) = –  EQ \f(1,4) [–3 +  EQ \f(1,3) ] =  EQ \f(2,3) .
(P3 is true.

The induction step:  EQ \i\in(0,(/2, ) sink+2 x dx =  EQ \i\in(0,(/2, ) sink+1 x sin x dx




= [ – sink+1 x cos x ] EQ \a\al((/2,0) –  EQ \i\in(0,(/2, ) – (k + 1)sink x cos x cos x dx




= 0
+ (k + 1) EQ \i\in(0,(/2, ) sink x cos2 x dx




= (k + 1) EQ \i\in(0,(/2, ) sink x (1 – sin2 x) dx




= (k + 1) EQ \i\in(0,(/2, ) sink x dx – (k + 1) EQ \i\in(0,(/2, ) sink+2 x dx

(k + 2)  EQ \i\in(0,(/2, ) sink+2 x dx
= (k + 1) EQ \i\in(0,(/2, ) sink x dx


 EQ \i\in(0,(/2, ) sink+2 x dx
=  EQ \f(k + 1,k + 2)  EQ \f((k –1)(k – 3)...(2),k(k – 2)...(3)) 
Prove that if u1 = 1, uk+1 = 1 + u1 + u2 + ... + uk , then un = 2n–1 for all integer n.

When n = 1: u1 = 1 = 20. 
(P1 is true.

Assume that for some positive integer k, P1 , P2 , ..., Pk are true, i.e. u1 = 20, u2 = 21 , ..., uk = 2k–1

The induction step: uk+1
= 1 + u1 + u2 + ... + uk



= 1 + 20 + 21 + ... + 2k–1

= 1 + 20  EQ \f(2k – 1,2 – 1) 
= 2k
Prove that if u1 = 1, u2 = 2, uk+2 =  EQ \f(1,4) uk , then un =  EQ \f(5,2n) +  EQ \f(3,(–2)n) for all positive integer n.

When n = 1: u1 = 1 =  EQ \f(5,2) +  EQ \f(3,–2) . 
(P1 is true.

When n = 2: u2 = 2 =  EQ \f(5,4) +  EQ \f(3,4) . 
(P2 is true.

Assume that for some positive integer k, Pk is true, i.e. uk =  EQ \f(5,2k) +  EQ \f(3,(–2)k) 
The induction step: uk+2
=  EQ \f(1,4) uk
=  EQ \f(1,4) (  EQ \f(5,2k) +  EQ \f(3,(–2)k) )
=  EQ \f(5,2k+2) +  EQ \f(3,(–2)k+2) 

(Pk is true ( Pk+2 is true
P1 is true ( P3 is true ( P5 is true ( ...

P2 is true ( P4 is true ( P6 is true ( ...

Prove that if xn + xn–2 + xn–4 + ... +  EQ \f(1,xn–4) +  EQ \f(1,xn–2) +  EQ \f(1,xn) ( n + 1 for all positive integer n, x > 0.

When n = 1: (x – 1)2 ( 0 ( x2 – 2x + 1 ( 0 ( x2 + 1 ( 2x ( x +  EQ \f(1,x) ( 2. 

(P1 is true.

When n = 2: x2 + 1 +  EQ \f(1,x2) ( 2 + 1 by P1 since x2 > 0. 



(P2 is true.

Assume that for some positive integer k, Pk is true, i.e. xk + xk–2 + xk–4 + ... +  EQ \f(1,xk–4) +  EQ \f(1,xk–2) +  EQ \f(1,xk) ( k + 1
The induction step: xk+2 + xk + xk–2 + xk–4 + ... +  EQ \f(1,xk–4) +  EQ \f(1,xk–2) +  EQ \f(1,xk) +  EQ \f(1,xk+2) 


( xk+2 + k + 1 +  EQ \f(1,xk+2) 


( k + 1 + 2

by P1 since xk+2 > 0
(Pk is true ( Pk+2 is true

P1 is true ( P3 is true ( P5 is true ( ...

P2 is true ( P4 is true ( P6 is true ( ...

Hence by Mathematical Induction, Pn is true for all positive integer n.
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