SUMMARY OF VECTORS WITH EXAMPLES
Problems involving 2 vectors

	To find the angle between 2 vectors a and b:
( =  cos–1  EQ \f(a ( b,| a | | b |) 

	Find the angle between the 2 vectors  EQ \b(\a(1,2,3)) and  EQ \b(\a(1,2,–3)) .

( = cos–1  EQ \f(\b(\a(1,2,3)) ( \b(\a(1,2,–3)),\r(12+22+32) \r(12+22+32)) = cos–1  EQ \f(– 4,\r(14)\r(14)) = 106.6(

	To find the length of projection of a vector a on another vector b:
= | a (  EQ \o(^,b) |
	Length of projection of the vector  EQ \b(\a(1,2,3)) on the vector  EQ \b(\a(1,2,2)) 

=  EQ \b\bc\|( \b(\a(1,2,3)) ( \f(1,\r(9)) \b(\a(1,2,2)) ) 
=  EQ \f(| 1 + 4 + 6 |,\r(9)) 
=  EQ \f(11,3) 

	To find the projection vector of a on another vector b

= ( a (  EQ \o(^,b) )  EQ \o(^,b) 
	Projection vector of  EQ \b(\a(1,2,3)) on  EQ \b(\a(1,2,2)) 

=  EQ \b( \b(\a(1,2,3)) ( \f(1,\r(9)) \b(\a(1,2,2)) ) 

 EQ \f(1,\r(9)) 

 EQ \b(\a(1,2,2)) 
=  EQ \f(11,9) 

 EQ \b(\a(1,2,2)) 

	Problems involving a point and a line
	

	To check whether a point P lies on a line r = a + (b:
Equate the x, y and z components of P and the equation of the line and solve for (.
	Does the point P (1, 2, 3) lie on the line r =  EQ \b(\a(–1,1,2)) + ( EQ \b(\a(1,2,2)) ?


1 = –1 + (
–––(1)


2 = 1 + 2(
–––(2)


3 = 2 + 2(
–––(3)

Equation (1) ( ( = 2

Equation (2) ( ( = 1/2

Hence (1, 2, 3) does not lie on the line.

	To find the foot of the perpendicular N from a point P to a line r = a + (b:

 EQ \o((,ON) 
=  EQ \o((,OA) +  EQ \o((,AN) 

=  EQ \o((,OA) + projection of  EQ \o((,AP) on b

	Find the position vector of the foot of the perpendicular N from the point P = (1, 2, 3) to the line r =  EQ \b(\a(–1,1,2)) + ( EQ \b(\a(1,2,2)) .
 EQ \o((,AP) =  EQ \o((,OP) –  EQ \o((,OA) =  EQ \b(\a(1,2,3)) –  EQ \b(\a(–1,1,2)) =  EQ \b(\a(2,1,1)) 
 EQ \o((,AN) =  EQ \b( \b(\a(2,1,1)) ( \f(1,\r(9)) \b(\a(1,2,2)) ) 

 EQ \f(1,\r(9)) 

 EQ \b(\a(1,2,2)) 
=  EQ \f(2 + 2 + 2,9) 

 EQ \b(\a(1,2,2)) 
=  EQ \f(2,3)  EQ \b(\a(1,2,2)) 
( EQ \o((,ON) 
=  EQ \o((,OA) +  EQ \o((,AN) =  EQ \b(\a(–1,1,2)) +  EQ \f(2,3)  EQ \b(\a(1,2,2)) =  EQ \b(\a(–1/3,7/3,10/3)) 
Note: Reflection P' of P in the line can be found using


 EQ \o((,ON) =  EQ \f(\o((,OP) + \o((,OP'),2) 

	To find the distance from a point P to a line r = a + (b :



| a (  EQ \o(^,b) |


	Find the distance from the point P = (1, 2, 3) to the line r =  EQ \b(\a(–1,1,2)) + ( EQ \b(\a(1,2,2)) .
 EQ \o((,AP) =  EQ \o((,OP) –  EQ \o((,OA) =  EQ \b(\a(1,2,3)) –  EQ \b(\a(–1,1,2)) =  EQ \b(\a(2,1,1)) 
Distance =  EQ \b\bc\|( \b(\a(2,1,1)) ( \f(1,\r(9)) \b(\a(1,2,2)) ) =  EQ \f(1,3)  EQ \b\bc\|( \b(\a(0,–3,3)) ) =  EQ \b\bc\|( \b(\a(0,–1,1)) ) =  EQ \r(2) 

	Problems involving 2 lines
	

	To check whether 2 lines intersect:

Equate the x, y and z components of the equations of the 2 lines and solve.
	Do the 2 lines r =  EQ \b(\a(0,3,3)) + ( EQ \b(\a(1,2,3)) & r =  EQ \b(\a(–1,1,2)) + ( EQ \b(\a(1,2,2)) intersect?

( = –1 + (
–––(1)


3 + 2( = 1 + 2(
–––(2)


3 + 3( = 2 + 2(
–––(3)

Solving (2) & (3) gives ( = 1, ( = 2
Substitute into (1): LHS = 1, RHS = –1 + 2 = 1 = LHS.
Hence the 2 lines intersect.

Point of intersection = (1, 3 + 2, 3 + 3) = (1, 5, 6).
Note: If 2 lines are not // and do not intersect, then they are skew.

	To find the acute angle between 2 lines, we use the dot product to find the angle between the 2 direction vectors.
( = cos–1  EQ \f(| b1 ( b2 |,| b1 | | b2 |) 
	Find the acute angle between the 2 lines

r =  EQ \b(\a(0,3,3)) + ( EQ \b(\a(1,2,3)) and r =  EQ \b(\a(–1,1,2)) + ( EQ \b(\a(1,2,2)) .

( = cos–1  EQ \f(\b\bc\|(  \b(\a(1,2,3)) ( \b(\a(1,2,2))  ),\r(12+22+32) \r(12+22+22)) = cos–1  EQ \f(11,\r(14)\r(9)) = 11.5(

	Problems involving a point and a plane
	

	To check whether a point P lies in a plane r ( n = d:

Substitute the position vector of P into the equation of the plane.
	Does the point P (1, 2, 3) lie in the plane r (  EQ \b(\a(1,2,2)) = 2?


 EQ \b(\a(1,2,3)) (  EQ \b(\a(1,2,2)) = 1 + 4 + 6 = 11 ( 2.

Hence (1, 2, 3) does not lie in the plane.

	To find the foot of the perpendicular from a point P to a plane r ( n = d:
Find the intersection of the line r = p + (n and the plane.
	Find the foot of the perpendicular N from the point P = (1, 2, 3) to the plane r (  EQ \b(\a(1,2,2)) = 2.
Substitute  EQ \o((,ON) =  EQ \b(\a(1,2,3)) + ( EQ \b(\a(1,2,2)) into the equation r (  EQ \b(\a(1,2,2)) = 2:



 EQ \b(\a(1 + (,2 + 2(,3 + 2()) (  EQ \b(\a(1,2,2)) = 2

1 + ( + 4 + 4( + 6 + 4( = 2



9( = –9



( = –1
(N = (1 – 1, 2 – 2, 3 – 2) = (0, 0, 1)
Note:
Reflection P' of P in the plane can be found using  EQ \o((,ON) =  EQ \f(\o((,OP) + \o((,OP'),2) 

	To find the distance from a point P to a plane r ( n = d:

Distance =  EQ \f(| \o((,AP) ( n |,| n |) 
where A is any point on the plane
	Find the distance from the point P = (1, 2, 3) to the plane r (  EQ \b(\a(1,2,2)) = 2.

Pick any point on the plane eg A(2, 0, 0) since  EQ \b(\a(2,0,0))(  EQ \b(\a(1,2,2))= 2

 EQ \o((,AP) =  EQ \b(\a(1,2,3)) –  EQ \b(\a(2,0,0)) =  EQ \b(\a(–1,2,3)) 
Distance =  EQ \b\bc\|( \b(\a(–1,2,3)) ( \f(1,\r(9)) \b(\a(1,2,2)) ) 
=  EQ \f(| –1 + 4 + 6 |,3) 
= 3

	Problems involving a line and a plane
	

	To find the intersection of a line r = a + (b and a plane r ( n = d:

Substitute the equation of the line into the equation of the plane.
	Find the intersection of the line

r =  EQ \b(\a(0,3,3)) + ( EQ \b(\a(0,2,3)) and the plane r (  EQ \b(\a(1,2,2)) = 2.

 EQ \b(\a(0,3 + 2(,3 + 3()) (  EQ \b(\a(1,2,2)) = 2
6 + 4( + 6 + 6( = 2

10( = –10


( = – 1
Point of intersection = (0, 3 – 2, 3 – 3) = (0, 1, 0)

	To find the angle between a line r = a + (b and a plane r ( n = d:
( = 90( – cos–1   EQ \f(| b ( n |,| b | | n |) 
	Find the angle between the line

r =  EQ \b(\a(0,3,3)) + ( EQ \b(\a(1,2,3)) and the plane r (  EQ \b(\a(1,2,2)) = 2.
(
= 90( – cos–1  EQ \f(\b\bc\|(  \b(\a(1,2,3)) ( \b(\a(1,2,2))  ),\r(12 + 22 + 32) \r(12 + 22 + 22)) 

= 90( – cos–1  EQ \f(11,\r(14)\r(9)) 
= 78.5(

	To find the length of projection of a vector a on to a plane r ( n = d:


	Find the length of projection of the vector a =  EQ \b(\a(0,3,3)) on to the plane r (  EQ \b(\a(1,2,2)) = 2.
Length of projection of  EQ \b(\a(0,3,3)) on  EQ \b(\a(1,2,2)) =  EQ \b\bc\|( \b(\a(0,3,3)) ( \f(1,\r(9)) \b(\a(1,2,2)) ) = 4

| a | =  EQ \r(02 + 32 + 32) =  EQ \R(18) 
(length of projection of a on the plane =  EQ \r(18 – 42) =  EQ \r(2) .

	Problems involving 2 planes
	

	To find the distance between 2 planes r ( n = d1 and r ( n = d2:
Distance =  EQ \f(| d1 – d2 |,| n |) 
	Find the distance between the planes r (  EQ \b(\a(1,2,2)) = 2 & r (  EQ \b(\a(1,2,2)) = –4.
Distance =  EQ \f(|  2 – (–4) |,\r(12 + 22 + 22)) 
=  EQ \f(6,3) 
= 2

	To find the angle between 2 planes r ( n1 = d1 and r ( n2 = d2:
( = cos–1  EQ \f(| n1 ( n2 |,| n1 | | n2 |) 
	Find the angle between 2 planes r (  EQ \b(\a(1,2,3)) = 4 & r (  EQ \b(\a(1,2,2)) = 2.
( = cos–1  EQ \f(\b\bc\|(  \b(\a(1,2,3)) ( \b(\a(1,2,2))  ),\r(12+22+32) \r(12+22+22)) = cos–1  EQ \f(11,\r(14)\r(9)) = 11.5(

	To find the line of intersection of 2 planes r ( n1 = d1 and r ( n2 = d2:

Solve the cartesian equations of the 2 planes simultaneously.
	Find the line of intersection of the 2 planes

r (  EQ \b(\a(0,2,3)) = 4 and r (  EQ \b(\a(1,2,2)) = 2.
      2y + 3z = 4
–––(1)

x + 2y + 2z = 2
–––(2)

Solving gives x = –2 + z, y = 2 – 3z/2

(line of intersection is r =  EQ \b(\a(–2,2,0)) + ( EQ \b(\a(1,–3/2,1)) 
Note: 2 planes are // ( they do not intersect.


Problems involving 3 planes

	Consider the 3 planes: (1 : r (  EQ \b(\a(1,2,1)) = 5, (2 : r (  EQ \b(\a(3,–1,–1)) = 2 and (3 : r (  EQ \b(\a(1,5,2)) = 7.


Augmented matrix =  EQ \b\bc\[(\a\hs10\co4(1,2,1,5,3,–1,–1,2,1,5,2,7)) 

(
rref =  EQ \b\bc\[(\a\hs10\co4(1,0,0,2,0,1,0,–1,0,0,1,5)) 
Hence the 3 planes intersect at the point (2, –1, 5).

	Consider the 3 planes: (1 : r (  EQ \b(\a(3,1,1)) = 5, (2 : r (  EQ \b(\a(1,2,1)) = 1 and (3 : r (  EQ \b(\a(1,–3,–1)) = 3.


Augmented matrix =  EQ \b\bc\[(\a\hs10\co4(3,1,1,5,1,2,1,1,1,–3,–1,3)) 

(
rref =  EQ \b\bc\[(\a\hs10\co4(1,0,0.2,1.8,0,1,0.4,–0.4,0,0,0,0)) 
This gives:


x + 0.2z = 1.8 ( x = 1.8 – 0.2z


y + 0.4z = –0.4 ( y = –0.4 –0.4z

Hence the 3 planes intersect along the line r =  EQ \b(\a(1.8,–0.4,0)) +( EQ \b(\a(–0.2,–0.4,1)) 

	Consider the 3 planes: (1 : r (  EQ \b(\a(1,3,1)) = 2, (2 : r (  EQ \b(\a(2,1,–1)) = 1 and (3 : r (  EQ \b(\a(1,–2,–2)) = 4.


Augmented matrix =  EQ \b\bc\[(\a\hs10\co4(1,3,1,2,2,1,–1,1,1,–2,–2,4)) 

(
rref =  EQ \b\bc\[(\a\hs10\co4(1,0,–0.0,0,0,1,0.6,0,0,0,0,1)) 
The last equation 0 = 1 is a contradiction.

(the 3 planes have no point in common.

By inspection,  EQ \b(\a(1,3,1)) ,  EQ \b(\a(2,1,–1)) &  EQ \b(\a(1,–2,–2)) are not parallel.

Hence the 3 planes form a prism.
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