SUMMARY OF STATISTICS
Binomial Distribution:

X ~ Bin(n, p)
If X ~ Bin(n, p), n > 50, np < 5, then X ~ Po(np) approximately

If X ~ Bin(n, p), n large, np > 5, nq > 5 then X ~ N(np, npq) approximately

Continuity Correction: 
P(X ( 4) = P(X ( 4.5) 


P(X ( 4) = P(X ( 3.5)



P(X < 4) = P(X ( 3.5)


P(X > 4) = P(X ( 4.5)

Poisson Distribution:

X ~ Po(()
If X ~ Po(() and ( > 10, then X ~ N((,() approximately

Normal Distribution:

X ~ N(( , (2)

P(X < a) = P(Z <  EQ \f(a – (,() )

If X1, X2, ... Xn ~ N(( , (2), then X1 + X2 + ... + Xn ~ N( n(, n(2 )

If X ~ N(( , (2), then nX ~ N( n(, n2(2 ) and  EQ \x\to(X) ~ N( ( , EQ \f((2,n) )
If X ~ N((1 , (12) and Y ~ N((2 , (22) are independent, then aX + bY ~ N(a(1 + b(2 , a2(12 + b2(22)

Sampling Distribution:

If n large (X not necessarily normal), then EQ \x\to(X) ~ N( ( , EQ \f((2,n) ) and X1 + ... + Xn ~ N( n(, n(2)

Binomial Distribution:

X ~ Bin(n, p)
Toss a fair coin 60 times.
(i)
Find the probability that there are at most 20 heads.
(ii)
Using a suitable approximation, find the probability that there are at most 20 heads.
(iii)
If the probability of getting a head is 0.05 instead, use a suitable approximation to find the probability that there are at most 2 heads.
(iv)
If a fair coin is tossed n times, find the least value of n such that the probability of getting at least 1 head exceeds 0.99.

Let X = no. of heads out of 60 tosses.

(i)
P(X ( 20) = BinomialCdf(60, 0.5, 20)
= 0.00674
(ii)
X ( N(60 ( 0.5, 60 ( 0.5 ( 0.5) = N(30, 15) since n large, np > 5, nq > 5.


P(X ( 20) = P(X ( 20.5) by continuity correction



( NormalCdf(–1099, 20.5, 30,  EQ \r(15) )
= 0.00709
(iii)
Y ( Po(60 ( 0.05) = Po(3) since n > 50, np < 5.


P(Y ( 2) ( PoissonCdf(3, 2)
= 0.423
(iv)
P(X ( 1) > 0.99

1 – P(X = 0) > 0.99

P(X = 0) < 0.01


nC0 0.50 0.5n < 0.01


n lg 0.5 < lg 0.01



n > 6.6

(least n = 7

Poisson Distribution:
X ~ Po(()
The number of errors on a printed page follows a Poisson distribution with mean 2.

(i)
Find the probability that there are less than 4 errors on a page.

(ii)
Find the probability that there are less than 9 errors on 10 pages.

(iii)
Using a suitable approximation, find the probability that there are < 9 errors on 10 pages.

(iv)
Find the least value of n so that the probability of having at least 1 error in n pages exceeds 0.99.

(v)
Take 10 random pages. Find the probability that there are at most 4 pages with less than 4 errors each.

(vi)
Take 50 random pages. Find the probability that the mean number of errors on each page is between 2 and 3.

(vii)
Find the most likely number of errors on each page.

(i)
Let X = no. of errors on 1 page. X ~ Po(2).


P(X < 4) = PoissonCdf(2, 3)
= 0.85712
= 0.857

Non–GC Method: P(X < 4) = P(X ( 3)
= e–2(1 + 2 +  EQ \f(22,2!) +  EQ \f(23,3!) ) = e–2(  EQ \f(19,3) ) = 0.857
(ii)
Let Y = no. of errors on 10 pages. Y ~ Po(20).


P(Y < 9) = PoissonCdf(20, 8)
= 0.00209
(iii)
Y ( N(20, 20) since ( > 10.


P(Y < 9) = P(X < 8.5) by continuity correction 



( NormalCdf(–1099, 8.5, 20,  EQ \r(20) )
= 0.00506

	(iv)
Let X = no. of errors on n pages. X ~ Po(2n).


P(X ( 1) > 0.99


1 – P(X = 0) > 0.99


P(X = 0) < 0.01


e–2n  EQ \f((2n)0,0!) < 0.01


e–2n < 0.01


–2n < ln 0.01


n > 2.3


(least n = 3
	Alternate Method: Using GC 

[image: image41.emf]


(v)
Let W = no. of pages out of 10 with < 4 errors each.


W ~ B(10, 0.85712)


P(W ( 4) = BinomialCdf(10, 0.85712, 4)
= 0.00106
(vi)
Since n is large, by CLT,  EQ \x\to(X) ~ N(2,  EQ \f(2,50) )
= N(2, 0.04)

P(2 ( EQ \x\to(X) ( 3) = NormalCdf(2, 3, 2,  EQ \r(0.04) )
= 0.5
	(vii)
	[image: image2.emf]


From the GC, the most likely number of errors = 1 or 2.
Normal Distribution:
X ~ N(( , (2)

The mass of a melon has the distribution N((, (2). Given that 47.01% of melons weigh < 0.85 kg and 49.8% weigh > 1.01 kg. Find ( & (.
(i)
Find the probability that 5 melons weigh < 5.5 kg altogether.

(ii)
Find the probability that the mean mass of 5 melons is < 1.1 kg.

(iii)
Find the probability that in a sample of 5 melons, at most 2 weigh less than 0.85 kg.

(iv)
The mass of a pumpkin has the distribution N(2, 3).

Find the probability that 3 melons weigh less than 2 pumpkins.


Find the probability that 3 melons weigh less than twice the mass of 1 pumpkin.

P(X < 0.85) = 47.01%
P(Z <  EQ \f(0.85 – (,() ) = 0.4701
 EQ \f(0.85 – (,() = InvNorm(0.4701)
= –0.075018
0.85 – ( = –0. 075018( ––– (1) 
P(X > 1.01) = 49.8%

P(X < 1.01) = 50.2%

P(Z <  EQ \f(1.01 – (,() ) = 0.502
 EQ \f(1.01 – (,() = InvNorm(0.502)
= 0.005013
1.01 – ( = 0.005013( ––– (2) 

(2) – (1) ( 0.080031( = 0.16 ( ( = 2, ( = 1
(i)
X1 + X2 + ... + X5 ~ N(5(1, 5(22)
= N(5, 20)

P(X1 + X2 + ... + X5 < 5.5) = NormalCdf(–1099, 5.5, 5,  EQ \r(20) )
= 0.545
(ii)
 EQ \x\to(X) ~ N( 1,  EQ \f(22,5) ) = N(1, 0.8)


P( EQ \x\to(X) < 1.1) = NormalCdf(–1099, 1.1, 1,  EQ \r(0.8) )
= 0.545
(iii)
Let Y = no. of melons out of 5 which weigh < 0.85 kg. Y ~ B(5, 0.4701)


P(Y ( 2) = BinomialCdf(5, 0.4701, 2) = 0.556
(iv)
X1 + X2 + X3 – P1 – P2 ~ N(3(1 – 2(2, 3(22 + 2(32)
= N(–1, 30)


P(X1 + X2 + X3 < P1 + P2)

= P(X1 + X2 + X3 – P1 – P2 < 0) = NormalCdf(–1099, 0, –1,  EQ \r(30) )

= 0.572


X1 + X2 + X3 – 2P ~ N(3(1 – 2(2, 3(22 + 22(32)
= N(–1, 48)


P(X1 + X2 + X3 < 2P)


= P(X1 + X2 + X3 – 2P < 0) = NormalCdf(–1099, 0, –1,  EQ \r(48) )
= 0.557

Estimation:
A sample gives the data: 1, 2, 3. Find unbiased estimates of the population mean and variance. 
[image: image3.emf][image: image4.emf]
From GC,  EQ \o(–,x) = 2, s2 = 12 = 1

Non–GC Method:
  EQ \o(–,x) =  EQ \f(1 + 2 + 3,3) =  EQ \f(6,3) = 2

Formula 1:
(x2 = 12 + 22 + 32 = 14,

s2 =  EQ \f(1,3 – 1) [ 14 –  EQ \f(62,3) ] = 1


Formula 2:
s2 =  EQ \f((1 – 2)2 + (2 – 2)2 + (3 – 2)2,3 – 1) 
=  EQ \f(1 + 0 + 1,2) = 1

	Grouped Data:
	x
	1
	2
	3

	
	Frequency
	2
	4
	4


[image: image5.emf][image: image6.emf][image: image7.emf]
From GC,  EQ \o(–,x) = 2.2,
s2 = 0.788812 = 0.622

Non–GC Method:
 EQ \o(–,x) =  EQ \f(2(1) + 4(2) + 4(3),2 + 4 + 4) 
=  EQ \f(22,10) = 2.2

Formula 1:
(x2 = 2(12) + 4(22) + 4(32) = 54,

s2 =  EQ \f(1,10 – 1) [ 54 –  EQ \f(222,10) ] = 0.622


Formula 2:
s2 =  EQ \f(2(1 – 2.2)2 + 4(2 – 2.2)2 + 4(3 – 2.2)2,2 + 4 + 4 – 1) 
=  EQ \f(2.88 + 0.16 + 2.56,9) = 0.622

Hypothesis Testing:

H0 : ( = (0
	H1 : ( < (0
	H1 : ( > (0
	H1 : ( ( (0

	p–value = P( Z <  EQ \f(\x\to(x) – (0,\r(\f((2,n))) )


[image: image8]
	p–value = P( Z >  EQ \f(\x\to(x) – (0,\r(\f((2,n))) )


[image: image9]
	p–value = P( | Z | >  EQ \f(\x\to(x) – (0,\r(\f((2,n))) )


[image: image10]


Reject H0 if p–value < (
Eg 1
(A large sample 1–tailed test) 

A manufacturer manufactures 1–metre rods. A sample of 100 rods were measured and the lengths x recorded. It was found that (x = 90 and (x2 = 200.

(i)
Test, at the 5% level, whether the rods are too short.
(ii)
Another sample of n rods was tested and H0 was rejected. Using the same summary data as above, find the least value of n.

 EQ \o(–,x) =  EQ \f(90,100) = 0.9

s2 =  EQ \f(1,99) [200 –  EQ \f(902,100) ] = 1.202
(i)
H0 : ( = 1


H1 : ( < 1

[image: image11.emf][image: image12.emf][image: image13.emf]
Since p–value = 0.18 > 0.05, we do not reject H0.
There is insufficient evidence at the 5% level to say that the rods are too short.
Method 2:
Test statistic z =  EQ \f(0.9 – 1,\r(\f(1.202,100))) = –0.912

p–value = P(Z < –0.912) = NormalCdf(–1099, –0.912) = 0.18

Since p–value = 0.18 > 0.05, we do not reject H0.
There is insufficient evidence at the 5% level to say that the rods are too short.
(ii)
Test statistic z =  EQ \f(0.9 – 1,\r(\f(1.202,n))) = –0.091211 EQ \r(n) 
H0 is rejected ( p–value < 0.05


P(Z < –0.091211 EQ \r(n) ) < 0.05


–0.091211 EQ \r(n) < InvNorm(0.05) = –1.6449



n > 325.2

(least n = 326
Eg 2
(A large sample 2–tailed test) 

A manufacturer uses a machine to manufacture 1–metre rods. A sample of 100 rods were measured and the lengths x recorded. It was found that (x = 90 and (x2 = 200.

(i)
Test, at the 5% level, whether the machine is producing rods of the wrong length.
(ii)
Another sample of n rods was tested and H0 was rejected. Using the same summary data as above, find the least value of n.

(iii)
A third sample of 100 rods was tested and H0 was not rejected. Using the same value of s2 found, find the range of possible value of   EQ \o(–,x) .

 EQ \o(–,x) =  EQ \f(90,100) = 0.9

s2 =  EQ \f(1,99) [200 –  EQ \f(902,100) ]
= 1.202

(i)
H0 : ( = 1


H1 : ( ( 1

[image: image14.emf][image: image15.emf]
Since p–value = 0.36 > 0.05, we do not reject H0. There is insufficient evidence at the 5% level to say that the machine is producing rods of the wrong length.

Method 2:
Test statistic z =  EQ \f(0.9 – 1,\r(\f(1.202,100))) = –0.912


p–value = P(Z < –0.912) + P(Z > 0.912)
= 2 ( NormalCdf(–1099, –0.912) = 0.36

Since p–value = 0.36 > 0.05, we do not reject H0. There is insufficient evidence at the 5% level to say that the machine is producing rods of the wrong length.

(ii)
Test statistic z =  EQ \f(0.9 – 1,\r(\f(1.202,n))) 
= –0.091211 EQ \r(n) 
H0 is rejected ( p–value < 0.05


P(Z < –0.091211 EQ \r(n) ) + P(Z > 0.091211 EQ \r(n) ) < 0.05


P(Z < –0.091211 EQ \r(n) ) < 0.025


–0.091211 EQ \r(n) < InvNorm(0.025)
= –1.95996



n > 461.7

(least n = 462

(iii)
Test statistic z =  EQ \f(\x\to(x) – 1,\r(\f(1.202,100))) 
InvNorm(0.025) = –1.96

H0 is not rejected ( –1.96 <  EQ \f(\x\to(x) – 1,\r(\f(1.202,100))) < 1.96


–0.2149 < EQ \x\to(x) – 1 < 0.2149


0.79 < EQ \x\to(x) < 1.21
Eg 3
(A small sample with unknown variance)

A manufacturer manufactures 1–metre rods. A sample of 5 rods were measured and the lengths x are 0.9, 0.92, 0.94, 0.96, 0.98.
(i)
Test, at the 5% level, whether the rods are too short.
(ii)
Test also, at the 5% level, whether the machine is producing rods of the wrong length.
[image: image16.emf][image: image17.emf]
(i)
H0 : ( = 1


H1 : ( < 1

[image: image18.emf][image: image19.emf]
Since p–value = 0.0066 < 0.05, we reject H0.
There is sufficient evidence at the 5% level to say that the rods are too short.

(ii)
H0 : ( = 1


H1 : ( ( 1

[image: image20.emf][image: image21.emf]
Since p–value = 0.01 < 0.05, we reject H0. There is sufficient evidence at the 5% level to say that the machine is producing rods of the wrong length.

Correlation and Regression:

	Bivariate Data:
	x
	1
	2
	3

	
	y
	2
	4
	4


Find

(i)
the product moment correlation coefficient r

(ii)
the linear regression line of y on x in the form y = a + bx.

(iii)
the linear regression line of x on y in the form x = c + dx. Verify that bd = r2.

Plot the 2 regression lines on the same diagram. Verify that (  EQ \o(–,x) , EQ \o(–,y) ) lies on both regression lines.
(iv)
for the model y = axb, the linear regression line of ln y on ln x and express y in terms of x.

(v)
for the model y = abx, the linear regression line of ln y on x and express y in terms of x.

[image: image22.emf][image: image23.emf][image: image24.emf] 

Non–GC Method:
(i)
r =   EQ \f(22 – \f(6(10),3),\r(14 – \f(62,3))\r(36 – \f(102,3))) =  EQ \f(2,\r(2)\r(8/3)) =  EQ \f(\r(3),2) 



(ii)
b =  EQ \f(22 – \f(6(10),3),14 – \f(62,3)) =  EQ \f(2,2) = 1





 EQ \o(–,y) = a + b  EQ \o(–,x) ( 3.3333 = a + 2 ( a = 1.3333





(regression line of y on x is y = 1.33 + x.




(iii)
d =  EQ \f(22 – \f(6(10),3),36 – \f(102,3)) =  EQ \f(2,8/3) = 0.75




 EQ \o(–,x) = c + d  EQ \o(–,y) ( 2 = c + 0.75 ( 3.3333 = c + 2.5 ( c = –0.5




(regression line of x on y is x = 0.75y – 0.5.

GC–Method:

	(i)
	[image: image25.emf][image: image26.emf][image: image27.emf]  



Correlation Coefficient r = 0.866

(ii)
Regression line of y on x is y = x + 1.33.
	(iii)
	[image: image28.emf][image: image29.emf]



Regression line of x on y is x = 0.75y – 0.5.

bd = 1 ( 0.75 = 0.75 = r2

[image: image30.emf][image: image31.emf]

1.33 +  EQ \o(–,x) = 1.33 + 2 = 3.33 =  EQ \o(–,y) 
 
0.75  EQ \o(–,y) – 0.5 = 0.75 (3.3333) – 0.5 = 2 =  EQ \o(–,x) 

Hence (  EQ \o(–,x) , EQ \o(–,y) ) lies on both regression lines.
(iv)
y = axb ( ln y = ln a + b ln x


[image: image32.emf][image: image33.emf][image: image34.emf]
Regression Line of ln y on ln x is ln y = 0.67067ln x + 0.75468





= ln x0.67067 + 0.75468




i.e. y = x0.67067 e0.75468






= 2.13x0.67
(v)
y = abx ( ln y = ln a + x ln b

[image: image35.emf][image: image36.emf][image: image37.emf]
Regression Line of ln y on x is ln y = 0.34657x + 0.46210




i.e. y = e0.34657x e0.46210





= 1.59(1.41x)
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