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Abstract

It is shown how to sew string vertices with ghosts at tree level in order to produce new tree vertices using
the Group Theoretic approach to String Theory. It is then verified the BRST invariance of the sewn vertex
and shown that it has the correct ghost number.
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™M1 Introduction

Vv

N In the early days of String Theory, one way to obtain amplitudes for the scattering of an arbitrary number of
] strings was by using the factorization property, what means that the scattering amplitude of N strings may be
O) interpreted as the scattering amplitudes of a smaller number of strings sewn together. This made it possible to
8 build the N string scattering amplitude by knowing the expression for three string scattering amplitudes. Even
O) though they were very ingenious and successful, those calculations didn’t take into account the ghost structure
= of the vertices, and that is what is done here.
- In [:-].'}, it was shown how to sew tree vertices without ghosts using the Group Theoretic approach to String
%Theory [2] in order to obtain a new, composite vertex. Following the same procedure, we shall calculate the
P scattering amplitude of NV strings taking account the ghost structure.
We shall start with a short review of how to sew tree vertices without ghosts. What we must do is sew two
legs of two vertices, one leg from each vertex. What we have in the beginning are two vertices V7 and V5 with
N; and Ns legs, respectively (figure 1).
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Figure 1: Individual vertices.

We now sew leg F from V; with the adjoint of leg F' from V5. What we have now is the substitution of
the two sewn legs by a propagator (figure 2). When this propagator is written in parametric form, it is an
integration of one of the variables (in order to cancel one spurious degree of freedom) and a conformal factor
‘P which contains terms of L,’s acting on leg F only.
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Figure 2: Sewn vertices.

So the resulting vertex V. (called the composite vertex) has the generic form
V.=WPVy (1)

where the hermitian conjugate of V5 is for the sewn leg F' only and

P:/d:rp (2)

where x is a suitable variable. In what follows, we shall often write P instead of P, calling attention to the
integration when necessary.

When the two vertices are sewn together, we identify legs ' and F. We also identify the Koba-Nielsen
variable zg with one of the Koba-Nielsen variables of vertex VQT, and the Koba-Nielsen variable zp we identify
with one of the Koba-Nielsen variables of vertex V3. In [1j, this identification is made in the following way:
zp may be identified with zp_; or zpy1, and zr may be identified with zg_1 or zg4+1. So there are four
possible combinations: a) zg = zp_1 , 2p = zp_1; b) 28 = 2ZF41 , ZF = ZE4+1; C) 2E = 2F—1 , 2F = 2p+1; d)
ZE = ZF41 , ZF = ZE—1-

2 Oscillator case

The two original vertices satisfy some overlap identities and so shall do the composite vertex. One particular
overlap identity is given by considering the operator Q** with conformal weight d = 0 defined by [2]

—

0
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where of' are bosonic oscillators with commutation relations

[k a¥d] = =M 698, s mym #£0 (4)
g’ at)] =0, Vn. ()

The overlap identity is given by
viQriE) - @) - (6)

Because we are considering the adjoint of leg F' in vertex V5, we must see what the adjoint of these overlap
identities are. First, by the definition of Q**, we have that

QMT(&) =TQM (&) = Q*(&) - (7)
So, the adjoint of the overlap equations is given by
[Q(rg) —QW(g)|vi=o0. (8)

We now take the overlap identity considering the effects of the operator Q#(&;) on the vertex Vi on a
generic leg i and on leg EY (figure 3):

! As we shall be seeing soon, this form of the overlap will not lead to the correct composite vertex in the case where the cycling
transformations of the legs that are not sewn involve the sewn legs E or F.
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Figure 3: Overlap identity for V3.

Vi [Q(&) - QP (&r)| =0 . (9)
We may then insert the unit operator 1 = PP~! and multiply by P without altering the result:
—1 Wi (. wE
VPP [Qr(g) - QUE(ER)| P . (10)

Since the conformal operator P acts only on leg E, it will have no effect on Q**(¢;). In order to compute the
effect of P on Q*F(¢g), we must know that, for a conformal transformation V acting on a conformal operator
R(z) of weight d,

dvz\4
VR(z)V! = (d—z> R(z) . (11)
z

Since Q¥ (£g) has conformal weight d = 0, we have

PTQMP(p)P = Q" (P '¢x) (12)
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Figure 4: Overlap identity for V1 P.

and (figure 4)

ViP |Q — QP (P em)| =0 . (13)

The second term in the expression above is facing now leg F' of vertex VQT, or best, its Hermitian conjugate.
Considering that the Hermitian conjugate of Q" (given by (il)), we then have the following overlap identity
between legs ¢ and F":

WP [QM(&) — Q" (TP '¢r)| = 0. (14)

We can then make a cycling transformation in order to obtain the correct factor for an arbitrary leg j (j # F')
of vertex VQT. The only term that will be affected is the term depending on leg F*:

Vo Ve (TP ew) Ve 'V = Q9 (V' Vil P e ) (15)

Doing this, the overlap identity for the composite vertex V. (figure 5) can be written as
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Figure 5: Overlap identity for V..



Ve Q&) — QU (V; Vil Per)| =0, (16)

which is the overlap equation between two arbitrary legs ¢ and j of the composite vertex V.
But the overlap identity for the composite vertex, since none of legs i or j involves the propagator, must
be given by
V. |@Uis) - @M (g)) =0 (17)

and so in order for the equation we have obtained for the overlap of the composite vertex V. to be true we
must have

VFFP_lVE_l =1=pP 1= I‘_lVFTlVE (18)
which implies that the propagator is given by

P =V, Vil . (19)
In order to give an explicit expression for the propagator, we will now choose &; to be of the form

G=Vilz=z2—2. (20)
This choice is called the “simple cycling” [1] and it is the one that simplifies our calculations the most. In this

choice, the propagator is given by
1
Pz=—+zr—zp, (21)

or in terms of the L” operators-?.,
P = eler—2e=DLE (1)L elt o~ LTy | (22)

This form works for all choices for the composite vertex discussed before’. The true propagator is given by
expression (22) integrated over a suitable variable. Choosing this variable to be s = zp — 2z, we then have

0 1
P= / ds P = T(—l)LEeLfe_Lfl , S=2zp—2zp . (23)
oo LE

Before going any further, we must discuss another aspect of the theory that depends on the particular
way in which the legs are identified during the sewing procedure. Let us consider the more general case of an
arbitrary cycling V;. This kind of cycling may depend on other coordinates that are not z;. As an example, let
us suppose that we are identifying coordinate zg of leg E with coordinate zp_1 of vertex V; and coordinate
zp of leg F' with coordinate zp_1 of vertex V. The overlap identity between legs ¢ and £ — 1 on vertex V; is

[0 (179 - (1) o

where we are calling Vogl the cycling transformation on leg j (7 = 1,..., N). These cycling transformations
may depend on the other legs. As an example when this happens, we take another choice of the cycling
transformations ¢; that is not as trivial as (2d) but gives a simpler formula for the propagator. This choice is
given by [1] [3]

zig1 — Zi-1) (2= z)
(zit1—2) (2= zi-1)

20Other forms for this propagator are given by [:_']:
P = e—LlE/S(_l)LOESQLOEeLfl/s

P = (1)L EF s G —LT /9~ (EF —LE /s

3This affirmation is usually not valid for other choices of &;.



which is the transformation that takes z;_1, z; and z;41 to oo, 0 and 1, respectively. Its inverse is given by

2i—1 (2 — zix1) 2 + 2i(Zi41 — 2i-1)

Voiz =
’ (zi — 2zit1)2 + (Zit1 — 2zi-1)

(26)

In the case of the cycling given by (21), the cycling for leg F — 1 will depend on leg E, which is not present
in the composite vertex. On this vertex, the overlap between leg E — 1 and an arbitrary leg j reads

Ve[ (Vi 1y2) - @ (1)) @

This overlap equation involves terms that depend on leg E, which is non-existent in the composite vertex V..
The correct overlaps should be given by

V[0 (Vi) o (1772)] )

where the cycling transformations VE__l1 and Vj_1 do not depend on legs E or F. So, in order to restore the
correct cycling transformation for the composite vertex, a conformal transformation must be made on the
cycling transformations on vertex Vi. These are given by

Vg — OV J#E, (29)
where
N,
Cr=J]Vi Vi - (30)
i=1

In this definition, we consider implicit that the transformation V YWor = 1 since the conformal transformations
on leg E will not be part of the composite vertex and so need not be modified.

Considering the general case, we have that the overlap equation for V; (figure 6) that will lead to the correct
composite vertex is now obtained from the original overlap
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Figure 6: Overlap identity for V3.

Vi [Q’”(ﬁm‘) - Q“E(@E)] =0, (31)
—1

where &o; = Vy;'2 and & = Vj, 2. By inserting conformal transformation (30), we obtain (figure 7)
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Figure 7: Overlap identity for V1C| 1

eyt [Q4(&) - @ ()] =0. (32)

Inserting now the propagator, we obtain (figure 8)
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Figure 8: Overlap identity for V1 C| p.

NCTP QM (&) - QP (P )| = 0 (33)

and we expect the composite vertex to have a different form (given shortly) than in (&) in order to amount
for the contributions of the conformal transformations. The second term of the overlap is now facing leg F' of
vertex VQT so that we have the following overlap between legs ¢ and F"

ViCr P Q&) — @ (TP em)| =0 . (34)
We are now facing the conformal transformation Cpit, defined by
Cr=Vi:'"Vor (35)

which is necessary in order to change {or — &p. Introducing this transformation we obtain (figure 9)
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Figure 9: Overlap identity for V,C| PCE.

ViCr ' PCr [Q(&) — QM (Vi VTP )| = 0 . (36)

Making a cycling transformation from leg F' to leg j, we then obtain (figure 10)
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Figure 10: Overlap identity for ViC[ 1PC’FV;.

ViCr ' POV [Q1(&) — QM (V' VTP éw)| = 0. (37)

Once again, a conformal transformation must be introduced because of the cycling transformations Vo;l' This
is defined by

N»
Co=[[ Vi'Vai . (38)
ik

so that we now have (figure 11)

4In this case, like we have seen for leg Vi, VF may depend on the variable zg.
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Figure 11: Overlap identity for V1C'1_177C'FV2TC'2_1.

ViCT ' PCrVH Gy Q&) — QU (V; 'Vil P~ ew)| = 0. (39)

The composite vertex must be defined in terms of the new cycling transformations and so it must now
include the conformal transformations that perform this change. So, it will now be defined by

V. =WVC'PCrV) Oyt (40)

Considering this, the overlap identity for the composite vertex V. can be written as

Ve Q&) — QU (V; Vil Pem)| =0 . (41)
Since the correct overlap identity for the composite vertex is given by
V. [@"(&) - @(g)] = 0 (42)
we must have
VTP vt =1 (43)
which implies once again that

For the cycling transformation (25), it is only necessary to do conformal transformations on legs £ — 1, E,
E+1, F—1, F and F+1, depending on the particular way the variables associated with these legs are identified
with the variables associated to legs E and F. In this particular example (which is case a seen before), the
conformal transformations are given by

_ _ E—1
Vo) — OV - Ci=rfo (45)
F—1
‘/E)_;’—l) - 02‘/0_(;"—1) , Cy=tho (46)
where
. (2p-1 — 2E-2) (2B-1 — 2E) ‘ (2p-1 — 2r—2) (2r—1 — 2F) (47)
(zr—1 —2zp-1) (22 — 28) (26-1 — 2F-1) (2FP-2 — 2F)

For the cycling (25), the propagators obtained for the four possible combinations discussed before are given by

a) P, = aks b) P, = e L glo e o c) P.= o LTple d) Pi= pLo' e L5 (48)
Whereﬁ
_ (e —2ze1)(ZF — 2P1) _ ey —251) (R — 2P1) (49)
(2641 — 2zr-1)(2P41 — 2B-1) (211 — 2zFy1)(2F-1 — 2E-1)

The true propagators are obtained when we integrate the expressions above multiplied by a suitable constant.
The results are:

1 1 1 1
a) P, = /0 da ™01 = IF b) B, = /0 da e™L7 qLo e L5 = o= LT L—Ee_Lfl, (50)
0 0
1 1 1 1
) P. :/0 db e LT plo -1 = e—LFL—E . d) P :/0 db bEG —le=LE1 = L—Ee—L’fl. (51)
0 0

c
c—1"

5The coefficient a can be connected with the coefficient c in reference [:l:] by a =



It is now necessary to verify the effect of the gauge transformations C; and Cy on the composite vertex as
given by formula (40). We shall do it by verifying the effect of C; on vertex V;. In order to do this we need
the explicit expression for the bosonic oscillator vertex V3, given by [1] [4]

N Ny 00
Vi = (H <0\> exp | —= Z > i Dy (V' Vo) s (52)

=1 z] 1 n,m=0
i)

where Vozl and Vp; are cycling transformations involving leg E and the oscillators ol have commutation
relations given by (4, 5). Matrices Dy, () are defined in the following way [3]:

1 n
Dno(y) = 7 [y (O, (53)

m 1 om
Dnm = iAo " ) 54
(7) wmiaa V@ (54)
Dun(1) = 3| T (55)

o0o\Y) = 5 de o
and have the following multiplication property:

Do (1172) = D Dap(71) Dpm (2) + Do (71)80m + 0nDom (12) - (56)

p=1

In order to calculate the effects of the conformal transformation C on these oscillators we must make use
of the following conformal operator [2]

P (g) = D/ Infadi’ (€)™t + af (€0) ! (57)

n;ﬁO

which has conformal weight one, what means it transforms like

A d
Pr(6) = GELP ). (59)

An oscillator o (n > 1) can be expressed in terms of this conformal operator in the following way:

apl = % £0i=0 d€oi (€0i)" P (€0i) - (59)

Acting on it with the conformal transformation C7, we have

d A
Craticyt i (os Vi Waiboi ) P (Vi Vaikor) - 60
100, C \/—% d&oi (§0i)" (d&z 050) (Vi Voioi) (60)
Making now a change of variables &y; — &;, we have
Craticyt =7 f _dgi (Vo 'Vi&)"PH (&) (61)
Expanding (Vj;'V;&;)™ in terms of D, (7) matrices and P# (&) in terms of the oscillators, we obtain
CrafiCr! =
— —p— — n — m—p— 17
> \f f [ﬁDno (Voi'va) (€)1 4 30 /= D (Ve 'Vi) (€)™ 1] o
=—00 =0 m=1
pp7é0

D [t § oo .
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Performing the integrations we then obtain

Crakicyt = i Dy (Vi Vi) i (63)

m=0
Using the same process for af)’, we obtain
wio~—1 i
Crofy'Cy =o' . (64)

Using these transformation properties, the multiplication rules of matrices Dy, () (equation (56)) and the
property [3]
Dy () = Dmn(FW_lF) ) (65)

we can show that the effect of the conformal transformation C; on vertex Vi is given by

N N 00
_ 1 o A - .
vicr! = <H i<0\> exp | 3 S Y D (rvi 1Vj) ol (66)
=1 3,7=1 n,m=0
i#]
i.e. the effect of C on vertex Vj is to change Vozl — Vi_1 and Vy; — Vj; thus eliminating the dependence of
the cycling transformations of every leg except leg E on the latter. The same can be done to obtain the effect
of conformal transformation Cs on vertex VQT, with the same results. So, the effect of these transformations is

to eliminate from the cycling transformations of the composite vertex all dependence on the sewn legs E and
F.

3 Introduction of ghosts

We now introduce ghosts in the vertex so that what we must sew now are two vertices with some ghost variables
attached to them, i.e. we will be considering the physical vertices [ which have the correct ghost number.
In this case, in addition to satisfying the overlap identities with the conformal operator @, the two physical
vertices and the composite vertex must also satisfy some overlap identities with the conformal operators b* and

c', given by [4]

bE) = S b (67)

&) = Y L&) (68)
n=-00
where ¢!, and b}, are ghost anticommuting oscillators with anticommutation relations
{Chs bl} = Onom - (69)
These operators have, respectively, conformal weights 2 and —1, what means that they transform like

b)) = (%’)Qbﬂ'(@) , (70)

c@ = (%) o). ()

The overlap identities for a vertex V with these operators are given by

N2
1% [bi(fi) — (2—2) bﬂ(gj)] =0, (72)

v [ci@i) - (%) cf'(sj)] 0. (73)



We shall be working here with overlap identities for the physical vertex U [4], which has the correct ghost
number, instead of the overlap identities for vertex V. The physical vertex is given by [4]

U=V ﬁ iv: i erlbl, (74)

i=1 j=ln=—1
i#a,b,c

where a, b, ¢ are any three legs of the vertex and the matrix €%/ is given by

o
S e =vo.y; (75)
n=—1
where the cycling transformations are now defined on the complete generators £i of the conformal algebra of

the bosonic oscillators and of the ghost oscillators. These vectors e have the following property:

oV N o
57 =V > el . (76)

j=ln=—1

In order to derive the overlap identity for the physical vertex U, we must multiply the overlap identity for
V by the same factor as in equation (if4),

vl - (%) v 133 | =0 (77)
? . J n“n | — ’
L dg; kﬁ:}) I=1n=-1

v]eer - (%) o] | T %3 et | =0 (78)
1 . J n-n -
L dg; kﬁ:}) I=1n=-1

and pass it through the overlap identities, obtaining

U [b%) - (@)ij@j)] 0, (79)

dg;
. de\"1
U [Cz(fi)— (d—?> Cj(ﬁj)]
N N N 0o A g
A IACEN | EDIDIADY [eﬁ?(&)”“— (—J> egﬂ(gj)nﬂl ~0. (80)
p=1 e iste= n—-1 dg;
p#a,0,c a,0,c
k#p

From (8(l) we can see that there will be an anomalous term in the ¢’ overlap of the physical vertex U unless
both legs i and j are precisely those legs (a, b or ¢) that do not have any ghosts attached to them. These ghosts
which are attached to all the other legs are responsible for the anomalous terms.

3.1 Analysis of the ghost number

Before going any further, it is necessary to make some considerations on the ghost number of the composite
vertex. As we shall see shortly, in the case where we perform the sewing with ghosts included, using the physical
vertices, the resulting composite physical vertex will not have the correct ghost number unless we insert some
extra ghosts in vertex U; before the sewing takes place. Considering this, we shall define the composite vertex
to be given by

U. = U,GPU]J (81)

where G are some extra ghosts that will be introduced in order to make vertex U, have the correct ghost
number and P is the propagator (in its integrated form).

10



We must now analyze the ghost number of the composite vertex and of its parts in order to calculate the
ghost number that the extra ghosts G must have. In order to do this, we shall use the ghost number operator
Ngp,. For a vertex with N legs, the ghost number operator is defined by

Z ( Z C—n n Zb—n n) . (82)

i=1 \n=-1

The reason why the ghost number operator is a sum from ¢ = 1 to ¢ = N is because there are N vacua that will
annihilate the operators corresponding to each one of them. When acting on the physical vertex, this operator
gives a ghost number N, what is the correct ghost number for a tree vertex with N legs.

In the case of the composite vertex, it has N; + Ny — 2 legs (because it does not have legs F and F', which
have been sewn together) and so it must have ghost number (N7 + Ny — 2). For this vertex, the ghost number
operator N&" can be divided into two parts:

Ngh — NE' L NED (83)
where

(iam zm@y (84)

n=-—1

Ny
gh _
NE o= )]
=1
E
No

WH:z(iam zmm). (85)

e VT
This ghost number operator will have the following effect on the composite vertex:
U.NE" = U, (ngh + N§h) = (N1 + Ny —2)U, . (86)
Given formula (81) for the composite vertex, we then have

UNE" = UyNE"GPUS + Uy |G, NE"| PUJ + U\GPU{NS" . (87)

In order to calculate this, we must pay some attention to terms one and three of the right hand side of the
expression above. We know that

U, (Nig’h + Ngh) = N Uy , (88)
Us (N§" + N§') = Nolly (89)
where
h x x
Ng' o= > B = bE el (90)
n=—1 n=2
h x
Ng' = Z bl = > b e (91)
n=—1 n=2

Taking the Hermitian conjugate of equation (89) only on leg F', we obtain
UINE" + N2Ul = U (92)
Since for N %hT (and for any arbitrary ghost number operator)
Ne e g (93)

11



we then obtain, substituting (88), (b2) and (93) into equation (87),
UNE" = (N1 + Ny — 3)UsGPUS + Uy |G, NF*| PUJ — U\ N§'GPUJ + U\GPN'UJ . (94)
Passing V %h through the extra ghosts G, we then obtain
UNE" = (Ni+ N, —3)U\GPUJ + Uy |G, N§*| PUJ
Uy [N§", G| PUJ - hGPNE'US + U\ GPNE'UY (95)

We must now remember that, in the composite vertex, we identify every operator on leg F with operators
on leg F' so that N eh— N %h. Doing this, the last two terms in (B5) cancel and we obtain the following result:

UNE" = (N1 + Ny = 3)IhGPUJ + Uy |G, NE" + N§'| PUJ . (96)
The fact that U, has ghost number Ny + Ny — 2 then implies that
[G, NE Ngh] -G, (97)

i.e. the extra ghosts that must be introduced in vertex U; must have ghost number 1. P

There is an infinite number of combinations of ghosts that have ghost number 1. We could have any linear
combination of ghosts of the type b, bcb, bebeb, etc. but it will prove to be simpler to choose G to be a
combination of ’'s only so that we may represent it as

Nl 0 . .
G:; Z ol bt (98)

where o, are the coefficients of the linear combination. In order to determine the correct linear combination,
we must use some other conditions, like BRST invariance of the scattering amplitude. This we shall see next.

3.2 BRST invariance

We must now impose that the scattering amplitude obtained from the composite vertex is BRST invariant and
check whether this condition is strong enough to determine G. The scattering amplitude [:-1.'] is obtained by
acting with the composite vertex

U. = U,GPUJ (99)

on a certain number of physical states (|x1)|x2)-..|x~)) and then by integrating over all variables z; (i =
1,..., N1+ No; ¢ #E,F)
N1+N>

W= / [ d= GGPUS ) xa) - xw) - (100)
B
P is the propagator in its integrated form and G are the extra ghosts to be inserted in Uj.
The action of the BRST charge () on this scattering amplitude is given by

N1+N>
WQ:/ [T dz U, QIGPUSIx1)Ix2) - - Ixv)
i=1

i#E,F
N1+N> N1+N>
+ [ 11 d= i iG.QPUS ) ba) - bo) + [ 1] de TGP QU ) - )
z;ézi'lF z;ézi'lF
N1+N3
+ [ 11 a5 0GP [U1Q] ) - hxw) (101)

=1
1#EF

5This contrasts with references [5} and [2_3'} where it is claimed that the extra ghosts should have ghost number 1, 2 or 3, depending
on the way one chooses legs F and F' to have or not to have ghosts attached to them.
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The first and third terms will result in total derivatives that give zero when one integrates over some variables
[il] and so what remain are just the second and third terms.

The commutator P is given by a pure conformal transformation, and it is a function of the generators
LE (n=—1,...) only. As the BRST charge commutes with all £LZ’s, i.e.

£E.Q| =0 (102)
we have
[P,Q]=0. (103)
Considering now that
b, Q) = £ (104)
we then have, for G given by (D8),
N1 o0
UL[G.Ql=U1Y Y. ahLy . (105)
i=1n=—1

In order for the scattering amplitude W to be BRST invariant, expression (i{05) must be zero or a total
derivative (that can be integrated out to become a null surface term). At the same time, we want these extra
ghosts to place (talking in terms of the simple cycling) a ghost on one of the legs in U; that do not have any
ghosts attached to them. If we now remember property (i76), we see that we can satisfy these constraints in a
nice way by choosing G to be given by

N1 oo
G=(-1)MFeN" N etdb), (106)
j=1n=—1

where a (a # F) is one of the legs of vertex U; that does not have ghosts attached to it. Inserting these ghosts
in vertex U, we have

N1 N1 x . N1 x o N1 N1 x o
NnG=w I] > > eFol, x (=M 3" N ewiv) =1y [ D2 Y eldv] . (107)
Ci=1  k=1m=-1 j=1n=—1 i=1 j=ln=—1
i#a,b,c i#b,c

Using formula (06) for the extra ghosts G, we then have

N1 oo N oo
0GQ) = Ti(=)M > 3 e [8,Q) = ()N Y Y es,

j=ln=-1 j=ln=-1

— (_1)N1+ag—2 I > > e (108)

what is a total derivative that will vanish when one does the integration over z,.

In references [B] and [G], the extra ghosts have been placed in the propagator. Although this can be done,
there is no way one can derive a formula for the ghosts in the propagator for a general cycling. In that case,
the extra ghosts must be derived and BRST invariance has to be checked for each particular cycling. Also, the
resulting composite vertex obtained in that case is not similar in its ghost structure to an ordinary tree vertex,
although it has the correct ghost number.

3.3 Overlap identities

We must now use the overlap identities to determine the propagator that satisfies them. In order to do this
we shall start with vertex UY, which is the vertex with cycling transformations Vi_1 which involve leg F.
Considering equations () and (80), the overlap identities for vertex U between an arbitrary leg i and leg E
are given by (figure 12)
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Figure 12: Overlap identity for UY.

2

vy lbi(&n) - (Cclzgﬁ(:)E> bE(EOE)] - (109)

. d -1
Uy [cl(ﬁoz‘) - (;ﬁ‘f) CE(&)E)]

Ny Ny Ny oo oo ‘ ; B

+V10 Z (—1)P H Z Z e’;lbé Z [egz(&)i)n—f—l _ (%) eﬁE(&)E)”‘H] e w10)

pi«jlly,c kia:%)c I=lg=-1 n=-1

k#p

The extra ghosts must then be inserted in vertex U} so that the composite vertex will have the correct
ghost number. Multiplying expressions ({09) and ([10) by the extra ghosts G (given by (106)) and passing
them through the overlaps we obtain (figure 13)

©-@

Figure 13: Overlap identity for UPG.

0 | pige . déop\? & _
Ulc*[b o) - (S2) v <50E>] 0, (111)
—1 o) —1
U?G [ci(fm‘) — (%) CE(fOE) + U:(l)(_l)Nl‘f'a Z le%i(&)i)n—kl . (%) eZE(&)E)”“]
' n=—1 T

Ny Ny N1 oo N1 oo o
S (S8 ) (2 5 )

=1 = —1q=——1 —1n=—1
pga,b,c kiav%)ac =l J=tn
k#p
— ‘ 1 déop\ " B 1
x D |en (o)™ - (f> ebP (&op)" | = 0. (112)
n=-—1 0

The second and third terms of equation (112) can be combined so that it becomes

-1
U?G [Cz(goz) . (ngE) CE(&OE)‘|

do;
0 N1 N1 N1 oo Ll 00 ) . dé.OE -1 5 L
ap St T (35 ) 55 e - (%) araurs] <o,
pibic Kape N
k#p
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At this point, we must introduce conformal transformations of the type of Cy, given by (30) in order to
have at the end the correct cycling transformations for the composite vertex. In order to do this we need to
use matrices Ey,,(7), defined by [b]

Bun() = s P o (22) an
= z Y2
nm (Y (m+ 1)1 9zm+1 7 0z 0
which have the following properties:
1
Z Ert('Yl)Ets('YQ) = Ers(’Yl’YQ) , T8, t= _17 07 1 ) (115)
t=—1
Ern(’}/):() , r=-1,0,1 , n=>2, (116)
o0
Z E”p(’yl)Epm(’YQ) = Enm('Yl'YQ) y Mym > -1 ) (117)
p=—1
00 1
ZEHP('Yl)Epm('YQ) = Enm(172) — Z Enr () Ers(72)0sm >, nym >2. (118)
p=2 r,s=—1

The action of the operator C; on the ghosts b?, can then be calculated in the following way: first we write
b;, in terms of an integral over the conformal operator b!,(&;)

by, :% déo; (€0i)" 10" (€0i) - (119)
0=
Then we insert the operator C;:
i ~—1 1 (4 1 2 i(v—1
C1b,Cq :% doi (§oi) Vi Voioi ) (Vi V()z‘fOi) : (120)
§0:=0 d&o;
After a change of variables & = Vi_lVOi&)i we havef:
. 1 1 n+1 d 1 -1
cer = §de (vivie)" (Gpvatvis) Ve (121)
§i=0 dé&;

Using matrices FE,,, (), we then may expand &; in terms of &. If we also expand b%(;), we then obtain

CBACT = Y 30§ ds Ban (Vi V() (602 (122)
m=—1 p=—o00 €=0
Performing the integration we then have
CLbCrt = > Epn(Vy; ' Va)bE, (123)
m=—1

Using (23) in equations (111) and (£13) and multiplying (111) by (d&;/d€;) 2 and (L13) by d&;/d&oi, we

then have (figure 14)
i J

@@

Figure 14: Overlap identity for U GC .

"Note that, because &; is a polynomial in £o; (with no constant term), then &y =0 = & = 0.
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vGer! [m) (dgE) <5E>] - (124)

dg;
Ny
et & T3 8 e ()
k=1 |1=1qt=—1
leb,c
k#p

vpec;! [ci@i) - (%) ey

p#b c

3 [ Enn (Ve Vi) <fi>m+1—(f—§)_lezEEnm (Vor Vi) <5E>m+1]=o. (125)
n,m=-—1 v

Before going further, some words must be said about the effects of C;' on vertex U with the extra ghosts
G. This is given explicitly by [4][5]

G = (Hm\) exp Z Z Z chEnm (Vi ' Voy ) bl

2,j=1 n=2m=-1

i#£]
1 N 1 A N1 N oo o
I35 Btk [T 3 3 e (126)
r=—11i=1s=— Jj=1ln=-—

i#b,c
Making use of matrices Fj,, (), defined by [5]

Fn) = =g 5 {h(z)]”‘z EClE }

we may calculate in a similar way as we did for the b?, ghosts the effect of C; on the ¢, ghosts, obtaining

(127)

z=0

o
CrehCrt =" Fun(V 'Vi)cl, - (128)
m=2
Using this together with the property
Fun(Y) = Eqn(Py~'T) (129)

and equation (123), we may then show that the result of acting with C7* on UYG is

neert = (H 0\) exp Z Z Z chEnm (TV; V5 ) b,

i,j=1 n=2m=-—1
i#£]

< ] Z Z Ero(Vi)bl, % H Z Z Epin (Vo V)b, - (130)

r=—14=1s=-1 =1 j=1n,m=-1
z;ébc

So we can see that in this case the action of C Lon UYG is not just to change Vp; — V;. Because of the peculiar
nature of e}/, it transforms as

ed — Z € B (Vo; V)2, (131)
m=—1

Only in one particular group of cycling transformations (as we shall see later) will this be just equivalent to
changing Vi, — V;. We shall call from now on U?GC{ I'= U, and VloCl_ 1'= V. The calculation for vertex
CFU;Cgl will be similar to the one we have just made for UYGC .
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Having done this, we must insert the propagator P into the overlap identities ({24) and ({25) in the same
way as in the case with no ghosts. But now we must take extra care since there are terms depending on bE
the second term of equation (125). Using equation (123) as a guideline, we have

POEP = 3" Eu(P)bf (132)
t=—1

so that the result of inserting P into overlaps (124) and (I25) is (figure 15)

i J

®-@

Figure 15: Overlap identity for U; P.

7 d —1 2 E
P b(ﬁi)—(d—gp €E> b (73 €E) =0, (133)
-1
U173[ (&) - ( dcé P‘1£E> e (P‘lﬁE)]
N1 Ny [ Ny
P 3 (07 T X2 | 20 eq Bar (Vi Vb, + eg” Eqr (Vo VP)br”
p=1 k=1 qit=—1 | I=1
p#b,c k]zi)],}c I#E
1 m+1 (9E B -1 m+1
C S | B (Vi V&) ~(%8) @BV Ve)ee™ | =0. (134)
nm=—1 7

The operators of the overlap equations are now facing leg F' of vertex U;r . In order to obtain the overlap
identities for this leg, we must now identify the operators of leg E with the ones of leg F', which are adjoint
operators:

bE L pFT | pF pfT B P (135)

First, as b"" and ¢ are conformal operators with weights 2 and —1, respectively, we have

e = TP (g)r = (%rsp) bF (Ter) = (€7) 7 (D) | (136)
-1
Fep) = T (ep)l = (%rsp) o (Tép) — (€p)°c" (Tép) - (137)
Then, for b% and cf, we obtain
F1 = rFr=—cf | (138)
b1 = TufTME (139)

Then, we must also make the change

(d€E>_1 PE (gt = (d€F>_1 (dg_E>_1 PE (¢

dg&; dg; d€r
—1 o0
- (G) X (e @ (140
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So, the overlap equations become

0P [bi@i) - (%P—%E)Q (Pex) " oF (FP—%E)] =0, (141)
: d -1, 2 N
0P [c@(ém (d—&P 1@) (P'ee) " (TP 1@)]

x N1

Ny N
P Y (0P T S |3 By (Vi Vi) b+ b By (Vo VieP) oF
p=1 k=1 qt=—1 | [=1

pth,c k£b,c I£F
k#p
— D —1 m+1 dé.F - pE —1 m+1
X Z en Enm (Voz VZ) (gz) - E en Enm (V()E VF) (gF) =0. (142)
n,m=-—1 ¢

We are then facing the conformal transformation Cr that takes £r into £yr. Inserting this transformation

we obtain (figure 16): |
®-@

Figure 16: Overlap identity for U1 PCF.

UPCr lbi(fi) - (d%ip_le)Q (P_le) -

2
Vo VETP 6\ 5 (1,1 .
(" ) (e

—0, (143)
; P e N N | v S el 37 - F (11 1
UPCr (&) + (2P ) (P76) (= impig, o (Vor VTP~ ¢p)
N1 N1 x N1
+ViPCr Y (=17 [T >0 | D e Ba (Voflvl) b — q" Fat (VO_EIVEPFVFTI%F) b
p=1 k=1 qt=—1 | =1
p#b,c k#b,c I#E
k#p
— i — m d, ! — m
P> [Em (Vi V) (€ = (S ) e B (Vi Vor) (o) ﬂzo. (144
nm=—1 7

We are facing now vertex VQOT. This vertex satisfies the following overlap identity [4]:

1

No 1
ST B (Vo) VT = VTS ST B (Vobl . r=—1,0,1. (145)
s=—1 i=1 s=—1
i£F

Using equation (117), we have

Eq(Ver VEPTVE WVorlbf = 3 Egu(Vod VePTVi ) Eun (Vo )b (146)

u=-—1
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All terms on b} with ¢ > 2 get annihilated by the conjugate vacuum |0), while we may use identity ({45) to
substitute the terms in b%', »r = —1,0, 1. Doing this, equation (144) becomes

i N (VR VTP e\ T b1 e
Uy PCp C(fi)‘i‘(dgzp fE) (73 15E) ( Ogmf—lgE E) e’ (VoplvFFP 15E)]

Ny Ny 00
wvirce Y (P I S Ze "By (Vo' Vi) b + Ze’fEeq (Vou ViePTV; Vo) 8}

Tobe i © 7 | 2k ZF

k#p
mi1 (or\ 7" e -1 mtl| _

XWZ_I[ B (Vi 'V2) (€)™ —(f) e’ Bum (Voz Vor ) (é0r) +] =0. (147)

Equations (143) and (147) are the overlap identities between legs ¢ and F.
In order to obtain the overlaps between leg ¢ of vertex U; and an arbitrary leg j of vertex U;r , we must
now perform a cycling transformation that will take the operators from leg F' to leg j. The effect of this

transformation on ¢! (FP‘lVE_lVi&) is

Vg, Vel P~ g
AV, VT P—ep

Vi Wl ( AVElP~ £E) SV = ( >_ cf(vj—lvFrP—lgE). (148)

Then, we must also write

(diif )_lﬁ_ﬁ% (Vi) <fw>m“:(i%§j)‘ 5 b (Vi) ™

m=-—1

/
: ‘
Figure 17: Overlap identity for U177C'FV20T.

Uy PCEVy ! [bi(fi) _(d§ P €E> (73 ¢ )

dV()]lVFFP L¢p
dl'P—¢g

) b (%;1VFFP—15E)] —-0, (150)

A -1 AV VEDP e\ T
0f | e —1. 2 0j VF E F (-1 -1
UPCrV," | cl(&) + ( i fE) (P"¢x) ( TP e, ) " (Vo' Vel P~ "¢p)
0 N1 N1 o0 1 N2 1 1
+ViPCeVT ST~ Y Z el Bo (Vo "VI) b+ Y eb? By (Voi VPTV, Vi) 0}
Do Ame ™ b IZE
k#p
— i —1 m+1 Ao\ 7" & —1 m41
nm=—1 7
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The operators are now facing the ghosts that surround vertex US' (like in equation (i4)):

No

11 Z Z e'b, + Z R (152)

k=1 I=1 q=—1 =1
ktdgh \I2F ?
so that we must insert these ghosts into the expressions for the overlaps. Before doing that, we must notice
that the extra ghosts acting on vertex VQOT have at their left both the conformal transformation Cr and the
propagator P so that we must first pass them through in order to reach vertex U;:

N2 N2 o0
PCr II | D0 D ebvl+ Z ek r,
k=1 =1 g=-1 q=—1
k#d,g,h \I#£F
N2 9]
= 1] Z Z es'th, — > el Eq(Vg Vel P~ Ibf | PCr . (153)
=1 g=-1 q,t=—1

k=1
k#d,g,h 175F

Then, identifying legs ¥ and F, we have the following expression for the ghosts:

No 00
II Z Z ehlth — > bl By (Vo VTP ) bF | P . (154)

k=1 g t=—1
k#d.g,h 175F

We may now pass it through the conformal transformation C, obtaining

No

11 Z Z ehlth— > ekl By (Vo VTP~V Vo ) b | P . (155)

k=1 g t=—1
k#d.g,h 175F

This is now facing vertex V{?, which satisfies the following overlap identity [4]:
%% Z E,s(Vop)bt = -V Z Z Ens(Voi)bl , r=-1,0,1. (156)

s=—1 i=1 s=—1
i#E

Using this identity, we may then write the extra ghosts as

N. N 00
ﬁ Z Z eklol + 21: > b By (Vor VTP~ Vg Vi) 0} | - (157)
wiaon |1ZF [y =

Passing it back through C; we then have

No

11 f i ’“lbl+z Z ( AVET PV, 1Vl) bl . (158)

k=1 =1 q=—1 z L gi—1
k#d,g,h [ I#F

We now insert these ghosts into expressions (i150) and (151). We do so by multiplying them by (158) and
passing it through the first term of the overlaps. What we obtain is (figure 18)
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Figure 18: Overlap identity for U177C’FU§ f,

Uy PCRUS [bi(ﬁi) - (df P §E> (73 ¢ )

d%]l‘/FFP 1£E F -1 -1
( TP, b (Voj VelP 5E) -0, (159)

0t

ci(gi)—i—(d&?? £E> (73 §E) (dVoJlVFFP 1£E> (Vo}lVFFP_lﬁE)]

N. N.
+U1PCFV2°Ti(—1)p H Z Z ex'vl + Z Z gt (Vop VeTP ™1V 'V ) b}
p=1 k;fz;,h #F = z7£1 g, t=—1
P

<3 {Z et B (Vor Ve P~V V) (60!

n=—1 |m=-1

d -1 o (AV VTP ep\ -
_i_(EzP—lé-E) (zp—lé-E) < 0j VE £E> e;g] (Vb;lVFFIP—lé-E)

dFP_le
Ny Ny 00 Ny No
+PCeVy T S (C1PT] Y | D e B (Ve Vb, + > ebP By (Vo VePTV, Vi) b
p=1 k=1 qit=-1 ] [I=1 =1
pEbe  k#be I£E I#F
k+p
x© | B déo;
% 1 m m+1
3| (G V6 “—(@?) b’ Enm (Vop Vi) (S05) +]
No 00
<1 Z > klb“rz > o Eg (Vo Vel PV Vi) bl =0 . (160)
k=1 =1 ¢g=-1 =1 q,t=—1
k#d,gh | I£F I#E

We are then facing the last term of this composite vertex: the conformal transformation C on vertex VQOT.
Inserting it into equations ({59) and (160), we obtain (figure 19)

@

Figure 19: Overlap identity for U177U2T .

UlpU; lbi(fi) - (di&P_lgEy (P_le) -
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(dvj—lvprp—lgE

2
) ¥ ()| <.

A -1 o (AV VR P e
| dre -1 J F(y,—1 -1
UiPU, C(fz)‘i‘(dgzp fE) (73 fE) ( TP 1, ) c (VJ Vel'P fE)
N»
+UiPVS Y (— H Z Z M Eg (Vi 'Vi)bh + Z b Bq (Vo Vel P~V 'V ) b}
p=t k;éd,g,h =1 1175%’ z;sE
k#p
<2 {Z ebF B (Vo VETP IV V3 ()™
n=—1 |m=-—1
2
d 1o N e N2 (VT VETP T RN B
+(d—£i73 fE) (73 §E) ( TP, e (VJ VrI'P §E)
Ny 0 Ny No
+ViPYy S (- H S| M BNV Vbl + > ebF By (Vo VePTVE ) 8
p=1 k=1 gqt=—1 | I=1 =1
kD
- 7 —1 m—+1 dé.] - E —1 m+1
X Z en Enm(Vo; Vi) (&) - (E) en” Enm(Vor VE) (&)
n,m=—1 ¢
N2 x
<~ I X Ze Equ(Vy Vi)t + Ze ot (Vor VTPV i) 0| =0 (162)
widgn " 2 (Zh

where we have called C’FUQTC_1 = UJr and C’FVOTC_1 = V2
We must now extract the ghosts from vertex Uj in the second term of equation (162):

Ny 0 Ny
0P = Vi [ 3 | eFEL(Vy ' Vb, + b ¥ By (Vo V)b | P
k=1 qt=—1| I=1

k#be I£E
Ny o) Ny
= VP [I 3 |3 ¥Bu (Vi Vbl + eF 2 By (Vo VEP)OE | (163)
k=1 q,t=-—1 | =1
k+£b,c I£E

Identifying b with b¥, and passing now these ghosts through the conformal transformation Cr, we obtain

N1 [0.9]

UiPCr =ViPCr [ > Z e Eqt (Vo "VI)b, — ebF Equ(Voy VePT VR 'Wor)bf | (164)
k=1 qt=—1 | I=1
k#b,c I£FE

Using now overlap identities (i145) for vertex V2 and inserting the conformal transformation Cs, we then obtain

x N1
ULPCRV,) = ViPCpVy) H SN B (VW) bl—i—ZekEeq (%I;VEPFVF%) bl . (165)
el s (ZF

Substituting into equation (163) we then obtain the overlap identities between legs i and j:

(1%5)
U. [bi@i) (eP've e (Pivgtvie)
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Ue [Ci (5@) +

d 1 2 -1 —11—1
x(d&P ly- ng> (Vj VelP 1V, Vg) —0,  (166)

(2P vetvie) (Prveve)

d 1 - —1 —17,—1
( &P Ve ng> I (Vo Vel P Vg i)

N 00
+V, H 3 Z M B (Vo Vi) b + Z eb? By (Vo VePTV V1) 8}
ol > ZF
k#p
No 00
x Z I Z et By (Vop Vil P~V Vi) 0+ Z M B (Vo ' Vi)l
b kﬁ;,h “= iz 1ZF

<y [e{;FEnm (VO},lVFP_lV];lV;) &)™ + ( d

nm=—1

k#p

i Wi 1V@>_1 (73_11/]511/;@)2

dV; Vel P~ g
% dI'P~Y¢g

Ny
+Ve > (-

p=1
p#bc
s l

nm=—1

N»

< I
k=1

k#d,g,h

k#p

. m+1
) b Enn(Vo;'V3) (V; Vel PV Vigs ) +]

N1 o0
I Z M By (Vi 'Vi)bh + Z kP By (Vo VePTV V1) 3}
ol oy ZF
k#p
V 1V)(f )m—f—l (&>_ epEEnm (V ) (5 )n+1
nm 0z ? dé.z 0F J
3 Z et By (Vo Vel PV V1) 0 + Z M B (Vg Vb = 0. (167)
o= 1Z5 {ZF

If we now impose that these are the correct overlap equations between legs i and j of the composite vertex

we then must have:

VWVEIP e = ¢ (168)

what fixes the propagator as

which is the same form of the propagator for the bosonic part, but now with the cyclings defined on the

complete generators Ef;.

AL (

Ue :Ci(fi) - (
No
ap>

p=1
p#d,g,h

The overlap equations now read

déiN?
d%) bﬂ(gj)] 0. (170)
_ N 0 N
N )| +v, H 3 Z M Eu(Viy 1Vbl+Ze (Vor vi) o
dé; c L] ~ & qt\Vor 1) Eqt (Vop Vi) by
kl%lc A z;sF
k#p
N2 o0
I Z et By (Vo Vi) 0 + Z M E (Vg ' V)bl
k;édghqti_l [z} ZF

k#p
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At S
<Y [FEm (Vi) € = (32) ezﬂEm<v0;1vj><£j>m+1]

N1 N1 o

+Ve Yo (=02 T Z e B (Vo ' VI)bL + Z rE By (Vo_Ele) bl
pp%lc pal P 2 [ZF
k#p
dei\ !
3 [ BunVi VO™ = () P B (Vi V) <fj>"+1]
nm=—1 7
No 00
<~ I Z et By (Vo Vi) bl + Z M B (Ve ' Vibk| = 0. (171)
wtagn P 2R Ik

k#p

These are the overlap identities between legs ¢ and j of the composite vertex U..
From these overlap equations it is then possible to derive the form of the composite vertex. It is given by

N1+N2 Ni1+N2 oo 1 Ni+Ny 1
I N T D i S SRR I | B S SR
ci=1 i,j=1 n=2m=-1 r=—1 =1 s=-—1
1#EF A Zgé - 1#EF
,J 3

Ny 0 Ny 3 ' No A '
x H S Y (Ve Vbl + > e B (Voi Vi ) B

=1 nm=-—1 | j=1 j=1
z;ébc J#£E j#F
No
x H Z Z i B (Vor Vi) Ui+ Y €l Bnn(Vo; Vi)Vl | - (172)
nm=-—1 | j=1 Jj=1
idog h J£E JEF

Although this is the correct composite vertex for a general cycling, its ghost structure is not very apparent.
We may use the explicit expression for the vectors €% [7]:

o0

el = > k3 Emn(vh) (173)
m=—1
where
ij ij O . i 0
k—l = 51] s kO = —a—zz lnao s kn = —a—zz , n Z 1 (174)
and
'711 = VJ ) (175)

73 — eXp(—ﬁélDa(%)eXp< Zaﬂﬁﬂ> , (176)

'YZZ = exp (— Z &%E%) , p=>1. (177)

n=p+1

If we assume now that the cycling transformations V L and Vi ! do not depend on the variables z; of vertex
Up or zj of vertex U;r, and if we have in mind that €%/ = 0 for any leg i of vertex U; and a leg j of vertex U;r
(or vice-versa), then we have

¢ =513 By (V) (178)

r=—
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what simplifies things considerably. We shall call all cyclings that have such properties “simple cycling-like”.
In this kind of cyclings, each leg has its own ghost attached to it, with the exception of three of the legs which
have no ghosts attached to them. We will now consider three cases separately: one in which none of the legs
E or F have ghosts attached to them, one in which one of these legs (say E) has a ghost attached to it, and a
case where both legs (E and F') have ghosts attached to them.

The composite vertex for the case where neither F nor F' (we choose E' = b and F' = g) have ghosts attached
is given by

N1 1 N2 1

U =VE T Y EnVibix T 0 Boa(Vib: (179)
g !
i£E i#F

where V" is the vertex given by the first two terms of equation (7). For the case where leg F has a ghost
attached to it, but not leg F' (we shall call F' = g), the composite vertex is given by

Ny 1 No 1 No 1
vR v T X B S0 Y BV x I] 3 B, (so)
i=1 r=-1 j=1 r=-1 =1 r=-1
i7b.c j£F i#d,h
i#E 1#F

In the last case, where both E and F' have ghosts attached to them, we then have

Ny 1 )
v = VX [ Y BV

=1 r=-—1
i#b,c
i#E
No 1 ) Ny 1 ) No 1 .
X Z Z E_1r(Vj)b x Z Z E_1r(Vj)b]. X H Z E_1,(Vi)b;. . (181)
j=1 r=—1 j=1 r=—1 Ci=1 r=—1
J#F J#E lf;gg;h

We can see that, for each case, the composite vertex has the correct ghosts number (N7 + No — 2).

4 Conclusions

Using overlap identities, two vertices were sewn together in order to become a composite vertex. The calcula-
tions have been done with the correct ghost numbers for each vertex and the result has both BRST invariance
and the correct ghost counting.
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