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Preface

The presentmonographdescribesresultsof my work carried out at the Institute of
Physicsat Aalborg University Aalborg, Denmarkin the periodfrom Februaryl995to
May 1998andatthe Departmenbf PhysicsandAstronomyat MississippiStateUniver-
sity, Starkville, Mississippi,United Statesof Americain the periodfrom August1996
to Januaryl997. This monographs submittedasa Ph.D.thesisto the Faculty of Engi-
neeringandScienceat Aalborg University

With this dissertation] intendto describein a unified fashionthe work donein the
time frame of the programme.It is my intentionthat the contentsof this monograph
shouldgo deepeandbroaderinto the materialthathasbeenprocessedor publishingin
articles,andthusincluderesultsandcommentson materialnot suitablefor publication
aspartsof anarticle. The work is divided into six main parts,eachconsistingof some
separatehaptersTheoutline of thismonographs presentedn thefollowing.

Outline of the dissertation

The motivation for carryingout the presentstudyis givenin Part |, divided into three
separatehaptersin Chapterl abrief summaryof thecontritutionsto scientificprogress
within thelastcentury which | believe arethe mostimportantfor my work, is presented.
The historicalsummaryincludesremarkson nonlinearopticsin generaloptical phase
conjugationin particular nearfield optics,and mesoscopioptics. Chapter2 presents
the theoreticalmodel usually adoptedin optical phaseconjugation(standardtheory).
Chapter3 consistsof a discussiornof the limitations of the standardheoryaswell as
therequirementso atheoreticaimodelthatcanbe usedwheninteractiontakesplaceon
smalllengthscalesand/orin the opticalnearfield region.

In Partll thetaskof developinganonlocaltheoreticatescriptiorof phaseconjugation
of optical nearfields by degeneratdour wave mixing is undertakn. It consistf three
chaptersIn Chapter4 the basicworking framefor the presentreatmentis established,
startingfrom Maxwell’'s equations Chapters setsup thefirst andthird orderresponses
of anelectronusingthedensitymatrix formalismstartingfrom the Liouville equationof
motion. In Chaptel6 thegenerakonductvity responséensordor degeneratdour-wave
mixing excluding spin-efectsare establishedandtheir symmetriesarediscussedPart
Il is concludedwith asmalldiscussion.



Vi Prefice

Partlll discussesleggeneratdour-wave mixing in quantum-welktructurenasome-
what generallevel. For this purposetwo chaptersarewritten. In Chapter8 the con-
ductvity responséensorsn thecasewherea systenmhasbrokentranslationalnvariance
in one spatial direction are establishecand discussedand Chapter9 is devotedto a
discussiorof theconsequences scatteringn a planeusingpolarizedlight.

In Part IV the optical phaseconjugationresponseof a single-lerel quantumwell is
studiedin four chapters.In Chapterl0 the theoreticalconsiderationmecessaryo de-
scribethe phaseconjugationresponsdrom a single-lerel quantumwell are discussed,
andin Chapterl1thenumericalresultsfor thephaseconjugatedesponsérom acopper
guantumwell arediscussedChapterl 2 consistof adiscussiorof two-dimensionaton-
finementof light in front of the single-level quantum-wellphaseconjugatorconsidered
in ChapterslO and11. Chapterl3 concludeshis partwith a shortdiscussion.

Part V takesa similar point of view asPart IV, but for the two-level quantumwell.
Theoreticalconsiderationsre presentedn Chapterl4, while the numericalresultsare
discussedn Chapterl5. A shortdiscussiorconcludeghis partin Chapterl6.

Part VI containsa concludingdiscussioron the developedtheoryandthe numerical
work followed by anoutlook.

There are five Appendicesincluded, consistingof calculationsnot suitablefor the
maintext. AppendixA is a calculationof the linearandnonlinearconductvity tensors
relevantfor studyingdegeneratdour-wave mixing in quantumwell structuresAppendix
B containsthe principal analyticsolutionsto the integralsover the statesparallelto the
planeof translationalinvariancein the quantumwell structures. In Appendix C, the
absolutesolutionto the integrals over the statesparallel to the plane of translational
invariancein thequantumwell structuresrepresentedh termsof theprincipalsolutions
given in Appendix B. AppendixD containsa small calculationof the Fermi enegy
for a quantumwell in the low-temperaturdimit anda calculationof the minimal and
maximalvaluesof thethicknessof aquantumwell giventhedesirechumberof occupied
eigenstateacrosghe quantumwell. AppendixE containssomeintermediateesultsin
the calculationof theintegralsover thesourceregionin Chapterl4.

Referencessedn thiswork arelistedin thebibliographyattheendof thedissertation
accordingto the recommendationby the thirteenthedition of The Chicago Manual of
Stylewith author(s) title, andpublicationdatain alphabeticorderafterthefirst authors
surname.

Notation

Footnotesare marked using a superscriphumberin the text, andthe footnoteitself is
foundatthebottomof thepage.Citationsto otherpeoples work aremadewith reference
to theauthorssurname(sjollowed by the yearof publication. The internationakystem
of units(Sl) hasbheenadoptedhroughouthework, exceptthatthe unit,&ngstrbm (,&) is
usedto denotecertaindistanceg1A= 10 1m).

Vectorquantitiesare denotedwith a unidirectionalarrov above them,i.e., K. Like-
wise,tensorquantitiesaredenotedusinga bidirectionalarraw, i.e., 3. Integrationsover
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vector quantitiesare denoted” [ f(K)d"k”, wheren is the numberof elementsn the
vectork, and f (K) is anarbitraryfunctionof theintegrationvariablek. Unit vectorsare
denoted with anindex indicatingwhich directionis taken. The unit tensoris denoted
by 1, andis usuallya 3 x 3 tensor

Latin indices{i, j,k,h} generallyrefersto the threespatialcoordinatdabels{x,y, z},
andthelatin indices{n,m,v,|} generallyrefersto quantumstates Exceptionsrom this
are (i) whenthe letter“i” appearsn formulaeandis not anindex, it is the comple
numberi? = —1, (i) whenthe letter “k” appearsn formulaeandis not an inde, it
is the wavenumberk = [K|, (iii) the letter“m"” with anindex “€” is the electronmass.
Summationgverrepeatedndicesarestatedexplicitly wheneerit shouldbeperformed.

To avoid confusionregardingthe placemenof 21t's in the Fourierintegral represen-
tation,the Fouriertransformpair

Ft) = %{ [F@edo = Fw = [ Fretd

is adoptedbetweerthetime-andfrequeny domainsandthusto beconsistenthetrans-
form pair

T(F’) = ﬁ/?(ﬁ)eﬂ%rdgk — j-’(_k) — /g_’(r)e—iRYd:sr

is adoptehetweernreal spaceandk-spacehereshavn in threedimensions.

Furthermore the complex conjugateand the Hermitian adjoint of a quantity A are
denotedA* and AT, respectiely. The phrases'+c.c.” and“+H.a.” at the end of an
equationindicatesthe additionof the complex conjugateor the Hermitianadjointof the
foregoingterms. The phrase' +i.t.” atthe endof an equationdenoteghe additionof a
termin which the wave-vectork is replacedby —k. The Laplacianis denotedd?. The
Heaviside unit stepfunction ©(x) hasthe value+1 for x > 0 andO for x < 0, andthe
Kronecler deltad;; hasthevalue+1 fori = j andO for i # j. The Ludolphinenumber
3.14159265.. is denotedby the greeklettert.

Scientific papersand presentationsbasedon this work

Partsof thework presentedn this dissertatiorhasbeenor will be publishedseparately
in theform of proceedingpapersarticles,andletters.They areasfollows:

AndersenT. andO. Keller (1995a). Optical nearfield phaseconjugation:A nonlocal
DFWM responséensor In E. G. Bortchagesky (Ed.), Proceedingof the Interna-
tional AutumnSdiool-Confeencefor YoungScientists'Solid StatePhysics:Funda-
mentals& Applications” (SSPR'95), Kiev, pp. R5—R6. Institute of Semiconductor
Physicsof NASU. ISBN 5-7702-1199-7.

AndersenT. andO. Keller (1996a). PhaseConjugationof Optical NearFields: A new
NonlocalMicroscopicRespons&ensorin O. Keller (Ed.), Notionsand Perspectives
of NonlinearOptics pp.566—-573SingaporeWorld Scientific.ISBN 981-02-2627-6.
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AndersenT. andO. Keller (1998a). Local-fieldtheoryfor optical phaseconjugatiorby
degeneratdour wave mixing in mesoscopinteractionvolumesof condensednedia.
Phys.Scr 58. In press.

AndersenT. andO. Keller (1998b). Opticalphaseconjugatiorin asingle-lezel metallic
guantumwell. Phys.Rev. B 57, 14793-14808.

AndersenT. andO. Keller (1998c). Two-dimensionatonfinemenbf light in front of a
singlelevel quantumwell phaseconjugator Opt. Commun.Submitted.

Furthermorean article on optical phaseconjugationin a two-level (resonantymetallic
guantumwell is in preparationln additionto theabore-mentionegublicationspresen-
tationsof abstractiasbeengivenat conferencesThey are:

Keller, O., M. Xiao andT. Andersen(1994). Phaseconjugationand NearField Micro-
scopy. Postempresentedt theannualmeetingof the DanishOptical Society Lyngby
Denmark,November24.

Andersen]T. andO.Keller(1995b)Random-phase-approxitian studyof theresponse
function describingphaseconjugationby degeneratdour wave mixing. Postemre-
sentedat the annualmeetingof the DanishPhysicalSociety OdensePenmark,May
31-June’.

AndersenT. and O. Keller (1995c) Phaseconjugationof optical nearfields: A new
nonlocalresponsdensorallowing degeneratdour wave mixing studieswith probe
beamsstronglydecayingn space Talk givenattheThird InternationalAalborg Sum-
mer Schoolon NonlinearOptics,Aalborg, Denmark August7—12.

Andersen]T. andO. Keller (1995d)Optical nearfield phaseconjugation: A nonlocal
DFWM responsédensor Talk given at the InternationalAutumn School-Conference
for YoungScientists'Solid StatePhysics:Fundamental& Applications”(SSPR'95)
in Uzhgorod,Ukraine,Septembel 9-26.

Andersen]T. and O. Keller (1996b) Optical PhaseConjugationby DegenerateFour
Wave Mixing in aSingleLevel QuantumWell. Postepresentedttheannualmeeting
of the DanishPhysicalSociety Nyborg, Denmark,May 23—-24.

Andersen]T. andO.Keller(1996c)MicroscopicDescriptionof OpticalNearField Pha-
se Conjugation. Talk given at the SouthEasternSectionMeeting of The American
PhysicalSociety Atlanta-DecatyrGeogia (USA), Novemberl4—-16.Bulletin of the
AmericanPhysicalSociety41, p. 1660.

Andersen]T. andO. Keller (1997a)Optical NearField PhaseConjugation: A Micro-
scopicDescription.Postempresentedt the Fourth InternationalConferenceon Near

Field Optics(NFO-4) Jerusalemisrael,Februaryd—13.

AndersenT. andO. Keller (1997b)Focusingof classicallight beyond the diffraction
limit. Postempresentedtthe annualmeetingof the DanishOptical Society Lyngby
Denmark,Novemberl8-19.

Theabstractareprintedin therelevantmeetingprogrammes.
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Software usedin this project

Creationof the numericalresultspresentedh this work hasbeendonethroughdevelop-
mentof computerprogramsmainly in Fortran90 (Metcalf and Reid 1996). The final
setof programsconsistsof approximately6000lines of codedevelopedby the present
author Becauseof the sizel have chosennot to include a reprint of the codein this
monograph.The presentatiorof the calculateddatais doneusinggnuplotpre-3.6with
some400lines of codeto generatdhe plots asencapsulate@ostScripfiles. This dis-
sertationhasbeentypedentirelyin IATEX 2¢ (GoossendMittelbach,andSamarinl994;
GoossendRahtz,andMittelbach1997),anenhancedersionof thetypesettingprogram
TpX, originally developedby Knuth (1984).
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Chapterl

Historical perspectie

Indeed,asthe greatoratorexpressedt morethantwo millenia ago,naturehasplanted
in our mindsaninsatiablelongingto seethetruth. This naturalcuriosity | believe, has
beenthedriving forcebehindscientificinvestigationsn thehistoryof mankind,andthus
alsobehindtheevolution of electromagnetitheory But sincetheelectrodynamitheory
aswe know it wasinitiated by Maxwell (1864,1891),1 will in the following historical
remarksconcentraten the physicsof the pastcentury Readersvho wantan overvien
of theevolution of electromagnetitheoriesbeforethis centuryarereferredto Born and
Wolf (1980),andthe comprehense surey of Whittaker (1951).

Thework describedn the presendissertatioris mainly concernedvith atheoretical
descriptionof a nonlineartype of electromagnetiénteractionscalled degeneratefour-
wave mixing (DFWM), particularlyin the casewhere phaseconjugationis obtained.
Themaininterestbehindthis studyis to modelthe behaiour of the DFWM interaction
in mesoscopigolumesandin the opticalnearfield zone.Thus,in relationto established
branche®f modernoptics,this work belongsto thefields of nonlinearoptics(especial-
ly four-wave mixing), nearfield optics,and mesoscopisystems.In the remainingof
this chapten thereforeintendto describebriefly the contritutionsto scientificprogress
within thelastcentury which | believe arethe mostsignificantfor the presenstudy

Although Einsteinalreadyin 1916 predictedthe existenceof stimulatedemission
(Einstein1916,1917), the main objective of opticsremainedinear obserationsuntil
afterthedevelopmentof themasetin theearly 19505, whereTownesandco-workersat
ColumbiaUniversity usedstimulatedemissionfor amplificationof an electromagnetic
field in combinationwith a resonato{Gordon,Zeiger and Townes1954,1955). An
applicationof the principlesof the maserin the optical region of the electromagnetic
spectrumwasproposedn 1958by Schavlow and Townes,andin 1960 Maiman con-
structedthefirst laser—a pulsedruby laser Thefirst laserdelivering a continous-vave
outputwasconstructedn 1961usinga mixture of Helium andNeongassegJavan, Jr.,
andHerriot1961). Thelasemrapidly becamef significantimportancen opticalphysics,
wherethefield of nonlinearopticswasignitedby thesuccessfubbserationby Franlen,
Hill, PetersandWeinrich (1961)of radiationof light atthe seconcharmonicfrequenyg
(with a wavelengthA of 3472&) generatediy a quartzcrystalilluminated with light
from aruby laser(A = 6943). Sincethennonlinearopticshasbeenof interestto mary
researcheraroundthe globe exploring a large numberof differentnonlinearphenom-

3



4 Partl: Motivation

ena,suchassecond-third-, andhigherorderharmonicgenerationppticalrectification,
sumanddifferencefrequenyg generationthree-,four-, six-, andhighernumberwave-
mixing, lasercooling, laserinducedatomic fusion, stimulatedRaman-and Brillouin
scatteringto mentiona few [see,e.g.,Bloembegen(1965),Boyd (1992),Mandeland
Wolf (1995), Yariv and Yeh (1984), Shen(1984), Schubertand Wilhelmi (1986), and
Mukamel(1995)].

The optical effect of interestin this work, optical phaseconjugation,is nowvadays
usuallyproducedoy meansof nonlinearoptics,althoughthe problemof reconstructing
electromagnetiovavefrontsstartedin the linear optical regime. The pioneeringwork
on optical wavefront reconstructiorn(holography)was carriedout seseral yearsbefore
theinventionof the laserby Gabor(1948,1949)with the purposeof improving there-
solving power of the electronmicroscopdseealsoBragg (1950)]. But only with the
high intensitiesandwith the degreeof temporalandspatialcoherencerovided by the
laser holographidmagingbecameof practicalimportance Suchexperimentsverefirst
reportedby Leith and Upatnieks(1962,1964). SoonthereafterKogelnik (1965)used
a hologramto correctstatic phasedistortionsintroducedonto an optical wavefront. In
this experimenta photosensitie film wasusedfor holographicrecordingof animage,
and the film had to be developedprior to its applicationfor phasecorrection. This
experimentof Kogelnik appeardo be the first accounton optical phaseconjugation.
However, sincea new film hasto be developedevery time the phasedistortionchanges,
this techniquebecomesathercumbersomef the phasedistortionschangedrequently
A key discorery of Gerritsen(1967)madeit possibleto storehologramsdynamicallyin
crystalswith anintensity-dependémefractive index, therebyextendingtheapplicability
domainof optical phaseconjugationto cover descriptionsvherephasedistortionsare
varyingin time. Experimentally the first real-timeoptical phaseconjugationare cre-
ditedto Zel'dovich andco-workers (Zel'dovich, Popwichev, Ragulskii, and Faizullov
1972;Nosach Popwichev, Ragulskii, andFaizullov 1972),in anexperimentbasedon
stimulatedBrillouin scattering.In the late 19705, Hellwarth (1977) suggestedhe use
of a degeneratefour-wave mixing processo producethe phaseconjugatedield. Im-
mediatelythereaftetyariv andPeppe(1977),andindependentlyBloom andBjorklund
(2977),further analyzedhe optical phaseconjugationvia DFWM, resultingin predic-
tionsof amplifiedreflection,coherenimageamplificationandoscillation. Over the past
twentyfive years,thousandf scientific papers several booksandreview articlesde-
scribingdifferentaspectandapplicationsof optical phaseconjugationhave beenpub-
lished, and phaseconjugationin the form of DFWM is now an establishediscipline
in modernexperimentaloptics. Thetheoreticaltreatmentof optical phaseconjugation
are usually baseduponthe work of Yariv (1978), usingthe phaseconjugatingsystem
asadevice in studiesof otherprocessesA comprehense andcoherenintroductionto
the field of optical phaseconjugationcanbe foundin the booksby Zel'dovich, Pilipet-
sky, and Shkune (1985)and Sakai(1992), while a more specializedntroductioncan
be achived throughcollectionsof review papersappearingn booksby Fisher(1983)
andGower andProch(1994),or separatelyby Pepper(1982,1985),Hellwarth (1982),
andKnoesterand Mukamel (1991). Othercollectionsof paperscanbe foundin, e.g.,
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Goodman(1983),andBrueck(1989). Within the lastfew years, DFWM hasbeenused
for creationof optical phaseconjugationin configurationswherethe probefield and
the detectorare within subwavelengthdistancesrom the phase-conjugatingnedium
(Bozhevolnyi, Keller, andSmolyanine 1994;Vohnserl997;Bozhevolnyi 1997).

Thefirst accounbf attentionto subwavelength(opticalnearfield) interactionof light
with matterseemsto be Synge (1928, 1932), who proposedan apparatusjn which
a sampleis illuminated througha small aperturein an opaquescreen the areaof the
aperturebeingsubstantiallysmallerthanthediffractionlimit of thelight usedfor theil-
lumination(of subwavelengthsize). The apertureshouldbe movedin smallincrements
(scannedpverthesampleby useof apiezo-electricrystal. At every stepof thescanning
procedurghelight transmittedhroughthe sampleshouldbe collectedandthe intensity
measuredTheresolvingpower of suchaninstrumenshouldbelimited by thesizeof the
apertureandthe distancerom the apertureo the sampleratherthanby the wavelength
of the illuminating light. For whatever reason,the proposalof Syngewas forgotten,
and eventhoughBethe (1944) and Bouwkamp(1950a,1950b)discussedhe problem
of diffractionby smallholes,theideaof anoptical nearfield microscopeaemainedor-
gottenuntil O’'Keefe(1956) madethe proposal,apparentlywithout ary knowledge of
the instrumentproposedy Synge. The first demonstratiorof animageobtainedwith
scanningn the electromagnetinearfield zonewasgiven by Ash andNichols (1972),
who usedmicrowavesof wavelengthof 3cmto resole metallicgratingswith linewidths
down to 0.5mm,correspondingo 1/60-thof awavelength.Anothertwelve yearsshould
passheforenearfield electrodynamicsvasadresseadgain.Nearfield opticsevolvedin
the mid-eightiesin the wake of the experimentalworks by the groupsof Pohl, Lewis,
and Fischer(Pohl, Denk, and Lanz 1984; Lewis, IsaacsonHarootunian,and Murray
1984; Fischer1985; Fischerand Pohl 1989). The main efforts of this new branchof
modernopticsis concentrateen the original ideaof subwavelengthimaging [see,for
example,therecentlypublishedbook by Paeslerand Moyer (1996),the proceeding®f
the first conferenceon nearfield optics (Pohland Courjon1993),or proceedinggrom
laterconference# nearfield optics(Isaacsorl995;Paeslermndvan Hulst 1995;Nieto-
VesperinagndGarda 1996;vanHulstandLewis 1998)].

The appearancef microscopesvith subwavelengthresolutioninevitably posesthe
guestionsf theresolutionlimit andthe degreeof spatialconfinemenbf light—two in-
separablguestionsn nearfield optics. Fundamentallythespatialconfinemenproblem
is linkedto thefield-matterinteractionin thevicinity of thesourceemittingthefield and
in the nearfield region of thedetector In classicaloptics,nearfield effectstraditionally
have playedaminorrole,andthepossibilitiesfor studyingmaterialpropertiesonasmall
lengthscaleusuallyarejudgedin relationto the diffraction limit criterion attributedto
ErnstAbbe (1873)andthethird baronRayleigh(1896). The Rayleighcriterion,though
mainly invoked in the context of spatialresolution,alsosetsthelimit for the possibili-
ties of light compressionn farfield studies. As alreadyemphasizedy lord Rayleigh
andlaterdiscussedfor instancepy Ronchi(1961),theresolutionproblemis not a sim-
ple one,evenin classicaloptics. A recentsuney of the resolutionproblemwithin the
framawork of classicabpticshasbeengivenby denDekker andvandenBos (1997).
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Whenthe interactionlength of an electromagnetidield acrossthe individual struc-
turesin a condensednattersystemis on the orderof an optical wavelength(typically
a few atomic distances)the theoreticaldescriptionof the field-matterinteractionbe-
longsto thefield of mesoscopielectrodynamicswWithin thelasttwo decadestudiesof
the optical propertiesof mesoscopisystemssuchas quantumwells (singleand mul-
tiple), -wires and -dots, surfaces,interfaces,and more exotic geometrieshave dravn
the attentionof mary researchers.Becauseof the immediatepotentialfor industrial
applicationmary of thesestudieshave beenconcentratean the propertiesof semicon-
ductors(see,e.g.,Weishuch andVinter (1991),andreferenceserein). In recentyears
in particularinvestigationf thenonlinearelectrodynamictave beenin focus. Among
themary nonlinearphenomenatudiesof seconcharmonicgeneration(SipeandStege-
man 1982; Richmond,Robinson,and Shannon1988; Heinz 1991 ; Reiderand Heinz
1995;Liebsch1995;Pederseri995),sum-anddifferencefrequenyg generatior(Reider
andHeinz 1995; Bavli andBand 1991),photondrag(Keller 1993; Vaslo 1996; Chen
andKeller 1997; Keller and Wang 1997), DC-electric-fieldinducedsecondharmonic
generation(Aktsipetros, Melnikov, Murzina, Nikulin, and Rubtsw 1995; Aktsipetrov,
Fedyanin,and Downer 1996), the Kerr effect (Pustogwa, Hibner and Bennemann
1994;Liu andKeller 1995; Rasingand Goerkampl995; Rasing1996), electronicand
vibrationalsurfaceRamanscattering Nkoma1989;Mishchenlo andFal’kovskii 1995;
Garcia-Mdal and Pentry 1996), two-photonphotoemissior{Haight 1995; Fausterand
Steinmannl995; Geoges1995; Shalag, Douketis, Haslett, Stucklessand Moskovits
1996; Tergiman, Warda, Girardeau-Montautand Girardeau-Montaul997), and gen-
erationof higherharmonicsvon der Linde 1996; Gavrila 1992) have playeda promi-
nentrole. Amongthe moreexotic phenomenastudiesof the Aharona-Bohm effectin
mesoscopicings (Wang1997)andwhispering-gallerynodesin microsphere¢Knight,
Dubreuil, SandoghdarHare, Lefevre-Sguin, Raimond,and Harochel1995) have also
beencarriedout lately:.

Fromatheoreticapointof view therefractive index concepbecomesneaninglesfor
structuref mesoscopisize. Therefore macroscopi@pproacheso describethefield-
matterinteractionhave to be abandonedrom the outset,and the theoreticalanalyses
have to be basedn the microscopidMlaxwell equationsombinedwith the Schibdinger
equation.TheSchidingerequationdescribeshequanturnrstateof thecondensedatter
systemandis afundamentapartof thequantunmechanicsnitiatedin thebeginning of
the 20thcenturyby suchscientistsasPlanck,Einstein,Bohr, Heisenbeay, Born, Jordan,
de Broglie, Schibdingerand Dirac. Even an attemptto give a satisactory historical
suney of the developmentof quantummechanicsat this point will fail becausef the
almostuniversal statusquantummechanicshasreachedn the descriptionof modern
physics. Instead,for the history of quantummechanicsncluding a descriptionof the
mathematicafoundation,pleaseconsultfor example von Neumann(1932) or Bohm
(1951). A modernand comprehensk descriptionof quantummechanicds given by
Cohen-B&nnoudji,Diu, andLaloé (1977),wherealsoa comprehense list of references
to key papersanbefound. An exampleof interestingpaperss the seriesof articlesby
Schibdinger(1926a,1926b).



Chapter2

Standardheoryof
opticalphaseconjugation by degeneratdour-wave mixing

Opticalphaseconjugationis anonlinearopticalphenomenonin which anincomingop-
tical field is reflectedn sucha mannetthatthe wavefrontsof thereflectedield coincide
with theincomingfield, hencealsothe name“wavefrontinversion”, frequentlyusedin
the literature. The principle of optical phaseconjugationhasgainedwidespreadatten-
tion becausef its ability to correctfor distortionsintroducedin a pathtraversedby an
optical signal. In principle, it workslike this: An optical sourceis placedon oneside
of adistortingmedium(crystal,waveguide,atmospheregtc.). A systemin which phase
conjugationtakes place(calledthe phaseconjugator)is placedon the otherside of the
distortingmedium.A field emittedfrom the sourcan thedirectionof the phaseconjuga-
tor thentravel throughthe distortingmedium,andis reflectedby the phaseconjugator
The phaseconjugatorreversesthe wavefront of the incoming (probe)field, andwhen
thereflectedight comesbackthroughthe distortingmedium,the wavefrontis (ideally)
exactly reversed,comparedo thatoriginally emittedby the source.Sinceit is possible
to seehow the light wasoriginally emittedby the sourceby looking at the phaseconju-
gatedreplica, it is sometimeslsogiventhe somavhat misleadingterm “time reversal”
(Yariv 1978).Severalschemesxist to achieze phaseconjugationthe mostwidely used
called“degeneratdour-wave mixing” (DFWM). Optical phaseconjugationin theform
of degeneratdour-wave mixing (DFWM) is anonlinearthird ordereffect, wheremixing
of two counterpropagatingpump” fieldsanda“probe” (or “signal”) field—all with the
samefrequeng w—resultsin, amongothersignals,a generatedield (the “conjugate”)
with frequeng w = w+ w— w, whichis counterpropagatintp the probefield.

In thefollowing, | presenthetheoreticaimodelusuallyadoptedn studiesof optical
phaseconjugationby degeneratdour-wave mixing, and consequentlyhis chapterwill
consistmainly of textbook material. The treatmentroughly follows that of Yariv and
Fisher(1983)andof Boyd (1992). The DFWM geometrysuggestetty Yariv andPepper
(2977)is shawn in Fig. 2.1. In this configuration,a losslessonlinearoptical medium
is illuminatedby two strongcounterpropagatingumpfields E; andE, andby a weak
signal(probe)wave E3. The pumpfields areusuallytakento be planewaves, although
they in principleareallowedto have ary kind of wavefrontaslongastheiramplitudesare
compl conjugate®f eachother The probefield canhave a morecomple wavefront.
Resultingfrom the mixing processn the mediuma conjugatefield appearspropagating
in thedirectionoppositelyto the probe.
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Figure2.1: Geometryof phaseconjugatiorby DFWM in the standardnodel.

In orderto describethe electromagnetidield we first establishthe wave equation
for the interactingfields from the macroscopidMaxwell equations.lt is thereaftere-
ducedto its slowly varying envelope approximation(SVEA) form. The four macro-
scopicMaxwell equationsare

B x E(7 1) = —aég’t) , @2.1)
A A1) = I aDg’t) , 2.2)
0-B(r,t) =p(T,1), (2.3)
0. B(7,t) = 0. (2.4)

We now assumehat the materialis homogeneousyonmagnetidB = poH), andnon-
conducting(J = 0) andthatthereareno freechages(p = 0). We write thedisplacement
vectorD(F,t) as

I_j(?at) = SOE(?at) + Soﬁ(?at)a (2.5)

Whereﬁ(?,t) is the polarization,which we split into its linear, B, andnonlineay By,
components

P(T,t) = BL(T,t) + PuL (7, ). (2.6)

Above,thelinearpolarizationdescribeshe materialrespons&ueto interactionwith the
field of first order We thusdefinetheIinearsusceptibilityi(l) from the linear polar
izationin the mannerf, = 5(’(1) -E. Thelinear permittiity & is thenfound from the
linear part of the displacementgiving & = 1 + )‘Z(l) Takingthe curl of Eq. (2.1) and
msertngq (2. 2)|nto theresultingequationwe obtain(by useof the operatoridentity
O x Ox = —02+ 0 thefollowing wave equation

[i’mz & 62} CE(Pt) = 1 0%Ru(T,1) (2.7)

a2 T a2
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wherewe have assumedhatthe electricfields are perpendiculato their corresponding
wavevector (transwersality). The nonlinearpolarizationis usuallydescribedasa power
seriesin theelectricfield,

P=xW.E+5® : EE+x®EEE+..., (2.8)

where)?(l) is the linear susceptibility X(Z) is the second-ordenonlinearsusceptibility
tensor )2’(3) is the third-ordernonlinearsusceptibilitytensor etc. This expansionis of
courseonly of interestif we canassumehat P > P2 > BB > ... (the paramet-
ric approximation) Sincewe have assumedhe mediumto belosslessthe susceptibility
tensorsarerealtime-independerquantitiesandhencealso&; is arealquantity Thelin-
earsusceptibilitytensoris includedin the linear polarization(F, ) abore, andthe lowest
ordernonlinearpolarizationof interestto DFWM is thethird-orderone,i.e.,

Pa(7,t) = X¥E@HE@DE(Y). (2.9)

Above, the sum-productoperator“:” is definedsuchthat elementi of the nonlinear
polarizationis

PuLi(P,t) = ;xi‘fghEhmt)Ek(r,t)Ej (7,0 (2.10)
J

Thetotal electricfield is a sumof thefour individual fieldsin the DFWM process,

E(m,t) = i Eq(P)t) =

a=1

N

Ey(P)dFa™=0) 4 ¢ c. (2.11)

1
25

where Eq(F) are slowly varying quantities,and the wavevector ky is real. Sincewe

assumedhat the pumpfields E;(F,t) and E»(F,t) are counterpropagatinghe sum of

their wavevectorsis zero, i.e., ki + ko = 0. InsertingEq. (2.11)into Eq. (2.9), a large

numberof termsare generated.In the phaseconjugationconfigurationwe are partic-

ularly interestedn the termsrelatedto the first harmonicin the cyclic frequeng w.

Among thesetermsaretermsthat canact as phase-matchedourcetermsfor the con-

jugatewave E4(?,t) whenthe probeand conjugatefields are counterpropagating,e.,

whenks + k, = 0. Using thesetwo propertiesof the wavevectors,termswith a spatial
dependencef theform ghaT arepatrticularlyimportantbecausehey producethe phase-
matchedermsfor thefour interactingelectricfields. The polarizationsassociatedvith

thesephase-matchecdontributions (at w) become

L

L I R e o
PO 1) = 5 503 [ElElEf 42 EqE.E: + 263 E3E4] dat—at) 4 c o (2.12)

NL
ae{2,34}
_ 3.3 |2 2 = T R
P&?(ﬁtng(e”: [E2E2E5+2 S EaE2E§+2EIE3E4] dle™w) 4 cc (2.13)
ac{134}
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. 3oy e oo R e
PR ==X |BsBaBs+2  §  EaBofy+ 26,66 | ™9 e, (2.14)
8 ac{T24}
B (rt) = g}?@s [aaéz +2 } EqE4E: + 2E1E2E§] dlat=at) | cc. (2.15)
ae{1,2,3

in a shortnotationwhereE = E(F). With this splitting of the nonlinearpolarization the
wave equationis satisfied,wheneachof the four fields andtheir relatedpolarizations
satisfy the wave equationseparately Next, assumingthat the pump fields are much
strongerthanthe probeandthe conjugatefields, we candrop thetermsin Egs.(2.12)—
(2.15)containingmorethanoneweak-fieldcomponentthusobtaining

ISIEIJI-_) (rt) = 22(3)5 :Eléléf + 2I_E'2E'1I_E'§] dlaT—at) 4 c.c, (2.16)
FD(rY) = 23 [EaRas + 2B 187 | €T o, 2.17)
SUEE %)?(3)5 14 + BB + E1BoEf | et coc, (2.18)
BO(.0) = S50 [BABAE] + BB + B om0 e, (219)

againin shortnotation. Note that by this approximationthe polarizationsassociated
with the pumpfieldshave beendecoupledrom the probeandconjugatdields. Thenwe
may first solve the wave equationdor the pumpfields, andthereafterinsertthe result
into the wave equationdor the probeandconjugatefields. Following this insertion,the
probeandconjugatefields canbe found. SinceD2{E (1)ékT-@)} = {(02 + 2i[k- []] —
K2)E(7)}é*T-9) thewave equatiorfor pumpfield 1 canbewritten

[i (02 2ifle- 0] - 1) + gg] By _gy&)s [EEE +286E], (20
still in the shortnotationfrom aborve. Assumingnow thatwe have anisotropicmedium,
the susceptibilitytensorsmust be invariant to inversionand rotation aroundary axis
in the chosenCartesiarcoordinatesystem. The demandof inversionsymmetryleaves
all tensorelementswith an odd numberof X's, y's, or Z's zero,andthusonly diagonal
elementssurvive in thelinear susceptibilitytensor andonly the 21 elementsn the non-
linearsusceptibilitytensorof theform Xi(i?})jfxi(?j)i’ and)(i(ﬁ)j arenonzeroj andj beingary
X, ¥, or z. Thedemandof invarianceto rotationaltransformationsesultsin thedemand
that the threeremainingnonzeroelementf the linear susceptibilitytensorare equal,
andthuswe find that € = 1¢,. In termsof the refractive index n of the medium,that
is & = n?. For the nonlinearsusceptibilitytensorthis demandmplies thatthe nonzero
elementganbewritten

Xi(ﬁzh = X>(<?<)y>5i i Okn + X>(<§/)x;5ik5 jh+ X>(<?/)y>5ih jk- (2.21)
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In the DFWM case permutatiorsymmetrybetweernthe two fieldswithout the complex
conjugationmakesk andh interchangeable&;ndthusx@xy is equalto )()(('?})ym leaving the
nonzercelements

Xijtn = X501 8k + XS Bin Sy + BicBin) (2.22)
in thenonlinearsusceptibilittensor Furthermoreinsidethemediumthemodulusof the

wavevectorsarethesamek; = k, = k3 = kg = k= nw/c. Undertheabore assumptions,
Eq. (2.20)takestheform

(02 +2ifk - 01) E4(7) = —g {x@yy[[ém EL(M]EL () + 2[Ex(7) - Ex(P)]ES(T)]

+2X5px | E1(M)[E(F) - B4 (7)] + 2B2(M)E() - B3 (M) } (2.23)

Now the simplestassumptioris thatthe four fieldstravel in a directionalmostparallel
to the z-axis (the paraxialapproximation)thatthey have the samestateof polarization,
andthatthe pumpwaveshave planewavefronts(independenof x andy). Theninstead
of Eq.(2.23),Eq.(2.20)is rewritten into the form

dz2 d
still for anisotropicmedium,andnow having k; = k,. Introducinginto Eqg. (2.24)the
slowly varyingernvelopeapproximation(SVEA), in whichit is assumedhat |k(dE /dz)|
> |d’E /dZ?|, we obtain

dE 3I(;J .

dlz( A - Tenc e [Er(2) + 2 E) ) E1(2) = ikiEa(2). (2.25)
In a similar fashlonwe find thatthe pumpfield goingin the negative z-directionis de-
scibedby the equation

dE,(2) _ 3iw (3)
Az 16

sincek, = —k;. Sincex&?()xx andn arereal quantities(from the assumptiorof a lossless
medium),k; andk; arealsorealquantities Egs.(2.25)and(2.26)have solutionson the
form E;(2) = E1(0)€*1Z andE,(2) = E,(0)e~ %22, respeciiely.

Next, we considerthe probe and conjugatefields. If we assumethat the incident
probewave canbedecomposeahto planewaveswe canfor simplicity consideionly one
of theseat a time. Underthis assumptionandkeepingthe approximationsmentioned
before thewave equationdor the probeandconjugatdfieldsare

dE%? = 2:102 xxxx{ [|E1 |2 —|—2|E2( )| ] E3(Z) + El(O) EZ(O)EZ(Z)ei(Kl_KZ)Z}

= iK3E3(2) + IKE}(2), (2.27)

dE(;Z( - 2:1(2 xxXX{[|E1 (0)[>+ 2|E»(0)| :|E4(Z)+El(O)EZ(O)Eé"(Z)ei(Kl—Kz)z}

= —ik3E4(2) — IKE3(2). (2.28)

2
(d +2Ikd> 1(2) = :;;Q)zzxfx’xxUEl( 2)|*+ 2|Ex(2)|?] Ex(2), (2.24)

[|[E2(2) >+ 2|E1(2)|?] E2(2) = —ik2E2(2), (2.26)
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To achieve perfectphasamatchingbetweerthe probeandthe conjugatdield, k hasto be
constantlongz, requiringthatk; = K, which meanghattheintensityof thetwo pump
fields mustbe the same(|E1(2)|? = |E2(2)|%). If we additionallyintroducea changeof
variablesby letting E3(2) = E5(2)€%32 andE4(2) = E}(2)e7%%%, Eqgs.(2.27)and(2.28)
become

dE; ,

E%? — |KE£*(Z), (229)
dE, .

%9 = —IKEé*(Z), (2.30)

andwe notice in passingthat the primed and the unprimedvariablescoincidein the
input planeof the interactionregion, i.e., atz= 0. Egs.(2.29)and(2.30) shawvs why
degeneratdour-wave mixing leadsto phaseconjugation sincethe generatedield E}(2)
is drivenonly by thecomplex conjugateof the probefield amplitude.Differentiationof
Eq. (2.29)andinsertionof Eq. (2.30),anvice versawe get

d°E5(2)

—g2 T K?E4(2) =0, (2.31)
dZEI
d;z.(z) +K2E}(2) = 0, (2.32)

The characteristiequationis A2 + k2 = 0, which hassolutionsA = +ik. The general
solutionto Egs.(2.31)and(2.32)is then

E4(2) = C1€*% + Coe 7, (2.33)
Ej(2) = Csd*?+Che 2 (2.34)
Assumingthatwe know the valuese}(0) andEj(L), we canthenfind E5(z) andE,(2)
asa function of thesetwo boundaryvalues. Thenthe solutionsto the coupleddiffer-

ential equations Eqgs. (2.29) and (2.30), describingthe electric field inside the phase
conjugatingmedium,become

£1() = (0 KL= e ) Sink2)

cogKL) . cogKL)’ (2.35)
B4 = Bl o)~ 158 (O T (2.36)

In thepracticalcase E5(0) (the probefield cominginto the medium)is finite andEj(L)
(thephaseconjugatedield attheotherendof themedium)is zero. Thephaseconjugated
field comingout of themediumatz = 0 is then

E/(0) = —iE% (0) tan(kL). (2.37)

Thusthe phaseconjugatedield dependon (i) the intensityof the pumpfields, (i) the
lengthof the active medium,and (iii) the incomingprobefield, andwe noticethatthe
magnitudeof thephaseconjugatedield canbelargerthanthemagnitudeof theincoming
probefield.



Chapter3

Discussion

The theoreticaldescriptiongiven in the precedingchapteris not the only existing de-
scription of phaseconjugationby DFWM in the macroscopicsense put it illustrates
quitewell theusualline of thoughtwhenconsideringoptical phaseconjugation.As ex-
ampleson theoreticalpapersgoing beyond the descriptionin Chapter2, let us mention
that (i) polarizationpropertieshave beenstudiedby Ducloy andBloch (1984), (ii) de-
scriptionstaking into accountthe vectorialpropertiegseeEq. (2.20)] have beengiven,
e.g., by Syed, Crofts, Green,and Damzen(1996), (iii) improvementsto the standard
theoryin the form of abandoninghe slowly varying ervelopeapproximation(SVEA)
have alsobeendiscussedisee,e.g.,Marburger (1983)andFarzadandTavassoly(1997)].
A featureof the standardheory[seeEq. (2.37)]is thatthe phaseconjugatedesponse
depend®nthelengthof thenonlinearcrystalused(infinite atkL = (2p+ 1)1t/2 for ary
integervalueof p). The standardheoryhasprovento be a satishctorydescriptionfor
spatiallynondecayindields containingno evanescentomponents.

Thoughthe overwhelmingmajority of optical phaseconjugationexperimentscanbe
describedwithout inclusionof evanescentomponent®f the electromagnetiéield, the
possiblephaseconjugationof thesecomponentfhiasbeendiscussedrom time to time.
With the experimentalobseration of Bozhevolnyi, Keller, and Smolyanine (1994,
1995), the needfor inclusion of nearfield componentsand thus evanescentnodesin
the descriptionof opticalphaseconjugatiorhasdravn renaved attention.

In animportantpaperby Agarwal andGupta(1995)the treatmentvasfocusedon an
analysisof the phaseconjugatedeplicaproducedoy a so-calleddeal phaseconjugator
characterizephenomenologicallpy apolarization-andangleof incidencendependent
nonlinearmamplitudereflectioncoeficient,andin recentarticlesby Keller (1996b,1996c¢)
attentionwasdevotedto aninvestigationof the spatialconfinemenproblemof thephase
conjugatedield. Macroscopictheoriesincluding nearfield componentsn the optical
phaseconjugationprocesshave also appearedecently (Bozhesolnyi, Bozheolnaya,
andBerntsenl995;ArnoldusandGeoge 1995).

In theirwork Bozhevolnyi, Keller, andSmolyanine useddegeneratdour-wave mix-
ing (DFWM) producedby a 10mW HeNelaserwith awavelengthof 633nmin aniron-
dopedlithium-niobate(Fe:LiNbQ;) crystalandan external-reflectiomearfield optical
microscopeo achiere phaseconjugatedight foci, which with a diameterof ~ 180nm
werewell below theclassicadiffractionlimit. Themainconclusiorof theirexperiments

13
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wasthatto achieve a spotsizeassmallas180nmphaseconjugationof at leastpartsof
the optical nearfield emittedfrom the sourcemusthave taken place.

In the presenwork we go onestepfurtherin the theoreticalstudyof the phasecon-
jugationof opticalsignalswhichincludenearfield componentdy abandoningheideal
phaseconjugatorassumptionFor simplicity our descriptionis limited to cover only the
degeneratdour-wave mixing configurationfor which the interactingoptical fields all
have the samecyclic frequenyg w.

Becauseof the small rangeof the optical evanescenfields from the (mesoscopic)
sourcea substantialpart of the nearfield phaseconjugationprocesss boundto take
placein the surfaceregion of the phaseconjugatingmedium. It is thusfrom the very
outsetnecessaryo focusthe attentionon the surfaceregion of the nonlinearmirror and
investigatethe phaseconjugationprocesson a lengthscale(much)smallerthanthe op-
tical wavelength.This factin itself makesuseof theideal phaseconjugatorassumption
doubtful. For a bulk phaseconjugatorit may furthermorebe difficult to assurean ef-
fective nonlinearmixing in a surfacelayerasthin asthefield penetratiordepth. Thus,
experimentallyit mightbeadwantageou$o useathin film or evenaquantumwell asthe
nonlinearmedium(seeFig. 3.1). From a differentperspectie the useof a thin film as
thenonlineamediumhasalreadydravn attention(Montemezzanand Glinter1996).

The presentheoryhasbeenconstructedn sucha mannerthatit offers a framewvork
for microscopicstudiesof degeneratefour-wave mixing at surfacesof bulk media,in
thin films andquantumwells,andin smallparticles.To carryoutin detailarigorousmi-
croscopimumericalanalysisof the DFWM processt is, however, necessaryo consider
mesoscopienediawith a particularlysimpleelectronicstructure andwe shalldemon-
stratelaterhow the presentheorycanbeappliedto a simplequantunwell structure.

In corventionaldescription®f opticalphaseconjugatiorby DFWM it is assumedhat
theinteractionlengthis long comparedo the wavelengthof the probefields, thusbuild-
ing up pictorially speakingrrom oneof the pumpbeamsandthe probebeama grating,
from which the otherpumpbeamis scatterednto a phaseconjugatedeplica(the ‘real-
time holography’picture).Furthermoret is assumedhattheamplitudef thefieldsare
slowly varyingontheopticalwavelengthscale[Slowly varyingernvelope(SVE) approx-
imation] andthusalsoconstanticrosghe individual scatteringunits (atoms,molecules,
...) [Electric dipole (ED) approximationjof the phaseconjugatingmedium. Consider-
ing optical nearfields, which containcomponentvarying rapidly in space the afore-
mentionedapproximationglo not hold andwe thusexcludethemin the presenformal-
ism. We also avoid otherapproximationsoften madein the literature,namely (i) the
assumptiorof a losslessmedium,(ii) the ab initio requiremenf phasematchingbe-
tweentheinteractingopticalsignals,and(iii) theassumptiorthatthe probefield is weak
comparedo the pumpfields.

To illustrate the needfor a theory going beyond the SVE and ED approximations,
we have in Fig. 3.2 shawn the componentof the probe wavevector perpendiculato
the surface, inside aswell as outsidethe phaseconjugatoy as a function of its paral-
lel component.Whenthe parallelcomponenbf the probewavevectorbecomedarger
thanw/co, the perpendiculacomponenof the wavevector becomegurely imaginary
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Figure 3.1: The upperpartis a schematidllustration shaving the Weyl representatiomnf a
sphericalwave-field from a point (mesoscopicksource. In this representatiorthe field is ex-
pandedn planewavesoveraplane,in practicethesurfacein considerationThetwo-dimensional
wavevector (d)) expansionconsistsof thosetermsfor which g < w/co (co beingthe vacuum
speedof light) plus thosehaving ¢ > w/cp. In thefirst group of termsthe componenof the
wavevectorperpendiculato the surface(verticalarrow) is realsothattheindividual plane-vave
modesare propagatingandin the secondgroup, consistingof evanescentnodes this compo-
nentis purelyimaginary Thesolid linesattachedo two of thearronsindicateplanesof constant
phaseandthedottedlinesattachedo theevanescenmodesndicatelinesof constanamplitude.
Thelower partis aschematidgllustrationshaving anexponentiallydecayingnodefrom ameso-
scopicsourceplacedneara thin film (quantumwell) phaseconjugator To phaseconjugatean
evanescenmodein aneffective mannerthe nearfield of the sourcemustoverlapthe phasecon-
jugator, andasindicatedit is not always correctto assumehat the selfconsistentlydetermined
evanescentield is constantacrosghethin film.

in the vacuum,but it is still realinsidethe phaseconjugatingmirror. A purely imagi-
narywavevectorcomponenmeanghattheelectromagnetitield is evanescentwhereas
arealcomponentndicateshatthefield is propagatingandnondecayindin theabsense
of absorption) Whenthe parallelcomponenbecomesargerthannw/cy (wheren is the
refractive index of the substrate}he perpendiculacomponenbf the probewavevector
becomegvanescenalsoinsidethe phaseconjugatingmirror, andthelargerthe parallel
componentthemorewrongthe SVE andED approximationd®ecome Thusto study for
instance the phaseconjugationof all field componentpossiblyemittedfrom a meso-
scopicsourcein the vicinity of the phaseconjugatorit is necessaryo abandorthese
approximations.

As alreadymentionedthe presentheorynotonly allows oneto investigateheoptical
phaseconjugatiorof evanescentvaveswith smallpenetratiordepthsijt alsoenableone
to investigatethe possibility of achieving DFWM in mesoscopidilms (quanturmwells),
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Figure 3.2: The componentof the probe wavevector perpendicularto (g,) a vacuum/lilk

phaseconjugatorinterfaceas a function of its real parallel component(q) in vacuum(solid

line, g9) andin the substratgdashedine, q). For q) < w/co, o = [(w/co)® — qﬁ]l/Z, and
a] = [(nw/co)? — qﬁ]l/ 2 arebothreal,andthe associateglanewavesarethuspropagatingand
nondecaying)n boththevacuumandthe phaseconjugatoyneglectingabsorption.In theregion

w/Co < g < nw/Co (N beingthelinear(real)refractveindex of thephase:onjugator)q(i = ia(j

becomespurely imaginary(we plot a® = [qﬁ — (w/c)?]¥?), but g is still real. Thefield in

the vacuumis thus evanescentn this region. In the region ¢ > nw/co, alsoq, =ia, isa
purelyimaginarynumber(we plot o'} = [qﬁ — (nw/cp)?]?), sothatalsothefield in the phase
conjugatolis evanescent.

asubjectof interestin its own right. The mainreasorthatthe presenformulationmay
beusedin nearfield opticsaswell asin mesoscopic-filmelectrodynamicsriginatesin
thefactthatin both caseghe microscopidocal-field calculationis the crucial quantity
A furtheradwantageof the presentheoryis thatit allows usto studyphaseconjugation
whenoneor moreof theinteractingfieldsaresurface-vave fields.

The constructionof sucha theoreticalmodelbegins with the microscopicMaxwell—
Lorentz equationswhich combinedwith the nonlocallinear andthird-ordernonlinear
constitutve equationsareusedo setupthebasicwave equatiorfor thephaseconjugated
field. Thelinearandnonlinearconductvity responsesf theelectronawill becalculated
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within the frameawork of the random-phase-appitionation theory the startingpoint be-
ing the Liouville equationof motionfor the densitymatrix operator In the description
we includein the interactionHamiltoniannot only the standardg- A term (B beingthe
momentunoperatorandA beingthe vectorpotential)but alsothe term proportionalto
thesquareof thevectorpotential,i.e.,A- A. For amonochromatidriving field (of cyclic
frequeng w), this termcontains2w- andDC-parts,andboth of thesearein generaim-
portantfor the descriptionof the microscopicphaseconjugationprocess.in the current
densityoperatomwe includethe term containingthe vectorpotential. This term, needed
in orderto ensureghe gaugenvarianceof quantumelectrodynamicsalsoturnsoutto be
of importancein somecases.Startingfrom a dipolar interactionHamiltonianthe first
explicit microscopicderivation of the third-orderconductvity (susceptibility)response
appeargo be dueto Bloembegen,Lotem,andLynchJr. (1978). Theresultof Bloem-
begen,Lotem,andLynchJr. is basecnar-E calculationandonly thevectorpotential
independenpartof the currentdensityoperatoris kept. Apartfrom a singlestudydeal-
ing with the electromagnetiself-actionin a BCS-pairedsuperconductofKeller 1995),
it seemghatin all theoreticainvestigation®f the DFWM-processn which microscopic
considerationhave appearedthe Bloembegen, Lotem, andLynch Jr. expressionhas
beenused. We cannotusethis expressionhere,howvever, sincewe needto addressa
local-fieldproblemwhendealingwith mesoscopiinteractionvolumes andsuchaprob-
lem necessitatethatwe take into accountvaluesof ¢ muchlargerthanwy/co, andthus
thatthecalculationgoesbeyondthe ED approximation.To accounfor local-fieldeffects
it is necessaryo performa spatiallynonlocalcalculationof thethird-orderconductvity,
andthisis mostadequatelylonebeginningwith theminimal couplinginteractionHamil-
tonianwhich containsboththe p- A andA - A terms. In the local limit wherethe vector
potentialonly depend®ntime our expressiorfor thenonlinearconductvity andthef - E
basedneof Bloembegen,Lotem,andLynchJr. arephysicallyequivalent,providedthe
termsstemmingrom thegaugeconservingrectorpotentialdependenpartof thecurrent
densityoperatorare neglected. Thoughphysicallyequivalent,the explicit forms of the
relationbetweerthe nonlinearcurrentdensityandthe electricfield only coincidesafter
having performeda relevant unitary transformatioron the minimal coupling Hamilto-
nian andthe relatedelectronicwave functions. In steadof usingthe minimal coupling
Hamiltonianto describethe nonlocaldynamicsone could in principle have usedthe
multipolarHamiltonian.In practicethisis lesscorvenientfor the presenpurposedueto
the factthatthe pronouncedonlocalitywe sometimesarefacingin mesoscopienedia
would requirethatmary multipoletermswerekeptin the Hamiltonian. The essentially
nonlocaltermsin the nonlinearconductvity areincludedin our treatmenbecauséhey
in certaincases—especiallpr very smallinteractionvolumes—areghe only contritut-
ing onesandin othercaseghey dominatethephaseconjugatedesponseSincewe deal
with a spatiallynonlocaldescriptionit is importantto characterizehe spatialstructure
involved in the physicalprocessebehindthe phaseconjugation,andthe variousphys-
ical processesiddenin the nonlinearand nonlocalconstitutve equationaretherefore
identified. Following the identificationof the physicalprocessesan expressiorfor the
so-calledconductvity responsdensordescribingthe nonlinearmaterialresponsén the
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DFWM processds establishedandthe eigensymmetriesf the conductvity tensorde-
longingto eachof the processesccuringin the DFWM processarediscussedRather
thansolvingthe full spatialproblem(which would be cumbersomeif notimpossible),
we considera simplified systempossessingnfinitesimaltranslationainvariancein two
directions. For sucha systemthe potential of the relatedSchibdingerequationonly
variesin the direction perpendiculato the planeof translationalinvariance. The fun-
damentalksolutionsto the time-independenschibdingerequationareinsertedinto the
linearandnonlinearconductvity tensorghusgiving usthe framework for a theoretical
descriptionof the DFWM processn mesoscopidilms (quantumwells) aswell asfor
evanescentvaves. Comparedo corventionaldescriptionf optical phaseconjugation
in bulk mediathe conceptof phasematching(momentumconseration) nov appears
only in two dimensions.Thelack of translationalinvariancein thethird dimensionim-
pliesthatno phasematchingoccursin this dimension.Phasenatching(in one,two or
threedimensions)s nota preconditionseton our theory it follows to the extentthatthe
phaseconjugatingmediumexhibits infinitesimal translationalinvariance. Despitethe
factthatthe phasematchingis lost in the third dimension phaseconjugationmay still
take placein quantumwells andthin films, andwith evanescenfields, just assecond
harmonicgeneratiorcanoccurin quantum-wellsystemsat metallic (andsemiconduct-
ing) surfacesand from nonlinear(sub)monolayefilms depositedon linear substrates
(Richmond,Robinson,and Shannonl988). To completeour local-field calculationof
theopticalphaseconjugationby degeneratdour-wave mixing in mesoscopiiteraction
volumeswe usea Greensfunctionformalismto establismew integral equationgor the
phaseconjugatedield in the generalcase andin the casewherethe nonlinearmedium
exhibits translationalinvariancein two dimensions.The microscopidocal-field theory
thusestablisheds thenusedto describehe DFWM in one-andtwo-level quantum-well
phaseconjugators.
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Chapterd

Theelectromagnetifield

In this chaptera descriptiorof the electromagnetifield from a phaseconjugatingmedi-
um is establishedstartingfrom the microscopicMaxwell equations.First, we derive
therelevantwave equationfor the phaseconjugatedield. The field—matterinteraction
is thendescribedhroughthe useof constitutive relations.In thefinal stepof this basic
framework, a self-consistentlescriptionof the phaseconjugatedield is established.

4.1 Wave equationfor the phaseconjugatedfield

As a startingpoint we take the microscopicMaxwell-Lorentzequationsjn which the
materialresponseat the space-timepoint (F,t) is completelydescribedvia the micro-
scopiccurrentdensityJ(F, t), andtherelatedchage density p(F,t). They are

B x E(7,t) = —aBg’t) , 4.1)
pud = = 1 aE(r,t)
0 x B(P,t) = loJ(7, 1) + = , (4.2)
cg ot
BEr = (), (4.3)
0

0-8(r,t) =0, (4.4)
E(F,t) andB(F,t) beingtheelectricandmagnetidieldsprevailing atthe spaceointF at
thetimet.

Takingthe curl of Eg. (4.1) andinsertingthe resultinto Eq. (4.2) we obtainthe fol-
lowing wave equationfor the prevailing local electricfield E(F’,t):
o4 A\ o J(r,t
(m+m® D) Ert) = —po%, (4.5)
where = C—lzgt—zz — 2 is the d’Alembertianoperator 1 is the (3 x 3) unit tensor and®
is the outer(dyadic)productoperator
Introducingthe electricfield asa Fourierseriesin thecyclic frequeng w, viz.

E(F,t) = % Y E aolf)e"* +cuc, (4.6)
a=0
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wherea is anintegerand“c.c.” denoteghe complex conjugateof the first terms,we
subsequentlganlimit oursehesto aharmonicanalysis.SinceE(T’,t) is areal quantity
Eiam(?) = Edw(?)-

Likewise,we write the currentdensityasa Fourierseriesin w, in whicheachcompo-
nentimplicitly is expressedsapower seriesin theelectricfield. Thus

i - 2 i i (F9:P r)e ot 4 c.c), (4.7)

wherea andp areintegers.Looking for solutionsat the cyclic frequeng w, only fields
and currentdensitieswith a = 1 in Egs.(4.6) and(4.7) contributes. Accordingly we
in the following write the phaseconjugatedPC) electricfield without the referenceo
the cyclic frequeng, i.e., E_(F) = Epc(F). In the caseof DFWM we will assumehat
the lowest order nonlinearinteractiondominatesover higher order mixing processes.
Thus,in orderto describethe DFWM responsef our mediumwe retainonly the two
currentsof lowestorderin (3, namelythelinearcontritution .Tﬁ),(?’) andthelowestorder

nonlinearcontritution \Tfi))(?). Thewave equatiorfor the negative frequeng partof the
phaseconjugatedesponsédencetakestheform

[i (g + uz) _fie a] Bpc(r) = —inow (I() +3%(r) ). 4.8)

4.2 Constitutiverelationsfor the current densities

To closetheloop for the calculationof the phaseconjugatedield, the microscopiccur

rentdensitiesﬁg(?) andjﬁ))(?) aregivenin termsof the local electricfield through
constitutve relationsdescribingthe field—matterinteractionin a perturbatre manner
Choosingagaugewherethetime-dependentartof the scalampotentialis zero,theelec-
tric field is relatedto the vector potentialvia E(F) = iwA(F). Thusthe microscopic
currentdensitiescanbe relatedvia the constitutve relationsto the vector potentialsof

the phaseconjugatedield (Apc) andthe fields driving the procesgA). Thelinearcon-
stitutive relationwe thereforewrite in theform

e |oo/ (7, 7") - Roc(P!) A3, (4.9)
where&(F,F') = 6(7,7’;w) is the linear conductvity tensor Thei’'th elementof the

first ordercurrentdensityis proportionalto theintegral of [6'Apc]i = 3 GijApcj. The
nonlinearDFWM constitutve relationis writtenin a similar fashion,.e.,

j’(3 |Q) /// F'rl F'II rlll . (rlll) (F'II)A*(?I)d3r111d3r11d3rl’ (410)
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whereZ(7,7/,P" P"") = Z(7,F',P" P""; ) is thenonlocalthird orderconductvity tensor

The three-dimensionaum-producbperator:” is heremeantto be interpretedfor the
i'th elemeniof thethird ordercurrentdensityin the following way:
20T AR R )] = 5 Selr. A A ().
P
(4.11)

By insertingEgs.(4.9) and(4.10),with Apc = Epc/(i(o), into Eq. (4.8) theloop for the
phaseconjugatedield is closed.

4.3 The phaseconjugatedfield

Fromthe outsetwe assumehatthe parametricapproximationcanbe adopted,.e., we
assumehat the generatedhaseconjugatedield doesnot affect the dynamicsof the
pumpandsignalfields. In the presentase wherethe phaseconjugatedield originates
mainly in evanescentnodesor from aquantumwell, theinteractionvolumeis smalland
the magnitudeof the phaseconjugatedield thusvery limited so that one may expect
the parametricapproximationto be quite good. The inherentspatialnonlocality of the
processewvhich underliesthe microscopiccalculationof the local fieldsandcurrentsis
crucialandmustbe keptthroughouthefollowing analysis.

Above we usedthe microscopidMaxwell-Lorentzequationgo establistawave equa-
tion[Eq. (4.8)]for thephaseconjugatedtlectricfield. Sincethis equatiorholdsnotonly
insidethe phaseconjugatorbut alsoin the mediumpossiblyin contactwith the phase
conjugatorit is adequaté¢o divide thelinearpartof theinducedcurrentdensityinto two,
ie.,

3(7) = Feonts ) + JL (), (4.12)

wherejcom(?; w) is the linear currentdensityof the mediumin contact(cont) with the
phaseconjugato,randjl'(jlc) (T; w) is thelinear currentdensityof the phaseconjugator In
settingup the abore-mentionedcequationwe have implicitly assumedhat thereis no
(significant)electronicoverlap betweenthe phaseconjugatorandthe contactmedium.
Thetwo electrondistributionscanstill beelectromagneticallgoupled,of course.n the
quantumwell case,J{;om(T’; w) is to be identified asthe currentdensityinducedin the
(assumedinear) responsef the substrate.To dealwith the evanescentesponsef a
(semiinfinite)phaseconjugatornejust puts Jon(F; w) = 0.

Insteadof proceedingdirectly with the differentialequation[Eq. (4.8)] for the phase
conjugatedocalfield we corvertit into anintegralrelationbetweerthephaseconjugated
electricfield andthe prevailing currentdensity namely

Epc(F; ) = BT )~ ihow [ Go(P.;00) - [Toond;0) + TR0 o', (4.03)
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whereES‘C‘(f'; w) is the so-calledexternal (ext) field driving the phaseconjugationpro-

cess,andGy(F,'; w) is the electromagnetiwacuumpropagatar Insteadof proceeding
with Eqg. (4.13) asit stands,if possible,it is often advantageougo eliminatethe cur

rentdensityof the contactmediumin favour of a so-calledpseudo-gcuum(or contact-
medium)propagatqrG(F,F’; ). Doing this, oneobtains

Epc(F; 00) = E(T; ) — iliow / G(r, 75 00) - JR (s w)dr, (4.14)
whereE’EC(f'; w) is the so-calledbackgroundB) responsef the phaseconjugator The
backgroundield is effectively the field driving the phaseconjugatedesponseFroma

knowledgeof the nonlinearpart,ﬂf&(?), of the currentdensityof the phaseconjugatoy
thebackgroundield canbe calculatedrom theintegral relation

EBL(7; ) = —ipow / &, 75 00) - I3 (7). (4.15)

In the parametri@pproximatioradoptecherethe backgroundield canbe considereds
aprescribedjuantity By insertingthelinear constitutve equation

ID e = / &(7,7'; @) - Epc(F'; w)d3r’ (4.16)
into Eq. (4.14)oneobtainghefollowing integral equatiorfor thephaseconjugatedield:

Epc(F; ) = EB(F; w) —ipow//é(?,?”;w)-6(?’”,?”;&)) -Epc(F; 0)d3r"d’.(4.17)
Theformal solutionof this equationis given by

Epc(F; w) :/F(F’,T”;w)-EEC(?’;w)d3r’, (4.18)

wherethenonlocalfield-field responsgensor” (F,7’; w) is to bederivedfrom thedyadic
integral equation

F(rrw) = 15(F—7') + / (7P 0) - F (7", P w) a3 (4.19)
In EqQ. (4.19)thetensor
KPP w) = —ipow/é(?,?’;co) LGP, P w)d3r (4.20)

is the kernel of the integral equationin Eq. (4.17). This kernelformally is identicalto
theoneplayinga prominentrole in the electrodynamicef mesoscopienediaandsmall
particles[seeKeller (1996a) section4].

By insertingEq. (4.15) into Eq. (4.18) andthereaftemakinguseof Eq. (4.10),the
phaseconjugatedield mayin principle becalculatedrom known quantities.In practice
it is not so easy sincetheintegral equationin Eq. (4.17)for the phaseconjugatedield
in generals too difficult to handlenumericallyevenif rathersimplelinear conductvity
responseensorsareused thereasorbeingtheinherentthree-dimensiondf’) natureof
the problem. Onethereforehasto resortto one sort of approximationor another Just
asin otherlinear and nonlinearstudiesof mesoscopianedia, or mediawith a small
interactionvolume,atractableproblemis obtainedf the mediumin questiorpossesses
translationalnvariancein two directionsasdiscussedn Partlll.



Chapterb

Single-electrorturrentdensityresponse

In this chapterthe Liouville equationof motion for the single-bodydensitymatrix op-
eratoris usedtogetherwith the single-particleHamiltonianto establisha moregeneral
guantummechanicakxpressionfor the third-ordercurrentdensitythanthosehitherto
foundin theliterature. The generalisatioris of significantimportancefor the theoryof
nearfield phaseconjugatiorandfor DFWM in mesoscopidilms. Following the deriva-
tion of the linearandthe DFWM responsesye endthis chapterby a discussiorof the
underlyingphysicalprocesses.

5.1 Density matrix operator approach

The startingpoint for this calculationis the Liouville equationof motionfor the single-
bodydensitymatrix operatomp, i.e.,

m"_p [94,0]. (5.1)

In the equationabove, the single-particleHamiltonian# appearingn the commutator
[H,p] in thepresentdescriptions givenby

H = Hy+ He+ H? 22( _'“‘*‘+Ha) (5.2)

where# is the Hamiltonianoperatorfor the electronin the materialwhenthe perturb-
ing opticalfield is absent (Y is theinteractionHamiltonianof first orderin thevector
potentialA(F), #(2 is theinteractionHamiltonianof secondorderin A(F), # repre-
sentsthe irreversiblecouplingto the “surroundings”,and“H.a.” denoteghe Hermitian
adjoint. Althoughthe spinandspin-orbitdynamicsmaybeincludedin the formalismin
areasonabhsimplefashionwe have omittedto do sobecausepineffectsarejudgedto
besignificantonly for nonlinearmphenomenaf evenorder Hence

1
Ho= r-P BHV(T), 53)
9= (#87) = oo (BAE) +AM) ) (5.4
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e . -

HE = (9{2(3))) = EA(?) A7), (5.5)
ez — —
2 _ < .G

Hy™ = 4meA(r) AY(T), (5.6)

wheret standor HermitianadjugationV (T') is the scalarpotentialof thefield-unper-
turbedSchibdingerequationp= —ihC) denoteghe momentunoperatorme is themass
of theelectronand—eis its electricchage.

As oftenis the practicein opticswe assumehatthe irreversiblecouplingto the sur
roundingreserwir canbe describedisinga phenomenologicaklaxation-timeansatzn
theLiouville equationsothat

(0)
iﬁ [}[Rapnm] = Ma n 7é m, (57)

Tnm

p,(ﬁ’% beingthennith elemenof thethermalequilibriumdensitymatrix operatorandt,m

theassociatedelaxationtime.
In the presentharmonicanalysiswe alsousea combinedFourier and power series
expansionof the densitymatrix operatornamely

- Z Y (PPt +Ha), (5.8)
d=0p=0

wherea andp areintegers,asbefore. The densitymatrix operatoris Hermitian, i.e.,
(p(_‘”zﬁ)) p&‘i‘jzs), andwe solvetheLiouville equatiorof motionin theusualiterative
manner

To determinethe conductvity responseensors,G(F,P') and =(F,F',P”.F""), appro-
priatefor describingthe phaseconjugationprocesswe considerthe ensembleaverage
J(7,t) of the microscopicsingle-bodycurrent-densityoperatorj(F,t). This ensemble
averageis obtainedasthe traceof pj, carriedout in the usualmanneras a quantum
mechanicatloublesumover statesij.e.,

Jr) = Tr{pT} = Pomjmn (5.9)
nm

In Eq.(5.9)andhereaftetheab'th matrixelemenbf asingle-bodyoperatorO asusualis
denotedy O, = (aO|b). In theabsencef spineffectsthemicroscopiccurrent-density
operatolis givenby (Bloembegen1965)

jr) =7Om + % (e +Ha), (5.10)
where

- e

jOr) = ~ o (ﬁ(f'e)5(f'— Te) + 3(F — Te) ri(?e)) (5.11)

L= ——A(Te)d(F —Te). (5.12)
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5.2 Linear response

Becauseof its usefulnesdor a subsequentomparisonto the forced DFWM current
densitywe first presenthe well known resultfor the linear responséFeibelmanl975,
1982). Thus, by usingthe expressiondor the currentdensity[Eqg. (5.10)] anddensity
matrix [EQ. (5.8)] operatorst is realisedthatthelinear currentdensityis to be obtained
from

300 =Tr{p@ 70} +Tr{pl %70} (5.13)
In explicit form thetwo tracesare
Tr{p(o) o)=Y ol (5.14)
n
Tr (1) =0 | _ fn— fm }diz,nm (0 515
{pfmj }_% h (Ihm_wjmn' (5.15)

In the equationsabove, we have introducedthe comple cyclic transition frequeng
hm = Wnm— I T betweerstatesn andm. Therespeciie enegies £, and Ep, of these
statesappeaiin the usualtransitionfrequeng wym= (£, — Em) /h. Thequantity

~1
fo= [l+ exp(EEB_ H)] (5.16)

denotesheFermi—Diracdistribution functionfor statea (a € {m,n} abore), kg beingthe
Boltzmannconstantyu the chemicalpotentialof the electronsystemandT theabsolute
temperature.

5.3 DFWM response

Thenonlinearcurrentdensityat —w, which originatesn third ordereffectsin theelectric
field, andwhichis thedriving sourcefor the DFWM processs givenby

I = %Tr {p(_Z%wT&l)} +Tr {péz) Tﬁlﬁ)} +Tr {p(_SZ)T(O)} : (5.17)

asonereadilyrealisedrom Eqs.(4.7), (5.8),and(5.10). Thetediouscalculationof the
threetracescanbe carriedoutin afashionsimilar to thatusedfor thelinearcasefinally
leadingto

5@ T

1 (2) (1) fn— fm 71 20 nmJwmn
=Tr = 0
2 {p %18} ) TR —

. (fm—fv s fn—fv) HE e H Dl
Amv Wm—wW  WOy—w 4ﬁ2(ahm—2(,0) ’

(5.18)
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(2) (1)
fn_ fm ’7{0 nmj—wmn fm— fv fn— fv
T 7~ ) _ _
r{po ” w} nzm h ®nm +Z{((wm—w+wm+w>

) ﬂé}&ﬂfﬂ,vmfiﬂ,mu fn—fv  f—fy HE AHE T o 519
Ah26nm m+w  Gy—w AR2nm ’ .

(2

2w,V

fr— fy fn 1
Tr{p oo] } n;vzrlz (k)nm (,J {(2((1)\/m_20~)) + Z(Q)rw+w)> }[va

H
fn—fy fm—fy (2) (1) fm _ fv
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Thoughquitecomplicatedn its appearenctheexpressiorfor thedriving currentdensity
of the DFWM processs neededn orderto understandhe nearfield phaseconjugation
processrom a generalpoint of view.> Specialscatteringconfigurationsof coursecan
leadto analyticalsimplificationsof thegeneratesult. Theabove resultalsoenablesisto

establisha microscopicheoryfor DFWM in quantumwells andthin films asdescribed
in Partslll, 1V, andV.

5.4 Physical processesinderlying the current densities

To gain insight into the physicsunderlyingthe nonlinearconstitutve equation,given
implicitly in Egs.(5.18)—(5.20)we next discusghe processesonnectingn a nonlocal
fashiorthecurrentdensityatagivenpointin spacdo thefield pointsof thesurroundings.
To facilitatethe understanding@f the nonlinearresponsave startby a brief summaryof
thelinearresponse.

Iwith respectto the resultpublishedin AndersenandKeller (1998)the lastsumin Eq. (5.20) above
is written in a more compactform thanin Eq. (22) of AnderserandKeller (1998). The compactform in
Eq. (5.20)is obtainedby exchangingindicesv andl in thelastthreetermsof AnderserandKeller (1998),
Eqg.(22). As aconsequencef this, the samedifferenceoccurbetweerEqgs.(6.14)and(8.23)andEqs.(34)
and(51) of AnderserandKeller (1998),respectiely.
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(A) (B) r

F‘/

Figure5.1: Schematidllustration of the two processeslescribedy the linearresponseensor
The processin diagramA is purely diamagnetiovhereasthe processin diagramB is purely
paramagnetic.

5.4.1 Linear part

The electrodynamicoupling connectinga sourcepoint for the field to an obsenation
point for the currentdensity associatedo eachof the two linear processesinderly-
ing Egs. (5.14)and(5.15)is adequatelyllustratedin diagrammatidorm asshowvn in
Fig.5.1.

Hence,Fig. 5.1.A represents pictureof the well knowvn diamagnetiqrocesorigi-
natingin the quantity Tﬁlg)’nn in Eq. (5.14). In this processa photonis absorbedt the
obseration point ¥ for the currentdensity Fig. 5.1.Bis a picture of the paramagnetic
processtemmingfrom theterm }[_(B’nm appearingn Eg. (5.15). In this casea photon
is absorbedt spacepoint?’, andobsenrationtakesplaceatr.

5.4.2 Nonlinear part

In theDFWM processthe couplingbetweerthethreesourcepointsfor thefield andthe
obsenrationpointfor thecurrentdensity describedn Egs.(5.18)—(5.20)canbepictured
in diagrammatidorm asshawn in Fig. 5.2.

Hence,in Fig. 5.2.A the mixing processcontainedin the product}[gz» nmﬁé)%r)nn in
Eq. (5.18)is illustrated. Here,two photonsare simultaneouslyabsorbedat épacepoint
7", and one photonis emitted at the point of obseration 7 for the currentdensity
Fig. 5.2.B picturesthe othermixing processn Eq. (5.18), namelythatassociateavith

the product}[_(l) }[_(B’V,n'#&,)m. In this processpnephotonis absorbedat 7", another

w,nv
at?"”, andthe lastoneis emittedat 7. Fig. 5.2.Cgivesa view of the mixing process
from thetermsin Eq. (5.19)containingtheproduct}[()(i)qu%’mn. In this casea photonis

absorbed@ndanothelis emittedsimultaneouslyat spacepoint?’, andthethird photonis

absorbedtr. Fig. 5.2.D shawvs the othertype of mixing procesccuringin Eq. (5.19).
This processis describedby the productssa, H ) i % mn @nd H 8  H ST e
Here, photonsare absorbecat T’ and at the point of obseration ¥, while a photonis

emittedat?”. Fig. 5.2.Erepresentshe diagramfor the mixing processappearingn the
termscontainingthe productﬂ{cf),lr),\,}[ 2) (andthe equivalentproduct (2) }[é)’lr),\,)

—2w,vm —20,vm
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(A) rV (B) rV

rll rll ?III

(E) of

I—,‘I F’III..
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Figure5.2: Schematidllustration of the processesinderlyingthe DFWM responséeensor In
this illustration, the solid pathsresultsfrom the —w terms,andthe dotted pathsfrom the +w
terms. The processei diagramsA-D include both diamagnetieffects(dravn ascircles)and
paramagnetieffects (lines). The processesn diagramsE—G are purely paramagnetic.The
standardheoryfor the DFWM susceptibility(conductvity) is obtainedfrom diagramG in the
local limit.

in Eq. (5.20). Heretwo photonsare simultanouslyabsorbecat "/, andoneis emitted

att’. Fig. 5.2.Fis the diagrammatiaepresentationf the termscontainingthe product
Hé}i’v}[ﬁlvm (andthe equi/alentone?{famﬂ{é’%)m) in Eg. (5.20). In thesetermsa pho-
ton is absorbedat ¥/ and at the sametime oneis emittedfrom there. The last photon
is absorbedat ¥”. Finally, Fig. 5.2.Ggivesa picture of one of six equialentproducts
of the lasttype appearingn Eqg. (5.20). Theseare of the form ﬂé),lr)vv}[_(gw}[_(gm or
equivalentforms (all six possiblepermutationsof one“ w’-term andtwo “’—w"—te’rms).

Here,aphotonis absorbedtt’, anotheratr”, andthe lastphotonis emittedat””.

At thisstagsit is fruitful to comparghenonlocalresultfor theDFWM currentdensity
shawn in diagrammatidorm in Fig. 5.2, with the commonlyusedstandardtextbook)
result. In the standarddescriptionall diamagnetieffectsarenegglectedfrom the outset.
Thediamagnetigprocesss hiddenin thediagramsontainingaclosedoop, cf. Fig.5.1.
This meanghatall the processeslepictedin Figs.5.2.A-5.2.Dareabsentn the stan-
dard description. Omissionof diamagneticeffectsin the nonlinearopticsof quantum
wells andin mesoscopinearfield opticsis known to be dangerougKeller 1996a),and
thuswe cannotomit thesetermshere.We shallsubstantiat®n this pointlater. Also the
interactionchannelggiven by the diagramsin Figs.5.2.Eand5.2.Fareabsentn text-
book formulations. This is so becausesimultaneougwo-photonprocessesriginating
in the A- A partof the interactionHamiltonianare left out from the beginning. These
processestiowever areknown to be importantin mesoscopi@lectrodynamicgnd can
not be omitteda priori. In thelocal limit the resultgiven by the diagramin Fig. 5.2.G
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is identicalto the 7 - E dipolar interactionHamiltonian,sincea unitary transformation
of the form S= exp(—ieA(t) - /1) performedon the wave functionsandthe minimal

couplingHamiltonianwould displaythe equivalenceof the two formalisms(Ackerhalt
andMilonni 1984;Milonni, Cook,andAckerhalt1989).
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Chapter6

Conductvity tensordor DFWM response

In the precedingwo chaptersywe have found expressiongor the phaseconjugatedield
andthe single-electrorcurrentdensityresponseln the presentchapterthe connection
betweenthe single-electrorcurrentdensitiegEgs. (5.13) and (5.17)] andtheir related
conductvity tensors[Egs. (4.9) and (4.10)] is established.First, the matrix elements
of the Hamiltonianandthe currentdensityoperatorare written in termsof the vector
potential. Thenthe symmetriesof the variouscontrikutionsto the conductvity tensors
are studied. Finally, the expressiondor the nonzeroand independentlementsof the
conductvity tensorsarewritten on explicit form.

6.1 General considerations

In orderto determine(i) the linear conductvity responsdensord(F,T’) introducedin
Eq. (4.9) from the expressionfor the linear currentdensityin Eq. (5.13) [with inseF
tion of Egs.(5.14) and (5.15)], and (ii) the nonlinearconductvity responseunction
Z(r,7’,P" P") introducedn Eq.(4.10)from theexpressiorfor the DFWM currentden-
sity givenin Eq.(5.17)[with Egs.(5.18)—(5.20)nsertedwe by now essentialljustneed
to relatethe variousmatrix elementsappearingn Eqgs.(5.14),(5.15),and(5.18)—(5.20)
to thevectorpotential.

Takingthe nmmatrix elementof the“ —w" partof the partof the Hamiltonianwhich
is linearin thevectorpotentialonefindson integral form

H Qo= (Hhn) "= = [ Jon(?)- KO, (6.1)

wherewe have introducedthe transition currentdensity from statem to staten, i.e.,
9 = Jn in its explicit form, viz.

Il) = o (WP ER() ~ 45D (). (6.2)

Wa (a € {m,n}) beingthe electroniceigenstatesatisfyingthe unperturbedschiddinger
equationHoPa = EaPa. FromEq. (6.2)we notethatd,m(F) = J,,(F). Similarly, thenm
matrix elementsf the* —2w” partof the Hamiltonianbecomes

5 = o [T A 6.3)
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on integral form. Next, the matrix elementsof the part of the Hamiltonianwhich is
proportionalto A- A* aregivenby

e? S
o= 2o | UAOIomDA®) - A (). (6.4)
Finally, the matrix elementf the currentdensityoperatorj (*) arefoundto be
- (1) % ez « -
Pasom = T == Wa(")m(M)A()- (6.5)

The calculationof the DFWM conductvity tensoris finalizedin two steps. Thus
we start by inserting Egs. (6.1)—(6.5)into the threetracesin Egs. (5.18)—(5.20),and
thereafterve extractthevectorpotentialin suchamannethattheresulttakesthegeneral
form givenin Eq. (4.10). For convenience,we in the following divide the nonlinear
conductvity tensorlinto asumof subpartA—G referringto theprocessefA)—(G) shawvn
in Fig.5.2.

Sincewe areusingthelinearresponsdunctionin the descriptionof the phaseconju-
gatedfield it is adequatdor consisteng againto describethe linear processalthough
it is alreadywell known. The calculationis donein a similar mannerasfor the DFWM
responseby insertingEgs.(6.1), (6.2) and(6.5) into the two tracesin Egs.(5.14)and
(5.15), andthereafterisolating the vector potentialso that the resulttakes the form of
Eq. (4.9). In the following the linear conductvity tensoris divided into a sumof sub-
partsA—B referringto thetwo processeshavn in Fig. 5.1.

6.2 Symmetry propertiesof the conductivity tensors

In orderto studythe symmetrief the variouscontrikutionsto the conductvity tensors

= . . . 1
o(r,7") and=(7,7’,7”,7") onenoticesthatthe vectorpotentialonly appearwia }[,((3

HY, 7@ 1P 7Y andj of Egs.(6.1)and(6.3)—(6.5).Onefurtherobsenesfrom

Eq. (6.1) thatthe matrix elementsof }[_(8 and }Q()l) containinner productsbetweena

transitioncurrentdensityanda vectorpotentialandthatthoseof }[_(20 and}[éz) involve

inner productsbetweertwo vectorpotentials seeEqgs.(6.3) and(6.4). Theselastinner
productsmay corvenientlybewrittenin theform 1 : AA andT : AA*, respectiely. The
matrix elementsof the currentdensities]’flg) and ];E)l) are directly proportionalto the
vectorpotentialandmaythusfor the presenpurposeadequatelpewrittenin theforms

1-Aandl- A% respectiely.

6.2.1 Linear conductivity tensor

In theview of the aforementionedemarksit is concludedhatpartA of thelinearcon-
ductvity tensor givenby Eq. (5.14) hasthe symmetryof the unit tensorl. Part A thus
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fij] fij]

RN

Figure6.1: Symmetryschemesor thelinearconductvity tensor Tensorelementdabeledwith
a“e” arenonzeroglementdabeledwith a“-” arezero,andthesolid line connectqualnonzero
elements.

have 3 nonzeroelements.Furthermorepf these3 nonzeroelementsonly 1 is indepen-
dent, sincethe Cartesianndex of the linear currentdensityfollows that of the vector
potentialappearingn ]'(E)l), andthusi = j. Theotherpartof thelinearconductvity ten-
sor (partB) is extractedfrom Eq. (5.15),andit shavs a symmetryto the outerproduct
Ji®J,, whereJ; andJ; in generalare different,andpart B of the linear conductvity

tensorthus has9 independenhonzeroelements.The symmetryscheme®f the linear

conductvity tensorareshavn in Fig. 6.1.

6.2.2 DFWM conductivity tensor

Taking our symmetryanalysisto the DFWM conductvity tensorwe concludethat part
A, given by the first sumon the right handside of Eq. (5.18), hasa symmetrygiven
by the outerproductl ® 1. PartA thushave 9 nonzeroelements.Furthermoresince
the Cartesianindex of the DFWM currentdensityfollows that of the vector potential
appearingn ]'(E)l), i = j in theindex notationof Eq. (4.11). Fromthe form of the }[_(2)
termwe next concludethatk = h. Altogetherit is realisedthatthe 9 nonzeroelements
areidentical. To getanoverviewn of the conclusionwe shav in Fig. 6.2.Atheresultin
termsof a symmetryscheme.

Utilising the sametype of agumentst is concludedhateachtermin thesecondsum
in Eq. (5.18),which givesriseto partB of the conductvity tensoy whenwrittenin the
form of Eq.(4.11)hasasymmetnyidenticalto theouterproductl ® J; ® J», whereJ; and
J, aretwo generallydifferenttransitioncurrentdensities Theform of this outerproduct
leavesuswith 27 nonzeroelements.Also herethe coordinatecorventionof Eq. (4.11)
impliesthati = j. Furthermorewe obsere thatelementswithi =x, i =y, andi=2z
areidentical, sincethe two }[ng termsessentiallyproducesnumbers. Finally, we see

thattheindependenmatureof thetwo ?{_(8 termsmalkestheminterchangeablendthus
givesustwo differentwaysof constructingthe sumin Eq. (4.11). Of the 27 nonzero
elementonly 9 areindependentsinceaswe have realised =3, = =0, = =2, for all
permutation®f k andh in the threeCartesiarcoordinateg x, y, z}. Expressedn terms
of a symmetryschemethe deductionsabove leadto the symmetryschemeshawvn in
Fig.6.2.B.

Thefirst sumin Eq. (5.19)givesriseto partC of the DFWM conductvity tensoyand

the secondsumin this equationleadsto partD. Looking at the first sumit appearghat
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Figure6.2: The symmetryschemedor partsA-F of the DFWM conductiity tensorin their
mostgeneralspin-lessorms. Tensorelementdabeledwith a*“e” arenonzerogelementdabeled
with a“-" arezero,andthesolid linesconnecthonzeroelementof equalmagnitude.
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Conductvity Tensorsymmetry
G (7,7 il
58 (7, Jhel
EN (AN N ) 1ol
iB(r’r/’r//’r///) ﬁ®j'1®j’2
=S, PP e BT @8
gD(?’?/,ru’?///) —e:A®j'l®j'2®—e»A
?E(F’,?’,F’”,F’”’) ji®i®j'2
gF(F',F",?”,F"”) ji®j’2®i’
gG(?,?/,?//’?///) j'l®j'2®j'3®j;1

Table6.1: Thetensorsymmetrieof thevariouspartsA-B of thelinear, andA—G of the DFWM
conductiity. As explainedin thetext, J;—J; arefour in generaldifferentvectorsobtainedby a
weightedsuperpositiorof single-particlegransitioncurrentdensitiesandés = A/A.

thisis proportionalto (i : M*)A, afactwhichin relationto theform givenin Eq.(4.11)
impliesthatthe symmetryof the conductvity tensoris given by the outerproduct&, ®
1 ® &, with 8, = R/A. This productform leavesus with 9 nonzeroelements.As far
asthe Cartesianndicesareconcernedheabove symmetryimpliesthat j = h andi = k.
Finally we obsere thatthesameconstanappearsn front of thevectorpotentialindexed
k. This leadsto the conclusionthatthecases = x, i =y, andi = zareequal,leaving at
theendonly oneindependentonzercelementof partC of the conductvity tensor The
symmetryschemedor partC is shavn in Fig. 6.2.C.

In the secondsum of Eq. (5.19) the symmetryis proportionalto the outer product
8, ® J; ® J, ® 8 andthuswe areleft with 27 nonzeroelements.Then,in the form of
Eq.(4.11),i = h, andthepermutation®veri areseeno beequal,sothatwe endup with

only 9 independenelements.Usingthe factthat =2, = =2, = =2, oneobtainsthe
symmetryschemeshowvn in Fig. 6.2.D.

Letusnow take acloserook atthethird tracein Eg.(5.20).1t is corvenientto splitthe
first sumin this equationinto two partsrelatedto the two differentprocessethatoccur
Thefirst partof the sum,which refersto the }[f(gl)jm}[é)’l\)m—type of terms,givesrise to
part E of the third order conductvity tensorcorrespondingo procesgE) of Fig. 5.2.
Thesecondpartof thefirst sumis relatedto partF of thethird orderconductvity tensor
[procesqF) of Fig. 5.2]. Finally, thesecondsumontheright sideof Eq. (5.20)produces

partG of thethird orderconductvity tensor correspondingo procesgG) of Fig. 5.2.

The first part of the first sum, in relationto the representation Eq. (4.11), hasa
symmetrywhich canberepresentetly theouterproduct); ® T ® J, leaving 27 nonzero
elementsFromtheterm }[_(20 we seethatk = hin thechoserrepresentationf coordi-
natesets andfurthermorewerealisethatelementsvith k = x, k =y, andk = zareequal.
Thesedeductiongeducethe numberof independenhonzeroelementgo 9, which ful-

fills =4 = =fiyy = =5, for all permutation®f i and] in thethreeCartesiarcoordinates
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{X,y,z}. Theresultis shavn on schematidorm in termsof the symmetryschemein
Fig.6.2.E.

In the secondpart of the first sumin Eq. (5.20) we obsere that the symmetryof
part F of the conductvity tensory in relationto the form of Eq. (4.11),is proportional
to the outerproduct); ® J, ® 1, againleaving 27 nonzeroelements Dueto the chosen
corventionof the coordinatesets we realisefrom the }[0(2) termthatthe conditionk = j
applies. We furthermorenotice from this thattermswith j =%, j =, andj =zare
equal,leaving 9 independenhonzeroelementselatedby =f , = :iI;yh =F , for all
permutation®f i andh in thethreeCartesiarcoordinatesx,y,z}. This meanghatthe
symmetryschemds asshavn in Fig. 6.2.F

Part G of thethird orderconductvity tensoy which originatesin the secondsumin
Eq.(5.20),0bviously hasthetensorform J; ® J, ® J3® J;, andtherewill hencen general
be81lindependenhonzercelementsn theassociatedymmetryscheme.

The considerationsaying the foundationsfor the symmetryscheme®f the various
partsof thelinearandnonlinearconductvity tensorsaredisplayedn Tah 6.1,wherethe
relevantcombinationof J'sand1’s aregiven.

6.3 Expressiondor the conductivity tensors

We endthis chapterby giving the explicit expressiondor the independentensorele-
mentsof &(F,F') and=(F,P’,7”,¥""). Thus,theonly independentensorelementin part
A of thelinearconductvity tensoris

oA (7,7 _afsz,ﬁar ), (6.6)

andthenineindependenglementf partB are

RO =0 T

n\]i7nm. (6 7)

Theonly independentensorelemenin partA of thethird orderconductvity tensorthus
is

—xxx>€(? L) = w38m§h z rm— wan ? )wm(? )lpm( )wn(?)
x3(7 —7")8(F" — "), (6.8)

andthenineindependenglementf partB are

_Xxm(r F»I rll F»III

fn—"fy fa—f
oo34meh2 ,%v ((Ix,m—w (bm,—co>
X Ihyn(P") Jem( P ) Win(F) Wn () S(F — T ) (6.9)



Chapter6: Conductvity tensorsfor DFWM response 39

Theonly independenhonzercelementof partC of thethird orderconductvity tensoris
givenby

_Xxx)ir F»I rll rlll _

w34mgﬁz wnm Wm(F) Win(7) Wn(F)
x3(F' —7")3(F "), (6.10)

andthe nine independentonzeroelementsof part D of the third order conductvity
tensorare

— f fn— fy
I =N /// _ \ n ! "
—xlkx(r r,r.r 0)34 h2 E {( — (;J+ -I-OJ) Jjvn(M) Imu(™")

an

(g ) danl ) md®) RO, (61)

WOm+w Oy —
Thenineindependenglementf partE have the explicit form
2i €
w3 16mgh?

1 fm_ fv fn—f ) I " "
X ~ + — J *(7 7
n%v(*)nm—(x){ (m,m 20 O+ w JVn( )l-pv( )l-pm( )

r Fpl rll F»III) _

—IjXX(

fn f fm_f * (2l n . in__ e
H gt e ) (U | 3B 7). (612

andthenineindependentlementf partF of thethird orderconductvity tensorare

2i €
—|xxh(? ?I ?II ?III) _ @W
1 fn— f f fy
nmv

fa—fy  fm—fy ; ” A - o
+< o +(Wm_w> Inmu(T" )WH(F )LIJv(T')}J.,nm(f')é(r —7. (6.13)

Finally, the eighty-oneindependenelementsof part G of the third order conductvity
tensoraregivenby

2i 1 1 fi—fm | fi— 1 1
N (A G G G ) N {[<~ + = =
Ith( ) w3 8h3 n;w(%m—m Om—w0 @ —w/) ym—2w

fI_fv fn—fv) :| " n
J )y
+(®v| o 5 T o bt (F) Jici (F) Jjun(F')

[(ﬁ—f f|—f) 1 (ﬁ—f f—f)l]
+ + — + =
Wn—w Wy +w/ Wym W +wW Wy—w/ Wy
X Ihmi (™) Ieun (@) i 1y (77 +[( + = =—
b,mi (F™) Jwn (F) 31w (T7) mtw oy —w) o

fi—fy fn—fy 1 |
* (G)vl "ot G)m/—oo> O —2(0] I (") Jun(P) 3y, mi (F )}Ju,nm(?). (6.14)
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The number2 appearingin the first fraction of eachpart of the conductvity tensors
representshe degenerag of the spinenegies,thusgiving two electronsn eachenegy
eigenstate.



Chapter7

Discussion

In ChaptersA—6 we have established spatially nonlocaltheoreticalmodelfor optical
phaseconjugationin mesoscopicnedia. The comparisorto theexisting (local) descrip-
tionsof thedegeneratdour-wave mixing responseanbe madeby takingthelocal limit
of our nonlocalresponsdensorand abandoninghe contritutions stemmingfrom the
microscopiccurrentdensityof first orderin A.

In thelocal limit, the amplitudesof the interactingvectorpotentialsareassumedhot
to vary with the spatialcoordinatesandthusthe expressiondor the nonlocalDFWM
conductvity tensorcanbe integratedover thet””’, 7", and?’ spacego obtainthelocal
DFWM conductvity tensori.e.,

2(7) = / / / 27,7, 7" P a3 (7.1)
Usinganorthogonaketof wave equationsparity teaches

/Lp:(?)qjm(?)dg’r = Onm, (7.2)

whered, is the Kronecler delta. Theintegralsover the currentdensitiesgiveszeroif

the two quantumnumbersareidentical, otherwisethey dependon the individual wave
functions. The consequencearethe following: (i) Integrationover the spatialcoordi-
natesr” andr” in Eq. (6.8) givesn = m, andthus f, = f,,, suchthatpart A of the
DFWM conductvity tensorvanish. (ii) In partC, givenby Eq. (6.10),the effectis sim-
ilar, but is hereobtainedafterintegrationoverv”’, 7", andr’. (iii) In partE, integration
overt” andr” in Eq. (6.12)makestwo termsdisappeaimmediately andaninspection
of the remainingtwo termsshaws thatthey are of equalmagnitude put with opposite
sign, ultimately cancellingtherestof partE. (iv) In partF, integrationover 7" andr’ in

Eq.(6.13)givesaresultsimilarin consequencessfor partE. Thus,partsA, C, E, andF

of the DFWM conductvity tensorareinherentlynonlocal,while partsB, D, andG also
contritutesto theresponsén thelocal limit.

AbandoningpartsB andD of the DFWM conductvity tensorbecause¢hey arebased
on the responsef the microscopiccurrentdensityof first orderin A, we concludethat
only the local contrilution from part G is includedin the previous descriptionsof the
DFWM responsdéBloembegen,Lotem,andLynchJr. 1978),aspostulatedn page30.
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The single-electrormodelfor degeneratdour-wave mixing establishedn the previ-
ouschaptersanbe usedto studythe four-wave mixing responsdrom a numberof dif-
ferentmaterials.For example,onecouldstudy(i) systemsouilt from moleculesratoms
with no electronicoverlap(dielectrics),in which casethe responsdérom eachmolecule
(atom)canbe found separately The couplingbetweerthe individual moleculeswould
thenbedescribedisingelectromagnetipropagatorsAnotherapproach(ii) canbetaken
for studiesof the responsdrom metals,wherea numberof electronsfrom eachion in
the metallic structureis sharedwith the otherionsin a free-electron-like cloud, or (iii)
one could study semiconductorsin which the behaiour of the electronsare strongly
coupled.

In the presentwork, we will concentrateon the metallic case,and we proceedto
give asimplifieddescriptionof potentialinterestfor DFWM in mesoscopidilms andin
nearfield optics.



Part il

Degeneratdour-wave mixing
In quantumwell structures
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Chapter8

DFWM in two-dimensionallytranslationalnvariantmedia

After having establishe@dndanalyzedhe DFWM conductvity responsén its mostgen-
eralform we now turntheattentiorntowardsthespecificcasein whichthemediumunder
consideratioreffectivelyexhibits translationainvariancein two directions,sayx andy
in a Cartesian(x,y,z) coordinatesystem. We study sucha casebecauset appeardo

be of particularimportancefor optical phaseconjugation(i) in mesoscopiilms (quan-
tumwells), and(ii) relatedto evanescentvavesin nearfield optics. In neitherof these
casesa microscopictheory exists today to our knowledge. For mesoscopidilms the
dynamicsperpendiculato the film plane(here,the x-y-plane)hasto be treatedfrom a
microscopicnonlocalpoint of view, whereaghe dynamicsn the planeof thefilm often
is well modelledby a local conductvity (dielectric)function. In the following we as-
sumefor simplicity thattheelectronmotionin the planeof thefilm is free-electron-lik.

It is possibleto replacethe free-electron-lik behaiour with extendedBloch-function
(or tight-binding) dynamicsif necessaryut we shall not do this here,sinceafter all,

in the local limit only matrix elementsare changedin the oscillator modelwhen the
free-electrondynamicsis replacedby a more complicatedone. In the optical near

field casewhereevanescentvaveswith extremely small penetratiordepthsin saythe
z-directionappearit is crucialto keepthe microscopicdynamicsperpendiculato the
surfaceof the phaseconjugatingmirror whencalculatingthe DFWM response Sofar,

four-wave mixing in mediawith two-dimensionatranslationalnvariancehasonly been
studiedin the contt of phaseconjugationof electromagnetisurface waves (Fukui,

Sipe, So, and Stegeman1978; Ujihara 1982a,1982b),and of a bulk wave by surface
waves (Zel'dovich, Pilipetskii, Sudarkin,and Shkune 1980; Ujihara 1983; Steggeman
and Karagulef 1983; Nunzi and Ricard 1984; Mamaey, Mel'nikov, Pilipetski, Su-
darkin,andShkunw 1984;Mukhin, Pilipetski, Sudarkin,andUshalov 1985;Arutyun-

yanandDzhotyan1987; Pilipetski, Sudarkin,andUshalov 1987). In theseinvestiga-
tionsmacroscopi@pproaches/asused.

8.1 General DFWM response

Theassumedwo-dimensionatranslationainvarianceagainsiisplacementparallelto
the x-y-planemakesit naturalto expressthe variousvectorandtensorquantitiesin a
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mixed Fourier representationThus, by a Fourier analysisin the x- andy-coordinates,
thevectorpotentialis

Azn) = (2—:[)2/5\(2; LRI (8.1)

whered = (dx,dy,0) andT; = (x,y,0). Likewise, the inverserelation readsfor the
currentdensityof ordera andlinearin thecyclic frequeng w

T (zg) = / Tz p e mid?r. (8.2)
In themixed Fourierrepresentatiotherelevantconstitutve relationstakestheform
;Tft))(z;q'“) = iw/&(;i;q||) -A(Z:4)dZ, (8.3)
. (i(*))S = [ I = =
‘TEZ))(Z’GH) = (2.,.[)4//:(272,72,72, !qHaq”aq”aqH )
EA'(z’”;qﬁ”)A’(z”;qﬁ')ﬁ\*(z’;qﬁ)dzq"l”dzqﬁdzqﬂdz’”dz"dz’. (8.4)

Dueto the manneiin which the nonlinearconductyvity responsdensorwasconstructed
in Chapters, the variouscomponentgparallelto the x-y-planearenot completelyinde-
pendenbut satisfythe momentunconseration criterion

g’ +dj—d—d =0 (8.5)

In passingwe stressagainthat Eq. (8.5) is not an extra conditionput on the dynamics,
the equationis derivedfrom the generaltheory[seeAppendixA]. To studythe phase
conjugatedesponseriginatingin themixing of threeincomingwavesonemustchoose
for thefields of the two pumpwaves,denotedby (1) and(2), the vectorpotentialswith
the doubleand triple primesin Eq. (8.4). The incoming probefield [indexed (p)] is
representedia the vectorpotentialwith the singleprime.

8.2 Phaseconjugation DFWM response

Sofar, we have not utilized the translationainvariancecondition on the propertiesof

the medium. We do this first indirectly by assuminghat eachof the threeincoming
electromagnetitieldscontainsonly oneplane-vave componenparallelto thex-y-plane.
Furtherlimiting our studyto the casewherethe DFWM responséecomeshe phase
conjugatedesponse, e., thewavevectorof theresponsenustbe counterpropagatintp

the probefield, conseration of pseudomomentumequiresthatthetwo pumpfieldsare
counterpropagatinglhuswe take for the pumpfields

AZ";d") = A" k)3 + k), (8.6)
AZ';af) = A" k) a(d k), (8.7)
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whereRH is thecommorwavevectorfor thetwo pumpfields. With thesesubstitutionsve
canperformthe integralsover qﬁ” andqﬁ’ in Eq. (8.4), andthe conseration of pseudo-

momentumis reducedrom its generaldegeneratdour-wave mixing form, q"' q|’|’ —

q -, = 0,to q'” +q,= 0. This allows usalsoto solve theintegral overqH in Eq.(8.4).

In relationto the corventionaltheoryof three-dimensionalbulk) phaseconjugation,
therelauonq'| +q,= 0 expresseshefactthatthetwo- -dimensionaivavevectorg of the
phaseconjugatedleld is equalin magnitudeto the two-dimensionaprobewavevector
(q’) but pointsin theoppositedirection. Usingtheaforementionedriteria,thenonlinear
constltutve equationis reducedo theform

Toza) = 2,1 /// (22,2',2":9;.K)

whereapproprlatentegratlonoverq”” q andq" hasbeenperformed.Theterm“i.t.”

denoteghe so-called‘interchange erm Thlstermls obtainedfrom thefirst oneby
interchanginghe two pumpfields. The reasonthat sucha term hasto be addedarises
from the fact that eachof the vectorpotentialsbasicallyconsistsof a sumof all three
incomingfields,andthatthe phaseconjugatedermfrom the productof thethreevector
potentialsthusmustincludeboth permutationf the pumpfields. The new phasecon-
jugationDFWM (PCDFWM) conductvity tensorappearingafter integration over q|’|",

di, andd; is denotecE(z, Z,2',2";4,k).

In order to calculatethe nonlinearconductvity tensor?(z,z’,z”,z’”;q”,_k”) in the
mixed Fourierrepresentatiofias well asthe Iinearone,f’r(z,z’;q’H)], we begin by look-
ing at the enegy eigenstategor the light-unperturbedSchibdingerequation. Hence,
sincethe potentialenegy of the individual electronsis independentf x andy, i.e.,
V(r) = V(2) underour translationainvarianceassumptionthe basissetmay be taken
in thegenericform

Un(ZT)) = g, (27)) = S-Un(@F T (8.9)

where RH = (Kx, Ky, 0) is the wavevector describingthe free-particlemotion perpen-
dicular to the zdirection. For a mediumof macroscopicextensionin the x- and y-
directions,the set of wavevectorscommonlydenotedby k'” forms a two-dimensional
quasi-continuumAlbeit theindex n in thewave function,(z, T‘”) standdor atriple set
of quantumnumberswe alsousethis index to classifythe variouswave function parts,
Wn(2), belongingto the singleindexed z-dynamics.In areadilyunderstandableotation
theenepy eigenstatesE,, associateavith thegenericsolutionin Eq. (8.9)is

R,
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wherewe have introducede,, asthe enegy of staten in the solutiondependenbn the
z-coordinateonly. In theview of theaborementionedonsiderationghecyclic transition
frequeny becomes

S . Ry Ry 8.11
Wnhm = €n—Em+ me(|K||,n ‘KH,m') ) ( )

h 2

in a notationwhereadequatesubscriptax andm have beenput on the wavevectors. In
abbreiatedform the comple transitionfrequeng, which includesthe relaxationtime,
is for the sale of thefollowing analysiswrittenin theform

@hm = (K| %K) m), (8.12)

omitting the referenceto €, and €., sincethis is alreadyimplicitly given by the nm
subscript.The Fermi-Diracdistribution functionwe alsopresenin anabbreiatedform,
viz.

fa(R7)- (8.13)
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By insertingthegenericsolutionin Eg.(8.9)into theexpressiorfor thetransitioncurrent
densityin Eq. (6.2),we obtain

imﬁ)=—§%%C%F[W§m+RLMwM3wN3

Tn(Z R+ Ry ) T (8.14)

wherefor corveniencewe have defineda new transitioncurrentdensity ]'mn(z;R”’rﬁ+
K|,7) to separateout the dependencen the Cartesiancoordinates’y. For the various
Cartesianrcomponent®f this currentdensity we usethe notation ji nm(z; ‘K'H7,ﬁ+ R”ﬁ),

i€{xYy,z}.

8.3 Conductivity tensors

The explicit expressiorfor the phaseconjugationdegeneratdour-wave mixing (PCD-
FWM) conductvity tensor?(z,z’,z”,z’”;q'H,_IZH) is calculatedby insertionof (i) the so-
lutionsto thetime-independenBchibdingerequationgivenin Eq. (8.9), (ii) the Fourier
representatiomf the vector potentialgiven by Eg. (8.1), and (iii) the new form of the
transitioncurrentgiven in Eq. (8.14) into the nonlinearDFWM constitutve relation
in Eq. (4.10) with the phaseconjugationconductvity tensorin real spacegiven by
Egs. (6.8)—(6.14),and thereafterinsertingthe outcomeof thesestepsinto the expres-
sion for the nonlinearcurrentdensityin the mixed Fourier representatiotin Eq. (8.2).
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Finally, we performthe integrals over the two dimensiongx andy) in real spaceand
over relevantsetsof K -states Altogetherwe areleft with anexpressioron the form of
Eq. (8.8). For the processei Figs.5.1 and5.2, the aborementionectalculationsare
suppliedin AppendixA, wherealsothe generaDFWM conductyvity tensorsaregiven.
Thenonzercelementof thelinearconductvity tensomartA become

2|e2 1

on(22:0)) = @ (22

> [ @iy a2 3z~ 2), (8.15)

andtheninenonzercelementf partB are
8z, 2:q) = 2+ 1 Z/ n(Ry+7y) — f (KH)
IJ I (A)h 2T[2 &m (qu K”-l-q”,K”)
X jmn(Z5 2K + 0)) Ji,om(Z 2K + Ty K. (8.16)

Thenonzercelementof the PCDFWM conductvity tensorpartA are

e 2
—xxxx(LZ' Z Z' Q|\ak|\) 8m§h 2]]_-[2(0; len Z” qu(Z”)qu( )llJn( )

fn(K”) — fm(KH) d

x8(z—2)8(Z' - 2" , 8.17
@232 ~2') [ G et (8.17)
andtheninenonzercelementof partB become
€ 1 2
—xxkh(LZ, Z Z’ q”,k”) 4mehz (anwgn;\/wm lpn ) (Z_Z’)
/ 1 fm(®)) — fu(®) +K)  fa(R)) — Ru(®) +K)
X | z—=—= U — RV ———
Cnm(K) Ky) =260\ (R K, Ky) — 0 @R, Ky +ky) —
X thn(Z’”; ZRH —I—RH) jk,mv(zu; ZRH —I—R”)dZK”. (8.18)
In partC of thenonlinearconductvity tensorthe nonzercelements
, ¢ 1 2i i
—xxxx(zazl 4 Z’ QH’kH) 4mgh znzwgijn (Z’)LIJm(Z)LIJn(Z)
—k — fm
x6(z’—z’”)6(z—z”)/ oYy + ) = ) o (8.19)

Gnm(K) — K+, K))
andtheninenonzeraensorelementsn partD become

€ 1 2i .
Tl (22 o g YD ¥n(23(2=21)

nmv

x/ 1 { ( fn(K)) — fu(K) + kH)
Gonm(Ry + Ky 3, Ky) |\ @Ry -+, Ry) — o

—Xij(Z72, 74 Zl q||ak||)
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fn(Kn +K +8) — (R +K)

Gone(R) + K+, Ky +Kp) +

( fm(Rp) — MKy ) TR +k ) — (K +q“))
() + 0K+ @ Gon (R + K+ T, Ky +0y) —

X fun(2'5 2K + K+ 20)) Jj,md 23 28 + 7)) bl (8.20)

) (Z’ 2K|| + 2k|| —I—q”)jk mv(z’ 2KH + k”)

Thenonlinearconductvity tensormartE hasthe ninenonzercelements

e 1 2 " 1
—|jxx(zvzl z',2" q”’k”) 16n-|ehZ (2m) 2 w3 r%v -7 )/O\)nm(K” +q||7K||)

fn(R)) = f(R)) | Fn(Ry+ ) — fu(R)) (S
X{<G>vm("<'||aﬁ||)—ZwJr wrw(K||+q||,K|)+w> Jim(23 2R+ ) 9e(2') (2

fm(K)) — fu(K) + ) N fa(R) +d) — fu(K +Tj)
ym(K)| + T, Ky) + @ Gn(K) + ), K + ) —

X jmlZ; 2K +q|\)¢ﬁ(z")¢v(2")}ji,nm(ZJ 2R+ ) d’k. (8.21)

Part F alsohasninenonzeroelementswhich are

e 1 2i " 1
=fon(22,2',2";4.k) = 8mi2 (21-[2(03”;\,6 -z )/(khm(K||+q|aK||)

X{<fm(ﬁn)—fv(f|—'<|+“1'||)Jr n(K||+q|)—fv(RJ—knJrqn))
Oum(Ry =k +8),K)) (R +Ty, Ry =k 1)) —
X Jnwn(Z'; 2K — Ky + T W (Z) Wm(2)
N ( fn(Rp) — (K +k)) L ol + ) — WEy j_'in))
Govm(K + Ky, Ky) —w - Gony (K + 8, Ky +Ky)
X jhmdZ'; 2K, +RH)UJE(Z')UJv(Z')}J'i,nm(Zi 2K + ) dk. (8.22)

Finally, the PCDFWM conductvity tensormpartG hasthe eightyonenonzerocelements

1 1 2i 1
8m3 (2m2 o &) Gnm(R)+7),K)) —

y { [( fi(R) —ky) = fm(®)) iRy —y) - fv(_"'n)> !
G)m(k.”—RH,RH)—O\) (:)\/l(k’”,k’” —RH)—O\) (bvm(R||7R|\)_2w
N ( fi (R —ky) — fu(®)) N fa(Ky + ) — fv(RH)) 1 ]
@ (R Ry — k) —o0 - O (Ry+8),K)) + @ | éy (&) +7, K —K))

X jnmi (2" 2Ky =K jigv (2" 2R — K)) Jjun(Z; 2K + )

=5n(z2,2,2",0,,k) =
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N [( fi (R —an — fm®)) ARy —an — MKy —_‘in +q|,)>
Om(Ry =Ky, Ky) — 00 (K —ky+3),K — k) +
. 1 . <f. (R —K) = ful®y —ky +3))
Cvm(K) — kg +,Ky)  \ @Ky —ky 9,8 — k) +
L Il +3) — MKy -k +q”)> 1
Cn(R) + 8, Ky — Ky ) — /) G (Ry =+, Ky — k)
X jnmi (2" 2Ky —K)) ikun(Z'; 2Ky — Ky + 20)) §j0(Z; 2R — 2K+ )
N [( iRy +a) = fm®y) A +3) — (W& -k +q|)>
m(Ry +T Ky +0 - Gy (R — Ky + 0K+ ) —w
y 1 N <f| (Ry -+ — (R —K+d)
um(Ry =Ky +3p,K)) &Ry — Ky +8),K) + ) —w
LIy +a) - W& —K +q||)> _ L
Con (), + T, R — Ky +8)) — ) @i (K + 8y, Ky + 7)) — 20
X (@ 2Ry K+ 20 Jun(2'3 2K — K 20 iy (23 2%+ |
X Jinm(z 28 + ) ) d%k. (8.23)

In Egs.(8.15)—(8.23)bove we have droppedthe now superfluousndex on k'”.

8.4 Phaseconjugatedfield

After having sketchedthe calculationof the nonlinearDFWM responsewe turn our
attentionto the phaseconjugatecklectricfield. In the presentasewherethe mainparts
of the interactiontakes placein very smallinteractionvolumes,we canexpectthatthe
generateghaseconjugatedield doesnot affect the dynamicsof the pumpandprobe
fieldsmuch,andthustake the parametricapproximation.

Thentheloop equationin Eq. (4.17)is reducedo the single-coordinatéorm in the
two-dimensionaphasematchingcase(Keller 1996a)

Epc(z 0, w) = Epc(z ), w)
—ipow//é(z,z";q'”,w)-6’(2”,2’;61H,w)-Epc(z';q'”,w)dz"dz’, (8.24)

possiblywith é(E, Z';d),w) replacedoy Go(z 2';d,w). In the quantum-wellcasethe
explicit form of G(z 2';q, w) is known (Bagchi,BarreraandRajagopall 979),andalso
Go(z, z”;q‘”,w), adequaten nearfield optics, is of courseknown. For few (one, two,
three,...)-level quantumwells several schemesxist for the handlingof the integral

equationproblemin Eqg. (8.24),cf., e.g.,Keller (1996a). The only factorwhich in the
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parametri@pproximatiommakesthe DFWM loop problemdifferentfrom thosehitherto
investigateds thebackgroundield. In the presentasethisis givenby

Epc(zd),w) = —iUo(*)/é(ZaZ';qH,@) -Jf?)(z’;qn,m)dz’, (8.25)

with \Tff?)(z’;q”,w) taken from Eq. (8.8) in the caseof simple two-dimensionablane-
wave mixing, or in generaffrom Eq. (8.4).

In thequantumwell caselhepseudo-acuumpropagatoé(z, z”;q’H,w) canbewritten
asasumof threeterms

G(z,Z;0),w) =D(z—Z:d),w) + T (z+ 77, w) + §(z— Z; w), (8.26)

wherethe first two are namedafter the processeshey describe. Thusthe term D(z—
Z; q'”,(o) describeshedirectpropagatiorof theelectromagnetitield from asourcepoint
atZ to theobseration pointatz It is givenby

dai|z—7|

D(z—Z;q,w) = i

828 +0(z-2)8@8+0(Z-2&8®8].  (827)

Theindirectterm, T (z+Z; g, w), describeshepropagatiorfrom the sourcepointof the

partof the electromagnetifield thatis goingto the point of obseration via the surface

of thebulk medium.Theexpressiorfor theindirecttermreads

e—ifh(z-l-z’)
2iq,

Finally, the self-field term characterizeshe field generatedit the obseration point by

the currentdensityat the samepoint. The self-field partof the propagatois givenby

§(z—7Z,00) =4 %3(2—2)&;® &, (8.29)

whereq = w/cy is the vacuumwavenumber In the above equationsg, = [0 — qﬁ]l/z,

& =g *(q.,0,—qy), and& = g *(—q.,0,—qy), taking g, = q;&. The quantitiesr®

andrP arethe amplitudereflectioncoeficientsof the vacuum/substratiterfacein the

absenceof the quantumwell. In generaltheseare functionsof g;. The appropriate
propagatorsor a singlequantumwell systemareshavn in Fig. 8.1.

T(z+7;0),w) = [r’s,®8,+rPg ®8)]. (8.28)

8.5 Somelimits of the PCDFWM conductivity tensor

8.5.1 Local limit in the z-coordinates

In thelocallimit thethreeinteractingfieldsareindependentf the zcoordinateandthus
we may calculatethelocal PCDFWMresponséensoras

i(Z; q”,_k”) = ///?(Z, Z’,Z”,Z’”;qH,RH)dZ”IdZ”dZ’. (830)
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Figure8.1: The propagatorsppearingn the calculationof the phaseconjugatedield in the
systemwe considelin this communication.The systemconsistsof a threelayerthin film struc-
ture,namelyvacuum film (quantumwell, extendingfrom 0 to —d) andsubstratécrosshatched).
In the vacuummay be placeddifferentkinds of sourcese.g.,a quantumwire with its axisalong
the y-direction (shovn asa dot). In Fig. (a) the propagatiorof the electromagnetidield from
asourcepoint?’ insidethe quantumwell to an obsenation point ¥ outsidethe quantumwell is
shavn, while in (b) the propagatiorof the electromagnetidield is illustratedin the casewhere
both sourceand obsenation point areinsidethe quantumwell. D is the propagatiorpath de-
scribedby the direct propagatoyl is the propagatiorpathdescribedy the indirect propagator
andg denoteghe self-field actionpropagatorin the centerof thefigure is shovn the Cartesian
coordinatesystemusedin our calculations.

Sincethe dependencen the threecoordinateZ”, Z/, andZ arefairly simplewe may
drav someconclusionglirectly from lookingatEgs.(8.17)—(8.23) Usinganorthogonal
setof wave functions,parity teaches

/ Wn(2)Wrn(2)dz = S, (8.31)

wherednm is theKronecler delta. By inspectionof Eq. (8.14),thisis thetype of integral
appearingvhenconsideringhex andy coordinate®f this currentdensity

Thenwe may concludethat (i) the only independenelementof partA of the PCD-
FWM conductvity tensoiis zeroin thelocallimit, sincethetwo Fermi-Diracdistribution
functionsin Eq. (8.17) becomesdenticalfor n = m. This occurswhentakingthelocal
limit in the coordinatez’. In addition,(ii) thefive independenélementf partE of the
PCDFWMconductvity tensoralsobecomegero,sincethetwo pureinterbandermsare
zeroby themseles,andthetwo othertermsareof the samemagnituddout with opposite
sign. This occurswhentakingthelocallimit in thecoordinate” andZ’. Furthermore,
(iii) for partG of the PCDFWM conductvity tensoy elementswith the Cartesiarindex
i = zandtheotherindicesdifferentfrom zbecomesgero,sincethe otherindicesimplies
thatall quantumnumbersin the summatiorbecomedentical. Finally, (iv) the only in-
dependenelementof part C of the PCDFWM conductvity tensoris reducedo a pure
intrabandcontritution. The samereductionappearsn tensorelementsof partsD, F,
andG with no Cartesiarcoordinateindex z in indices jk, ih, andijkh, respectiely. In
partB of the PCDFWM conductvity tensor the elementswvith no Cartesiarindex z in



54 Partlll: DFWM in quantumwell structures

_ byk] [xzk] Poxkn] o bkl

[k M [xzk
o o O 0 e o o
o 00 e
[yxk] k] [yzkn]
o o 00 e °
o O O e °
| [ ] _ _. [ ] ._ | [ ]
o _ [zz [zxK] _ [zyk] _ [zzH]
e o] - - . °
.‘\QN\ . . . . . [ ] . - [ ] [ ]
- - 1L - -_:%_(F) (G)Le © o | [0 o o | 1

Figure8.2: Symmetryschemesor the PCDFWM conductvity tensorpartsB, D, F, andG in
(i) thelocal limit in the z coordinatesand (ii) the singlelevel quantumwell case.In the local
limit, tensorelementdabeledwith a“e” givesnonzeromixedinterband/intrabandontributions,
elementdabeledwith a “o” givesnonzeropureintrabandcontributions,and elementdabeled
with a“-" arezero. In the single level quantumwell case,only elementdabeledwith a “o”
contritutesto the solution. The solid linesconnectequalnonzercelements.

kh apparantlygivesthe sameresult, but the following integration over 'K’H makesthem
vanish.Theseconclusionsareshavn in theform of symmetryschemesn Fig. 8.2.

8.5.2 Local limit alongthe surface

Taking the local limit alongthe surface coordinatesthe wavenumbersare considered
to be muchlessthanthe Fermi wavenumberi.e., we take the limit whereq'” — 0 and

kj — 0 (thedipolelimit).
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Thenfrom Eg. (8.11) we obsere thatthetransitionfrequenciedbecomeandependent
of 'K'H, andthuswe concludethatthis approximatiormalkesthe integrationover k’H par
ticularly simplein the low temperaturdimit, sinceno integrationvariablesappearsn
ary of the denominatorsn Egs.(8.17)—(8.23).We further obsere that only interband
contributionsareleft comparedo thefull description.

8.5.3 Local limit in threecoordinates

Locality in all threecoordinatess achievedby acombinatiorof thetwo limits mentioned
in Secs.8.5.1and8.5.2above. Thus,in this limit (i) partsA and E of the DFWM
conductvity tensordoesnot contrikute for the samereasonssbefore. Furthermorgii)
theintegrationover Z in partC makesthis partvanish,(iii) theintegrationoverZ in part
F of the DFWM conductvity tensorcanceldwo terms,andtheothertwo areof thesame
magnitudeput with oppositesigns,resultingin thefactthatpartF doesnotcontritute to
theresponsén this limit. Finally (iv), all purelyintrabandcontrituting tensorelements
found in the local limit vanish. All in all we are left with five independenhonzero
elementof partsB andD, andfiftysevenindependentonzercelement®f G, all labeled
with a“e” in Fig. 8.2.

8.5.4 Singlelevel quantum well

A substantiakimplificationof Egs.(8.17)—(8.23)occurin onespecialcase,nhamelyin
thecasewherethethin film is asinglelevel guantumwell in the z-direction. In thesingle
level quantumwell, the summatiorindicesareall equalto 1.

Specialattentionis in this casedevotedto the currentdensitydefinedin Eq. (8.14),
whichin asinglelevel guantumwell is reducedo

. eh
in11(zKkn) = —ﬁ(5hx+ Shy)KnlW1(2) |2, (8.32)

for h € {x,y}, sincethe zdependenpartvanishfor ary n = m. This obseration leads
to a drasticreductionof the numberof contrituting elementdn mostof the symmetry
schemesssociateavith the occuringprocesses.

The only nonzeroelementin part A of the nonlinearconductvity tensorvanishfor
n=m. In partB of theconductvity tensorall elementswith k or h equalto z vanishfor
n= m=yv, andtherestof the elementssanishby integrationoverR”. Theonly nonzero
elementbof partC of the nonlinearconductvity tensoris consered, but simplified. Part
D of thenonlinearconductvity tensoris reducedsomeavhat,sinceeithercombinationof
j = zork=zgiveszero. Thenwe areleft with four nonzeroindependentlementsas
shavn in Fig. 8.2.D.Part E doesnot give ary contritutionsto theintrabandtransitions,
sincetwo termsin thesumgivesno intrabandcontritutionsin generalandtheothertwo
termscanceleachother Part F is reducedn a mannersimilar to partsB andD, since
ary combinationof i = z or h = z giveszero. The resultingfour nonzeroindependent
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elementsareshovn in Fig. 8.2.F In thelastpart(G) of the nonlinearconductvity tensor
ary combinatiorofi =z, j =z k=z orh=zgiveszero.As aconsequencef thisrather
drasticreductionwe areleft with sixteennonzercelementsasshavn in Fig. 8.2.G.
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Polarizedight in thex-z-plane

Restrictingoursehesto considedight propagatingn the x-z-plane,which furthermore
is polarizedeitherin the x-z-plane (p-polarized)or perpendiculato the x-z-plane (s-
polarized),the treatmentcan be split into eight separateartsrelatedto the possible
combinationsof polarizationof the threedifferentincidentfields. In this scatteringge-
ometryd (and_li”) lie alongthe x-axis, giving a mirror planeaty = 0. Consequently
only tensorelementsn the (3 x 3 x 3 x 3) PCDFWMresponsdensorwith a Cartesian
index even numberedn y contrikutes,andthe 81 tensorelementggenerallyappearing
arereducedo 41.

Applying the two polarizationstatess and p chosenabove to the threeinteracting
fields, the resultingeight different combinationsusesdifferent matrix elementsn the
nonlinearconductvity tensoy and(aswould be expected)theseeight combinationgo-
gethermake useof all elementsof the nonlinearconductvity tensor This division is
shawvn in Fig. 9.1 for the 41 contrituting tensorelementsasdescribedn the following.
The noncontriluting elementsf the nonlinearconductvity tensoris denotedusingthe
symbol“-” in Fig. 9.1.

9.1 Eight setsof contributing matrix elements

Fromthe point of view of the probe,the eightdifferentcombinationsof polarizedlight
canbedividedinto two groupsof four, namelyfour giving aPCDFWMresponsevith the
samepolarizationasthe probeandfour giving the otherpolarizationasthe PCDFWM
responseln thefour combinationgyiving responsef thesamepolarizationastheprobe,
thetwo pumpfieldshave the samepolarizationstates.Theseconfigurationaresketched
in Fig. 9.2. The otherfour combinationswherethe two pump fields are differently
polarizedaresketchedn Fig. 9.3.

Two out of thefirst four combinationgdescribes to s transitions seenfrom the point
of view of theprobe.(i) Thesimplestcombinationarisesvhenbothpumpfieldsandthe
probefield ares-polarized,asshaovn in Fig. 9.2.a. In this case,only the yyyyelement
of the nonlinearconductvity tensoris present.In Fig. 9.1t is marked with a“e”. It
shouldbe notedthatthis is the only caseof the eight,in which a singlematrix element
canbe determinedndependentlyn an actualexperiment. (i) Whenboth pumpfields
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Figure9.1: The contributing matrix elementof thethird orderconductvity tensorin the cases
where(e) boththe pumpfieldsandthe probefield ares-polarized,(o) boththe pumpfieldsand
the probefield are p-polarized,(H) both pumpfields ares-polarized,andthe probefield is p-
polarized,(O) both pumpfields are p-polarized,andthe probefield is s-polarized,(&) (and®
for the “interchangederm”) pump1 is s-polarized,pump?2 is p-polarized,andthe probeis s-
polarized,(Q) (andé for the“interchangederm”) pump1lis p-polarized pump2 is s-polarized,
andthe probeis s-polarized, () (and & for the “interchangederm”) pump 1 is s-polarized,
pump2is p-polarized andtheprobeis p-polarized and(#) (and< for the“interchangederm”)
pumplis p-polarized,pump?2 is s-polarized,andthe probeis p-polarized.

are p-polarizedandthe probefield is s-polarized(seeFig. 9.2.b),the four contrituting
matrix elementsn the nonlinearconductvity tensorhave indicesi and j equalto y and
indicesk andh differentfrom y. Eachof thesefour elementds marked with a“[0” in
Fig.9.1.

Fromthesamepoint of view the othertwo of thefirst four combinationslescribep to
p transitions.(iii) If bothpumpfieldsares-polarizedandthe probefield is p-polarized
the configurationis sketchedin Fig. 9.2.c, and four matrix elementsin the nonlinear
conductvity tensorcontritute to the solution. They have indicesk andh equalto y and
indicesi and j differentfromy. In Fig. 9.1, eachof theseelementss marked with a
“W". (iv) Theotherextremecase[the simpleextremehasbeendescribedn item (i)] is
the combinationwhereboth pumpfields andthe probefield are p-polarized,asshavn
in Fig. 9.2.d. In orderto obtainthe solutionfor this combinationas mary as sixteen
elementsf the nonlinearconductyvity tensorarerequired,sinceevery elementwith an
index withouty’s in it contritutes. Eachof theseelementds markedin Fig. 9.1 with a

o,
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Figure 9.2: Schematidllustration shaving the four possiblefield polarizationcombinations
giving rise to the samepolarizationof the phaseconjugatedesponseasthe probefield. Figs.a
andb shownsthe sto sresponsdor s-polarizedand p-polarizedpumpfields, respectiely, while
Figs. c andd shaws the p to p responsecorrespondingo thesepumpfield polarizations. In
Figs.a—dthe pumpfieldsaredenoted1) and(2) andthe probefield is denotedp).
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Figure 9.3: Schematidllustration shaving the four possiblefield polarizationcombinations
giving riseto differentpolarizationof the phaseconjugatedesponseeerfrom the point of view
of the probefield. Figs.aandb shavs the combinationsof the fields giving a sto p response,
while Figs.c andd shavsthe p to sresponseonfigurationsin all four caseghetwo pumpfields
aredifferently polarizedwith respecto eachother In Figs.a—dthe pumpfieldsaredenoted1)
and(2) andthe probefield is denotedp).

Still taking the “probe to response’point of view, two of the remainingfour cases
represent probeto responséransitionfrom sto p. (v) If pumpfield 1 is s-polarized,
pumpfield 2 is p-polarized andtheprobefield is s-polarized(thecorrespondingliagram
is shavedin Fig. 9.3.a) thefour contrituting matrix elementsave indicesj andk equal
toy andindicesi andh differentfromy. In Fig. 9.1eachof theseelementss markedwith
thesymbol“&”. In the otherof thesecases(vi), pumpfield 1 is p-polarizedandpump
field 2 is s-polarized,andwe take the probefield to be s-polarized.This combinationis
sketchedin Fig. 9.3.b,andthe four contrikuting elementsn the nonlinearconductvity
tensorthen have indices j andk equalto y andindicesi andh differentfrom y. In
Fig. 9.1 the symbol“Q” is usedto shav theseelements.As a direct consequencef
the conseration of momentumcriterion thesetwo combinationsare equivalent, since
by replacingd with —g, and_k” with —_Ii” thesituationin (vi) changego thesituationin
(V).

Thelasttwo combinationgepresentaitransitionfrom p to sin the picturefrom probe
to response.(vii) If pumpfield 1 is s-polarizedand pumpfield 2 is p-polarized,but
the probefield is p-polarized,the situationis as sketchedin Fig. 9.3.c. Thenagain
four elementf the nonlinearconductvity tensorcontritute to the solution. Thesefour
elementshave indicesi andh equalto y andindicesj andk differentfrom y, andeach
elementis marked usingthe symbol“<{” in Fig. 9.1. Finally, (viii), whenpumpfield
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1is p-polarizedand pumpfield 2 is s-polarized,but the probefield is p-polarized,the
configurationappearsas shovn in Fig. 9.3.d, which againgives four elementsof the
nonlinearconductvity tensorcontrikuting to the solution,theindicesi andk beingequal
to y andtheindices j andh beingdifferentfrom y. We mark eachof theseelements
with thesymbol“ #&” in Fig. 9.1. For the samereasorasbefore,casegvii) and(viii)) are
equialent.

9.2 Simplified description by choiceof pump fields

Althoughthe two pumpfields hasbeendravn parallelto the interfacein Figs.9.2 and
9.3, this is not a requirementaslong asthey are counterpropagatingp eachother If
we arelooking for a simplificationin the treatmenbof optical phaseconjugationfrom a
guantumwell structure,a reductionin the numberof tensorelementgo be calculated
couldbe onealternatve. Two immediatepossibilitiescomesto mind. In thefirst case,
the pumpfields are taken to be parallelto the x-axis. The secondcasehasthe pump
fields parallelto the z-axis. The consequencesf thesetwo casesare describedn the
following.

If the pumpfields propagaten a directionparallelto the x-axis, the numberof con-
tributing tensorelementsn the nonlinearconductvity tensor=(z7,2',7"; ot ,RH) is re-
ducedfrom 41 to 18 when considerings- and p-polarizedlight only. The surviing
elementscan be divided into four casesfollowing the four possiblecombinationsof
polarizationof the pumpfields. When(i) bothpumpfieldsare p-polarized theirrespec-
tive electricfields have only a zzcomponentandhenceh = k = z. Similarly (ii), when
both pumpfields are s-polarized,their electricfields only have a y-componentthatis,
h=k=y. In case(iii) pumpfield 1 is p-polarizedwhile pumpfield 2 is s-polarized,
giving h= zandk =y. In thefinal case(iv) the pumpfieldsarepolarizedoppositelyto
thosein casgiii), i.e.,h=yandk=z

If we choosethe pump fields to propagatein a direction parallelto the z axis in-
stead,the numberof contrituting tensorelementsin the nonlinearconductvity ten-
sor =(z, z’,z”,z’”;qH,_RH) is againreducedfrom 41 to 18 when considerings- and p-
polarizedlight, andagainthe surviving elementsare divided into four groupsfollow-
ing the four possiblecombinationsof polarizationthe pumpfields canhave. Thus, (i)
whenboth pumpfields are p-polarized,the electricfields representinghemhave only
x-componentsi.e., h =k = x, (ii) for the pumpfields bothbeings-polarized the same
elementsaswhenthe pumpfields are parallelto the x-axis contritutesto the solution,
giving againh = k =y. In the caseof differently polarizedpumpfields, (iii) h= x and
k =y whenpumpfield 1 is p-polarizedand pumpfield 2 is s-polarized,and(iv) h=y
andk = x whenthe oppositepolarizationsoccur

In conclusion,thesetwo possibilitiesof choicehave five commoncontrikuting ele-
mentsnamelytheoneswherek = h=Yy. At thesametime, tenelementof thenonlinear
conductvity tensordoesnot contrituteto eithersimplification. They have kh € {xz zx}.
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ChapterlO

Theoreticakonsiderations

Having discussedhe propertiesof opticalphaseconjugationin quanturmwell structures
in generalet us considerherethe simplestconfigurationof a mesoscopienetallic op-
tical guantum-wellphaseconjugator In this caseonly a singleboundstateexists below
theFermilevel andit is assumedhatnolevelsabore the Fermilevel canbereachedvith
theappliedopticalfield. Sucha quantunmwell is calleda single-level quantunwell.

10.1 Phaseconjugatedfield

In amesoscopidilm the electricfield generatediia the directandindirect processeat

agivenpointis roughly speakingof the order(Yow/q, ) f\ﬁ:gdz’, whereaghe self-field

hasthe magnitude(pow/qz)\ﬂi)). Sinceqd « 1, whered is thethicknessof thefilm, we

judgetheself-fieldtermto dominatethe phaseconjugatedield insidethe quantumwell,

at leastfor single-level metallic guantumwells which have thicknesse®n the atomic
length scale. In the following we thereforeusethe so-calledself-field (electrostatic)
approximatiorto calculatethe phaseconjugatedield insidethe quanturmwell. With the
propagatof3(z, Z';4, w) replacedvy g(z—Z; w), the phaseconjugatedield fulfills the
integral equation

88
i€gw

Epc(zd),0) = Epc(z 7, w) + '/6(2,2';(_1'”,00)'EPC(Z'?Q'H,CO)dZ' (10.1)

insidethewell, andthe backgroundield is now

ERc(z ), 0) = éfjfiil(z: 4),0)- (10.2)

In the self-field approachthe phaseconjugatedield hasonly a componenperpendic-
ular to the surface (the z-componentjnside the well andonly the z-componenbf the
nonIinearcurrentdensityi'f?) drivestheprocess.

Oncethe phaseconjugatedield inside the quantumwell hasbeendeterminedn a
self-consistentnannerfrom Eq. (10.1),it canbe determinedoutsideusing Eq. (8.24).
The self-fielddoesof coursenot contrikute to the exterior field, andno loop problemis
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involved. All thatneedto bedoneis to integrateknown quantitiesn the z-directionover
thewell.

10.2 Nonlinear conductivity tensor

As we may recall,the nonlinearconductvity tensorappearingn Eq. (8.8) mayin gen-
eralbewritten asa sumof sevenparts(A—G) afterthe physicalprocessethey describe.
Thesehave thetensorsymmetrieshovn in Tah 6.1. In this chaptemwe usethis conduc-
tivity tensorin theform it takesfor mediawith two-dimensionatranslationalnvariance
asit wasdevelopedin Partll, but for quantumwells sothin thatonly asingleboundlevel
exists. The quantumwell may be free standing,or it may be depositedon a substrate
thatcanbe describedy arefractive index n relative to the vacuumon the otherside of
the film. The surfaceof the film is parallelto the x-y-planein a Cartesiancoordinate
systemandtheinterfacebetweerthefilm andthe substratés placedat z= 0 asshovn
in Fig. 8.1. We furtherlimit our studyto the casewhere(i) all scatteringakesplacein
the x-z-plane, (ii) the interactingfields arelinearly polarizedin (p) or perpendiculato
(s) the scatteringplane,(iii) the pumpfieldsin the phaseconjugatingsystemare coun-
terpropagatingnonochromatigplanewaveswith a uniform amplitudealongthe z-axis
andpropagatingn adirectionparallelto thex-axis,and(iv) thefield is calculatedwithin
the self-fieldapproximation.

From (i) abose we geta mirror planeaty = 0, leaving only tensorelementsof the
conductvity tensorswith anevennumber(0,2,4) of y'sin the Cartesiarindex nonzero.
Condition(iii) impliesasa consequencef condition(ii) thatno tensorelementof the
nonlinearconductvity tensorwith one or both of the lasttwo Cartesianindicesas x
contributesto the phaseconjugatedesponse Requiremen{iv) abose impliesthatthe
first Cartesiarindex of atensorelementshouldbe z in orderto contritute to the phase
conjugatedresponse.The choiceof a single level quantumwell in itself restrictsthe
transitioncurrentdensityto containx- andy- component®nly. Togethemwith the fact
thatpartB giveszeroafterintegrationover ‘K'” andE givespureinterbandcontritutions,
thesechoicedeave two nonzercelementof the nonlinearconductvity tensoy namely

Zoydz2,2', 2" 0y — k) = =5.42,2,7', 7" 9, — k) =

et
FrinepmeC (A K3 ~2")8(z= )W) W@ (10.3)
et
=onAz 2,2, 2" q),k) = mp(qwk”)é(z—Z”I)|llJ(Z”)|2|llJ(z/)‘2|[p(z)|2’
(10.4)

where

_ FR) + [ —ky]&) — F(K))
0K =2 gk o RiTEm) T

d’k, (10.5)
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D(q, k) = 2 o

as = / -
-4 Koy + ki) [2kx+ g+ K]/ (2me) —i/T

fiky [2Kx+ K]/ (2me) —i/T— 0w~ hgy[2kx+ g + 2k ]/ (2me) —i/T+ W

FR)) = f(R) + &) PR+ kg +agle) — FRy+ a8 ) o
1 [2kx+ o]/ (2me) —i/T+w * Tiky [2k+ Ky + 20y]/(2me) —i/T— @ A

(10.6)

The number2 appearingn front of the integralsabove representshe summationover
thedegeneratespinenegies.

Thefree-particlecharacteof theelectronmotionin the planeof thequantumwell en-
ablesusto write the solutionsto thelight-unperturbedchibdingerequationin theform
W(F) = (2)~'Y(2) exp(ik - 7), wherek|| = (kx, Ky, 0) is thewavevectorof theelectron
in consideratiorand(z), appearingn Egs.(10.3)and(10.4),is the zdependenpart
of the wave function, commonto all electrons. The x-y-dependenpartsof the wave
functions,(ZTr)*lexp(i'K'” -T'), areorthonormalizedn the Dirac senseij.e., they obey the
equation(2m) 2 [ expli (K — R)) -Pld?r = 3(K) — K{), andthe zdependenpartfulfills
the separatenormalizationcondition [ |{(z)|?dz = 1. In Egs.(10.5)and(10.6)there-
sponsef all electronds takeninto accountoy integratingoverall possibIeR” wavevec-
tors. The eigenenayy Z(k'“) belongingto the stateW(r) is obtainedby addingto the
commonbound-statenegy €, thekinetic enegy in the parallelmotion. Thus

- h?

The quantity f(K) = [1+ exp{(Z(K|) — W)/ (ksT)}]~* denoteghe Fermi-Diracdistri-
bution functionfor this eigenstateyl beingthechemicalpotentialof theelectronsystem,
ks the BoltzmannconstantandT theabsoluteéemperature.

10.3 Probewith singleFourier component

In thefollowing we calculatehephaseconjugatedield generatedby aprobefield which
consistof only oneplane-vave componenbf wavevectord = (q,0,q. ). A probefield
of theform E(z ) = E€%:? is henceinsertedn Eq. (8.8).

Then,whenusinglinearly polarizedight, threedifferentcombination®f polarization
givesanonlinearcurrentdensity namely(i) the onein which all participatingfieldsare
p-polarized(ppp), and(ii) thetwo combinationsvherethe pumpfields aredifferently
polarizedandthe probefield is s-polarized(spsand ps9. In all casesthe phaseconju-
gatedresponsés p-polarized,andthuscharacterizedh termsof the polarizationstates
of the probeand phaseconjugatedfields, case(i) may be classifiedasa p to p tran-
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Figure 10.1: Schematidllustration shaving threeof the possiblefield polarizationcombina-
tionswhich maygiveriseto a phaseconjugatedesponsén a single-level quantumwell, viz. (a)
the purely p-polarizedconfiguration,and (b—c) the mixed polarizationconfigurationsvherethe
pumpfields aredifferently polarizedwhile the probeis s-polarized.The two mixed polarization
statesare closelyrelated,sincereplacingg with —gj in oneof themyieldsthe other In both
(aandb—c) casesthe phaseconjugatedesponseés p-polarized. The schemesreshovn in the
Cartesiarcoordinatesystemgivenin Fig. 8.1, suchthatthe smallarrowsin the planerepresents
p-polarizedstatesandthe circlesrepresents-polarizedstates.The large arrowvs shov thedirec-
tion of (oneFourier componenbf) the wavevectorsof the pumpfields (1 and2) andthe probe

field (p).

sition, and caseq(ii) assto p transitions.A schematidllustration of theseinteraction
configurationss shawvn in Fig. 10.1. Definingthe z-independenguantity
182z
3 — S—oz\SH
T0 ) = ; (10.8)
ST @R

theabove conditionsyieldsfor the p to p transition

et
wz(qH) FihePE [Cay— k) + C(a+ k)] ESVEPE:
x / W(2)Pe 1927 (10.9)

andfor thesto p transitions

e4 I3 . )

x / W(Z)2e 97 dZ, (10.10)
e .
793),2(6“) = FrEihePne [C(q” ki) + (Q|,k||)] Ez(l)Es(/Z)Ey

x / W(2)|2e 97 dZ. (10.11)

In the abore threeequationsthe superscript(1) refersto the pumpfield propagating
alongthe x-axis in the positive direction(_li” = k&), andthe superscript(2) refersto

the otherpumpfield. Thesto p transitionsaresymmetricin the sensehatif the probe
wavevectordj is replacedby —g in Eq. (10.10),thenthe resultof Eq. (10.11)is ob-

tained,andvice versa.The p to p transitionis symmetricto itself in this sense.
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For asingle-level quantumwell, thezzcomponenbf thelinearconductvity tensoris
givenby (Feibelmanl982)

ot 2:0)) = me(‘ffiffmwwza(z— ), (10.12)
where

In orderto take into accountthe couplingto surroundingswve have introduceda phe-
nomenologicalrelaxationtime 1 in the diamagneticexpressionfor o, [EQ. (10.12)]
(Feibelmanl982). A factorof two in this equationagainstemsfrom the spin summa-
tion, andthequantity\’|W(2) |2 is theconductiorelectrondensity Thephaseconjugated
field insidethe quantumwell hasa z-componentEpc,(z q”), only, andby combining
Eqgs.(10.1),(10.2),and(10.12)it appearshatthisis givenby

ime(w+i/T) 3)

——J\7 _(Z ). 10.14
NNV —eomeca(wo+177) 0= ) (1019
Usingnow Eq. (8.24),the zcomponent®f the phaseconjugatedield outsidethe quan-
tumwell canbe calculatedandtheresultis

Ae(+1/T) (7 4 rPeUT) () 2

29, EN|W(Z)]? — ggmew(w+i/T)
(10.15)

wheretherela/antexpressiorfor]S%Z(q'ﬂ) is takenfrom Eq. (10.9),(10.10),0r (10.11).
Given the zcomponenbf the phaseconjugatedield, the x-componenimay be found
from

Ercx(zd)) = (;_T'EPCZ(Z; a)), (10.16)
which follows from the expressionfor the electromagnetipropagatqror equivalently
from the demandhatthe phaseconjugatedield mustbetransersein vacuum.

Theintegralin Eq.(10.15)is differentfrom zeroonly in theregion of thequanturmwell
[from aroundZ = —d to aroundZ = 0 in thechosercoordinatesystemtheexactdomain
dependingntheextentof theelectronicwave function(Z)]. Sincethewidth (~ d) of
asingle-level metallicquantumwell is in the Angstidm range andq is typically in the
micrometerangefor opticalsignalssuchthatq; d <« 1, it isagoodapproximatiorio put
exp(+iq, Z) = 1in Eq.(10.15).For electromagnetifrequenciesohighthatq, ~d,
the presentheorywould anyway betoo simpleto rely on [the Bloch functioncharacter
of thewave functionsalongthe surfaceandexcitationto the continuum(photoemission)
shouldbeincorporatecht least]. With the abore-mentionedapproximation£q. (10.15)
is reducedo

Erc (z 1)) =

Epco(zd)) = 5%, ,(8))e 2

 (1+rP)g?
Epco(z0)) = 515 ,(8))e%2 Zsoqu” / YT (10.17)
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wherey = €N/ [eomew(w+i/1)].  Using the approximationexp(iq, Z) = 1 andthe
normalizationconditionon Y(Z), Eqs.(10.9)—(10.11prereducedo

et

98).@) = FEhePTE [Clay— k) + Clay + k)] ESVEPES, (10.18)

(3 _ e [ k k (1) =(2) =% 0.19

]—w;(qn)—m Clo+ ||)+m@(q||,— )| By BBy, (10.19)
and

@ gr—_ < | L | EWE@E

im,z(qu)—m Cla— ||)+m@(q”a )| B2 By Ey, (10.20)
respectiely.

Thusthe phaseconjugatedield from a single-level quantumwell is describedn the
mixed Fourier spaceby Eq. (10.17)with insertionof Eq. (10.18),(10.19),or (10.20),
the expressiondor C [Eq. (10.5)] and D [Eq. (10.6)] carryingthe informationon the
two-dimensionaklectrondynamics.

Sofar, the descriptionof the phaseconjugatedesponsénasbeenindependenof the
actualwave functionsin the actve medium,andthusindependentf the form of the
guantumwell potential. In orderto prepareour theoryfor a numericalstudy we now
introducea model potentialin our quantumwell system,namelythe infinite barrier
potential.

10.4 Infinite barrier model

To achieze aqualitative impressiorof thephaseconjugatiorfrom a single-lerel metallic
guantumwell it is sufficientto carryoutnumericakalculationsonthebasisof thesimple
infinite barrier(1B) model. In this modelthe one-dimensiongbotentialV (z) is takento
bezeroin theintenal —d < z< 0 (insidethe quantumwell) andinfinite elsaevhere.The
stationarystatewave function now is given by W(z) = /2/dsin(rz/d) insidethe well
andy(z) = 0 outside andtheassociate@negy is € = (1)2/(2med?). In the|B model
thenumberof boundstateds of coursanfinite, andto usethis modelin the context of a
singlelevel calculation,onemustbe surethatonly oneof the boundstateqthe ground
state)hasanenegy belon the Fermienegy, andthattheopticalfrequeny is solow that
interlevel excitationsarenegligible.

For a metallic quantumwell one may even at room temperatureapproximatethe
Fermi-Dirac distribution function appearingin the expressionsfor ¢, D, and A in
Eqgs.(10.5),(10.6),and(10.13)by its valueat zerotemperaturei.e.,

lim (%)) :e{&—% [(g)2+xﬁ]}, (10.21)

where© is the Heaviside stepfunction and Z¢ is the Fermienegy of the system. In
the low temperaturdimit it is possibleto find analyticalsolutionsto the integralsover
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R’H appearingn Eqgs.(10.5)and(10.6). Thisis adequatelachieved by performinga co-
ordinatetransformatiorinto cylindrical coordinatessinceeachHeaviside stepfunction
gives nonzerovaluesin the ky-Ky-spaceonly inside a circle with radius,say a. The
explicit calculationsaretediousbut trivial to carry out, andsincethe final expressions
for ¢ andD areratherlong we do notpresenthemhere.For theinterestedeadeithese
calculationsarereproducedn AppendicesB andC [specifically SectionC.11].

TheFermienegy is calculatedrom theglobalchage neutralitycondition[seeKeller
(1996a)andthe calculationperformedn AppendixD], whichfor asinglelevel quantum
well takestheform

N = ZN,d, (10.22)

whereN,. is the numberof positve ions per unit volumeandZ is the valenceof these
ions. Since\l = mg(Er — €)/(Th2), cf. the calculationin the SectionC.11,0negets
' T

T = [zmd + ﬁ] . (10.23)
In orderthatjustthegroundstate(enegy €) hasanenegy lessthantheFermienengy, the
film thicknessmustbe lessthana certainmaximumvaluedmax. Whenthe thicknessof
thewell becomesolargethatthe Fermienegy equalsheenegy €, = (217)?/(2med?)
of thefirst excited statea secondooundstateof enegy lessthanZg will appear From
the condition £ (dmax) = €2(dmax), dmax Canbe calculated and one getsby meansof
Eq.(10.23)

Omax = /31 (2ZN,), (10.24)

i.e., a resultwhich dependson the numberof conductionelectronsin the film. The
minimum thicknessis in the IB model zero, but in reality the smallestthicknessis a
singlemonolayer

InsertingthelB modelinto theintegral overthesourceregionappearingn Eq.(10.17)
we get

W), [0 2sirf(Z/d)
/ W—di_/d DysIP( ) —d (10.25)

which by substitutionof 8 = 1 /d, additionandsubtractiorof d in thenominatorof the

integral, anduseof 2ysin?0 —d = 2y[,/1—d/(2y) — cosB][/1— d/(2y) + cosh] gives

y 2y/d—1| v

(10.26)

d n—g 1 /2” de
Ty 4y \/1—d/(2y) Jo +/1—d/(2y)+cosd

The solutionto the integral in Eq. (10.26)is obtainedby useof Eq. (B.32), andsince
2|y|/d > 1 [for metals,|y| lies typically betweenl and100in the optical region (e.g.,
for copperny| = 85in thepresenstudy)andd isin theAngstidm range].Usingthisresult



70  PartlV: Opticalphaseconjugationin asingle-level metallic quantumwell

andtheexpressiorfor the Fermienegy givenin Eq.(10.23),we obtainby insertioninto
Eqg.(10.17)theresult

2 i p
afme(w-+i/T)(L+r )](3) (@) (10.27)

Brca(Z0) = ——q @7n, o

By insertionof the relevant expressiongor ] (q’H) we finally obtainthe following
resultsfor the z-componenbf the phasa:onjugatedleld outsidethe quanturmwell:

ez . p q2
Epcz(z0)) = Z(?T[:hlcf;)z(;j”:e ) iq_HL [y k) + (e + k)]

xEVEPE e 02 (10.28)

for the purely p-polarizedconfigurationand

1+rP) Q h
Erca(z)) = ééor;hlg)z(Njﬂ:e)lJ [C(q"+k") am, k“)}

xEyVEPE e 17, (10.29)

141P) @ h
Ercz(z0)) = ééo%hl({;)z(Njn:e),qL [C(qn k||)+m,e@(q||’kn)]

xE{VEPE e 142 (10.30)

for the configurationswvith mixed polarizationof the pumpfields. The x-componenbf
the phaseconjugatedield is obtainedusingEq. (10.16).
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Numericalresults

Thetheoreticaldescriptionpresentedn the previous chapteresultedin expressiongor

the phaseconjugatedield from a single level quantumwell. Thusfor the numerical
work, thephaseconjugatedield is givencompletelyby Eqs.(10.28)—(10.30and(10.16)
with the insertionof the expressiongor the electrondynamicsparallelto the surface
plane,givenby Egs.(C.179)—(C.180)n AppendixC. In the following we will present
the phaseconjugationreflection coeficient, succeededy a discussionof a possible
excitation schemawhich might be adequatdor studiesof phaseconjugationof optical

nearfields (Bozhevolnyi, Keller, andSmolyanine 1994).

11.1 Phaseconjugation reflectioncoefficient

To estimatethe amountof light we getbackthroughthe phaseconjugatecchannelwe
definethe phaseconjugation(enegy) reflectioncoeficient as

|pc(z; q||)
DI@lpropd —d; )’

in which 1V, 112 15,06 andlpc arethe intensitiesof the two pumpbeamsthe probe
andthe phaseconjugatedield, respectiely. Eachof theintensitiesaregivenby

Rec(zT)) = T (11.1)

€Co E-E*
= TW, (11.2)
wherethe factorof (2m)~# originatesfrom the mannerin which we have introduced
the Fourier amplitudesof the fields. If the probefield is evanescenthe intensity of
the phaseconjugatedield, Ipc(z d), will dependon the distancefrom the surface,and
consequentlyhereflectioncoeficientis z-dependenin suchacase.

For the remainingpart of this work we choosea copperquantumwell with Ny =
8.47x 10?8m—2 andZ = 1 [datataken from AshcroftandMermin (1976)]. Thenfrom
Eqg. (10.24), the maximal thicknessbecomesdnax = 3.82A, which is more thantwo
monolayersandlessthanthree. Thuswe have two obvious choicesfor the thicknessof
the quantumwell, namelya single monolayeror two monolayers.We thustake a look
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Figure 11.1: The phaseconjugationreflection coeficient at the vacuum/filminterface of a
singlemonolayercopperquantumwell, Rpc(—d;q'“), is plottedfor (ppp) the p to p transition
(correspondingo diagram(a) in Fig. 10.1), (sp9 oneof the s to p transitions(corresponding
to diagram(b) in Fig. 10.1), and (ps9 the others to p transition (correspondingo diagram
(c) in Fig. 10.1),asa function of the normalizedcomponenbf the probewavevectoralongthe
interface,q /9. The normalizedFermiwavenumberiis indicatedby the verticalline. It is for a
singlemonolayerof copperkr /q = 3.38 x 10°. Thesetof arravslabeledn areplacedatq = nq.

at both possibilitiesin the following, correspondindo a thicknessof d = 1.8A for one
monolayerandd = 3.6A for two monolayers.The Cu quantumwell canadequatehbe
depositedbn a glasssubstratdor which we usea refractive index n of 1.51. With this
substratea reasonablalescriptionof the linear vaccum/substratamplitudereflection
coeficientrP is obtainedby useof the classicaFresnelformula

g, — (PP — )

- g + (PR — )

P (11.3)

g = w/cp beingthe vacuumwavenumberasbefore. Then,having the pumpfields par
allel to the x-axis givesa pumpwavenumberk, = 1.51q. ThewavelengthA of thelight
is choserto beA = 1061nm.
Thephaseconjugatiorreflectioncoeficientatthevacuum/filminterface,Rpc(—d; g )
is plottedin Figs. 11.1and 11.2 asa function of the parallelcomponent(q;) of the
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Figure 11.2: The phaseconjugationreflection coeficient at the vacuum/filminterface of a
two-monolayercopperquantumwell, Rpc(—d;q'“), is plotted for (ppp) the p to p transition
(correspondingo diagram(a) in Fig. 10.1), (sp9 oneof the s to p transitions(corresponding
to diagram(b) in Fig. 10.1), and (ps9 the others to p transition (correspondingo diagram
(c) in Fig. 10.1),asa function of the normalizedcomponenbf the probewavevectoralongthe
interface,q/g. The normalizedFermiwavenumbeis indicatedby the verticalline. For atwo-
monolayercopperfilm it is kg /q = 2.78 x 10°. Thesetof arravslabeledn areplacedatq; = nq.

wavevector for both the p to p transitionandthe two s to p transitions. The reason
that the two curves for the s to p transitionsappearthe samein the high end of the
d,/9 spectruns dueto thefactthatfor k| < ¢ we have C(q — k) =~ C(q+k) and
D(qy, k) = D(q, —K). The*bubble” appearingpnthespsandpsscurvesfrom around
d,/9~ 100to q;/q ~ ke /q is dueto the two-dimensionaklectrondynamicshiddenin

D(qy,k). To bealittle morespecific,theleft of the two peaksstemsfrom the second
term,while the peakto theright in the bubblestemsfrom thethird term.

To illustrate the similarity betweenthe two possibles to p transitions,we cantake
Eq. (10.29)to describethe phaseconjugatedfield, which for positve valuesof g /q
givestheresultin Fig. 11.2(sp9. Usingthe othersto p transition,givenby Eq.(10.30),
insteadwe gettheresultin Fig. 11.2(ps9 for positive valuesof q”/q. The symmetry
betweenthe two configurationsis obtainedby looking at the negative valuesof q/q,
sinceEq. (10.29)plottedfor negative valuesof q”/q givesthe (ps9 curwein Fig. 11.2.
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Figure11.3: The phaseconjugatiorreflectioncoeficient at the surfaceof the phaseconjugator
(singlemonolayerCu film) is plottedfor differentvalues(t € {200,30,3} femtoseconds)f the
relaxationtime. The main figure shaws the resultfor the sps configuration,while the inserted
pictureshawvs the ppp result. Thetwo setsof arrovs labeledn areplacedat g = ng. Theother
two setsof arrowvs areexplainedin the maintext.

Similarly, by startingwith Eqg. (10.30),the resultingcurve for negative valuesof qH/q
givesthe(sp9 resultin Fig. 11.2.
Thechoiceof anadequateelaxationtime 1 is adifficult problemandit appeargrom

Figs.11.3and11.4thatthe valueof therelaxationtime hasa greatimpactonthe phase
conjugatiorreflectioncoeficient. We have plottedthereflectioncoeficentfor threeval-
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Figure11.4: The phaseconjugatiorreflectioncoeficient at the surfaceof the phaseconjugator
(two-monolayerCu film) is plottedfor differentvalues(t € {200,30,3} femtosecondspf the
relaxationtime. The main figure shaws the resultfor the sps configuration,while the inserted
pictureshawvs the ppp result. Thetwo setsof arrovs labeledn areplacedat g = ng. Theother
two setsof arrowvs areexplainedin the maintext.

uesof therelaxationtime, namely(i) 30fsand(ii) 200fs,which aretypical valuesone
would find for bulk copper(Ashcroftand Mermin 1976)at (i) room temperatureand
(i) at 77K, and (iii) 3fs. Thevaluein case(iii) is obtainedby a conjecturebasedon
the differencebetweenmeasurediatafor a lead quantumwell (Jalochavski, Strozak,
and Zdyb 1997)andthe bulk value for lead at room temperature.The differencebe-
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tweenthe relaxationtime measuredyy Jalochavski, Strozak, and Zdyb (1997)is for
two monolayersapproximatelyone order of magnitude.Basedon the resultsof Jalo-
chowski, Strozak, andZdyb (1997)we have for the datapresentedn this work chosen
thevalueof therelaxationtime to be 3fs. As it canbe seenfrom Fig. 11.4,thebubblein
thecurve correspondingo thespsconfiguratiorappeargarlierin theq /g-spectrunfor
highervaluesof 1. For the ppp configurationthe lower endof the spectrumis damped
whent becomesmaller

Sowhatis thedifferencebetweerusinga singlemonolayeror two monolayersn the
guantumwell? In thesinglemonolayemquantumwell, thedistancebetweertheoccupied
enegy level andthefirst freeenegy level in theinfinite barriermodel,andbetweerthe
occupiedenengy level andthe continuumstatesin a finite barriermodelis larger than
for atwo monolayermwell. Thusthe single-monolayewell shouldbehae moreideally
like a single-level quantumwell at higherfrequencieghanthe two-monolayemvell. If
we take a look at Figs. 11.1and 11.2 we obsere that the bubble in the sps and pss
curveshasthe highestmaximalmagnitudefor the two-monolayemvell, andthe earliest
falloff in the high end of the qH/q-spectrum. The value of eachof the two peaksin
the bubbleis reachedat the sameq| /g-valuein the two casesasis alsoevident from
Figs.11.3and11.4(shavn usinga setof arrows for eachpeak).Fromthesetwo figures
we also obsere that the relaxation-timedependentow-q /q beginning of the bubble
occursa little earlierandis increasingfasterin the two-monolayemwell comparedo
the other In the low end of the g /g-spectrumthe sps and psscurves are of equal
magnitude Looking atthe ppp curve, we obsere thatit is dampedoughly by afactor
of two in the low endof the ¢ /g-spectrumusing a single-monolayefilm in steadof
two monolayers.In the high endit takesits maximalvalue for the single-monolayer
well at rougly twice the value of qH/q thanfor the two-monolayeffilm. In conclusion,
the differencesetweerthe phaseconjugatedesponsdor a single-monolayefilm and
a two-monolayerfilm will probablybe very difficult, if notimpossible,to obsere in
an experimentwith singlemodeexcitation. In the restof this chapterwe thuspresent
resultsfor thetwo-monolayeffilm only.

We have in Fig. 11.5plottedthe phaseconjugatiorreflectioncoeficientfor thep to p
transitionandoneof the sto p transitions respectiely, for differentdistancegrom the
surfaceof the phaseconjugator Dueto our particularinterestin the phaseconjugation
of theevanesceniodesn the Fourierspectrunthechoserdistancesrefractionsof the
vacuumwavelength. In Fig. 11.6 we have plottedthe part of the Fourier spectrumfor
all threeconfigurationsvhichis judgedto be the mosteasilyaccessibléo single-mode
excitationin experimentainvestigations.

It appeardrom Fig. 11.5 (ppp) that the phaseconjugationreflectioncoeficient is
independenof the distancefrom the metalfilm in the region whereq/q < 1. Thisis
sobecaus¢he probefield, andhencealsothe phaseconjugatedield, areof propagating
characteq, = [ — qﬁ]l/2 is real). In theregion whereg /g > 1, boththe probefield

andthe phaseconjugatedield areevanescenfq, = i[qﬁ — ¢?]Y/? is a purelyimaginary
guantity),andin consequencthe reflectioncoeficient decreasesapidly with the dis-
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Figure11.5: Theq /g-dependencef the phaseconjugatiorreflectioncoeficient, Roc(z 4 ), is
plottedat differentdistanceqz+d| € {A\,A/2,A/4,A/8,A/16,A/32,A/64,\/128,\/256} from
the vacuum/filminterface. The upperfigure shows the resultsfor the p to p transition. The
lower figure shavs theresultsfor the sto p transitionwhich correspondso configuration(b) in
Fig.10.1.

tancefrom the phaseconjugator Already a single wavelengthaway from the surface
of the phaseconjugatorthe evanescentmodesof the phaseconjugatedfield have es-
sentiallyvanishedandonly propagatingnodesaredetectable Althoughthe evanescent
Fourier component®f the phaseconjugatedield are presentonly lessthanan optical
wavelengthfrom the surface,this doesnot imply thatthe nonlinearmixing of the elec-
tromagnetiovavesis lesseffective in the regime of the evanescentnodes.lt is in fact
oppositeasmay be seerfor instancerom Fig. 11.2. The maximumcouplingfor the p
to p transitionis obtainedfor g, /q ~ 500,andin comparisorwith Rec atqy/q~ 1, the
maximumin Rpc is nineordersof magnituddarger, andseven,respectiely eightorders
of magnitudelarger for the two s to p transitions,which have their maximaat around
q”/q ~ 700. As we obsere from Fig. 11.5,asthe distancefrom the film increaseshe
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maximumvalue decreasesndis shifted downwardsin the q”/q spectrum. But only
whenthe distancdrom the phaseconjugatobecomedargerthan~ A /10 (ppp) respec-
tively ~ A /60 (sp9), thephaseconjugatedsignalis largestat qH/q ~ 1.

The absolutevalueof thereflectioncoeficientsmay seemvery small, but utilizing a
high-paver Nd:YAG laserwith, sayanenegy of 100mJperpulseavailablefor eachof
the threeincomingfields, a pulse (assumedquarefor simplicity) durationof 4nsand
aninteractionareaof 25mnf¥, the intensityof eachof thesefieldswill bein the orderof
1TW/?, andthe phaseconjugatedntensitylies betweenl00pW/nt and1W/n? in the
full rangeof gy /q for whichthereflectioncoeficienthasbeenplottedin Fig. 11.5(ppp),
andbetweerluyw/m? and1kW/n¥ in relationto the datain Fig. 11.5(sps).

In mary theoreticalstudiesof the propertiesof phaseconjugatedieldsit is assumed
that the phaseconjugatoris ideal (Hendriksand Nienhuis 1989; Agarwal and Gupta
1995; Keller 1996c¢). By this is meantthatthe phaseconjugationreflectioncoeficient
is independenbdf the angle of incidenseof the (propagatingyrobefield (and maybe
alsoof thestateof polarization).In the presentasetheidealphaseconjugatorassump-
tion is certainlynot good. Prior to the obseration thatevanescentields could be phase
conjugatedBozherolnyi, Keller, andSmolyaning 1994)it wasoftenassumedh theory
(Yariv 1982)thatRpc = 0 in theregion q”/q > 1, andin laterstudieg Agarwal andGupta
1995; Keller 1996c¢)it hasbeenassumedhatalsothe phaseconjugationof evanescent
wavesis ideal, i.e., independenbf q”/q (= 1). Whenit comesto the phaseconjuga-
tion from quantumwell systemsour analysisindicatesthat useof an enepy reflection
coeficient independenbf q”/q in generalis bad. Only at specificdistanceghe ideal
phaseconjugatorassumptiormight be justified, see,e.g., the resultsrepresentindRpc
at|z+d| =A/8in Fig. 11.6. Thekink in the reflectioncoeficient (which is mostpro-
nouncedtloseto the metalhacuuminterface)foundatq /g = n (= 1.51) appearsvhen
the probefield changedrom beingpropagatingo beingevanesceninsidethe substrate.

Above we have discussedhe nonlinearreflectioncoeficient for the p to p configura-
tion. It appeargrom Figs.11.5and11.6thatthe quantitatve pictureis thesamefor thes
to p casesthoughthereflectioncoeficientfor thesto p transitionsoughlyspeakingare
five ordersof magnituddargerin the experimentallymostadequatevanescentegion
of the Fourierspectrum(1 < q”/q < 2.5) for singlemodeexcitation.

ThelB modelonly offersacrudedescriptiorof theelectronicpropertieof aquantum
well. Amongotherthings,the electrondensityprofile at the ion/vacuumedgeis poorly
accountedor in thismodel,which givestoo sharpa profile andunderestimatethe spill-
out of the wave function. Altogetheroneshouldbe carefulto puttoo muchreality into
thelB modelwhentreatinglocal-fieldvariations(relatedto, say g or g, ) ontheatomic
lengthscale. Also the neclectof the Bloch characteiof the wave functionsaccounting
for the dynamicsin the planeof the well is doubtful in investigationsof the local field
amongthe atomsof the quantumwell. The crucial quantityin the abore-mentioned
contet is the Fermiwavenumbekg = (Zmefp)l/z/h, andin relationto Fig. 11.5,only



Chapterll: Numericalresults 79

1045 ] PPP E

1048

Rec(zd)) [m*W?]
ol

104"

O il

104

Rpc(Z; q” ) [m4/W2]

1042

104

Rec(zd)) [m*/W?]

0.5 1 15 2 25
q,/9

Figure11.6: The phaseconjugatiorreflectioncoeficient, Roc(z d)), is plottedat differentdis-
tancegz+d| € {A\,A/2,A/4,A/8,A/16,A/32,A/64,\/128,\/256} from the vacuum/filminter-
faceasafunctionof thenormalizedorobewave numberq”/q. Resultgor atwo-monolayethick
guantum-welphaseconjugatoarehereshavn for thethreepolarizationcombinationgpp, sps
andpssin therangewherewe expectsinglemodeexcitationto be experimentallyfeasible.
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resultsfor g /q ratioslessthanapproximately

ke [ZN,d 1
E:}\ 2; + 297" (11.4)

appeargeliable. Insertionof the appropriatevaluesfor copper: ZN, = 8.47 x 1078,
d = 1.8A (singlemonolayeffilm) ord = 3.6A (two-monolayefilm), andthewavelength
A = 1061nmgivesks = 3.38x 10°q for a singlemonolayerof copper andkg = 2.76 x
103q for two monolayerf copper respecirely. Thedatapresentedn Fig. 11.5should
thereforebewell within this limit of our model.

Returningto the curve in Fig. 11.5(ppp) which representshe reflectioncoeficient
closesto the surfaceof the phaseconjugator(|z+ d| = A/256) onefinds approximately
arelationof theform Rec = b(q/g)® with a =~ 5 in the lower wavenumberendof the
evanescentegion. Thefalloff of Rpc with q”/q afterthe maximum(locatedat q”/q ~
50) is muchstrongerthanthe increaseowardsthe maximum. As the distancefrom the
phaseconjugatoris increasedhe value of a graduallydecreasesin Fig. 11.5 (b) we
obsere a similar behaiour, but this time the valueof a in the approximaterelationin
thelow endof theevanescenpartof the Fourierspectrunis smaller namelya ~ 1.5.

The enepy reflection coeficient calculatedat the vacuum/quantunwell interface,
Rpc(—d;d)), characterizethe effectivenesswith which a given(qy) plane-vave probe
field (propagatingor evanescentnay be phaseconjugated and the resultspresented
in Fig. 11.2indicatethatthis effectivenesgnonlinearcoupling)is particularlylarge for
(partof the) evanescentnodes. The maximumin the effectivity is reachedor a value
of g/q aslarge as ~ 500-700. The strongcouplingin part of the evanescentegion
doesnot necessarilyeflectitself in any easymannerexperimentally First of all, one
mustrealizethatthe strongcouplingeffect only may be obsered closeto the quantum
well, i.e., atdistancez < A. Secondly onemustbe ableto produceevanescenprobe
fields with relatively large valuesof q;/g. Thisis in itself by no meanssimpleoutside
therangewhenthe standardDtto (1968,1976)[or possiblyKretschmanr{Kretschmann
andRaetherl968; Raetherl988)] techniquesanbe adopted.Roughly speaking this
rangecoincideswith the onesshavn in Fig. 11.6. To createprobefields with larger
q”/q valuesotherkinds of experimentaltechniquesnustbe used,andin the following
we shall considera particularexampleandin a qualitatve mannerdiscusgheresulting
Fourierspectrunof the phaseconjugatedield.

11.2 Phaseconjugatedresponseaising a wir e source

In nearfield opticsevanescentields with relatively large valuesof g, /q areproduced
by variousmethodsall aimingatcompressinghe sourcefield to subwavelengthspatial
extension[see,e.g.,PohlandCourjon(1993)andNieto-VesperinagndGarda (1996)].
Fromatheoreticabointof view theradiationfrom a subwavelengthsourcemayin some
casedbemodelledby theradiationfrom an(electric)point-dipolesource pr anassembly
of suchsourceslt is astraightforvard matterto decomposanelectricpoint-dipolefield
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into its relevantevanescenandpropagatingnodes andtherebyestimateheintensityof
thephaseconjugatedield in eachof theq-componentsHowever, in orderto determine
thecharacteristicsef the phaseconjugatedight focusgeneratedby thequantumwell one
would have to calculatethe four-wave mixing alsofor probefieldswith wavevectorsnot
confinedo thex-z-plane andto do this ourtheorymustfirst begeneralizedo non-planar
phaseconjugation.

Within theframeawork of thepresentheory it is possible however, to studythespatial
confinemen(focusing)of the phaseconjugatedield generatedby a quantumwire ade-
gquatelyplacedaborve the surfaceof the quantumwell (Keller 1998),andlet ustherefore
asanexampleconsiderthe casewherethe sourceof the probefield is a (quantum)wire.
Weimaginethattheaxisof thewire is placedparallelto they-axisandcutsthex-z-plane
in the point (0, —zp), cf. Fig. 8.1. Undertheassumptiorthatthe spatialelectronconfine-
mentin thewire is perfect(complete)andthe wire currentdensityis the sameall along
thewire atagiventime, theharmonicsourcecurrentdensityis givenby

(7 w) = J(w)3(x)3(z+ 2), (11.5)

wherejé,((o) is its possiblyfrequeng dependentectorialamplitude.The spatialdistri-
bution of thefield from this sourceis

. 1 © o, :
E0620) = e /ﬂo E(z), w)e73(qy)d%q,

1 o :
~ (2n)2 /,mE(Z? g, w)e4"day, (11.6)
where
. da. (z+20) oi OZ—QH(L .
R | —qaL 0 of

whereashithertoqﬁJr o = ¢?. At thephaseconjugatingmirror, the Fouriercomponents
of thewire probeareE (—d; d, w).

To illustratetheangularspectraldistribution of thefield from this kind of wire source
atthe phaseconjugatorwe look closerat the caseswhere(i) the currentdensityis po-
larized along the x-axis, and (ii) alongthe y-axis. Thus,in case(i) we useJy(w) =
Jo(w)8&;, and by normalizing the electric fields to the amplitudeof the currentden-
sity, the correspondingiormalizeddifferentialintensity [Alpyope = %eocoﬁ(—d;q”,w) .
E*(—d;dj,w)/(2m*] becomes

Alpropd —d;
P|\]Z‘z(w)‘2q“) - 27T1‘:‘Lsoco {01 (/@) + 0 ((a/a) - 1) [2(a/a)* 1]

x exp (~2(z0— d)ay/(a)/a)2 - 1) } (11.8)
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Figure 11.7: The angular Fourier spectrumreachingthe surface of the phaseconjugating
mediumwhenthe probefield is radiatedfrom a (quantum)wire. The dottedcurves(Jy(w)&)
shaw the Fourier componentsvhenthe wire currentdensityis polarizedalongthey axis. Sim-
ilarly, the dashedcurves(Jp(w)&,) andthefully drawn curves(Jp(w)&) showv the Fourier com-
ponentsfrom a wire sourcewith its currentdensityoscillating alongthe z-axis andthe x-axis,
respectiely. TheangularFourierspectrunis for all threecaseshaown for five differentdistances
zp—de {A/16,A/32,7\/64,)\/128,\/256} of thewire from the phaseconjugator

is shawvn in Fig. 11.7 for differentvaluesof the distancezy — d from the wire to the
vacuum/filminterface. In case(ii), Jo(w) = Jo(w)g,, and the associatedhormalized
intensitywhichis givenby

Alprond —did)) 1 O(1—(aq/9) N O ((qy/a) —1)
[Jo(w)|? 2Meoco | 1—(qy/9)? (qp/a)>—1

x e (~2(20 - d)ay/(a)/a)2 - 1) }, (11.9)

is alsopresentedn Fig. 11.7,for the samedistancesasin case(i). The third curvein
Fig. 11.7representshe casewherey(w) = Jo(w)&,, andis shovn for reference.
Looking at the curwe in Fig. 11.7 correspondingo Jo(w) = Jo(w)&, (andthe curve
correspondindo Jy(w) = Jo(w)&,), we noticethata singularityoccurswhenq /q =1,
or equivalently whereq; = 0. The presencef this singularityis an artifact originat-
ing in the (model) assumptiorthat the electronconfinemenis completein the x- and
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z-directions(seeEq. (11.5)). If we hadstartedfrom a quantumwire currentdensityof
finite (but small)extensionin x andz the singularitywould have beenreplacedy a (nar
row) peakof finite height. Not only in quantumwire optics,but alsoin optical studies
of quantumdotsandwells singularitieswould appeatif completeelectronconfinement
was assumedin 3D and 1D, respectitely). In the presentcontext the assumptiorof
perfectelectronconfinementworks well becausave only considerthe generatedield
outsidethe self-fieldregion of thewire [see,e.g.,Keller (1997b)].In anexperimentone
would alwaysendup integratingover somefinite intenval of q; aroundthe singularity
andthis integral canin all casesbe proven finite. At eachdistanceof the wire from
the phaseconjugatorthe two curves Jo& andJo&, in Fig. 11.7 becomesdenticalwhen
(qH/q)2 > 1, sincefrom Eq. (11.7) we may draw the relation E; = —(q/q.)Ex, and
sinceq /d. ~ 1 when(q/q)® > 1.

Whenthe currentoscillatesin thedirectionof thewire, it appearshatthefield inten-
sity in theevanescenprobemodess very small. An appreciablemountof theradiated
eneqgy is storedin componentsn the region q”/q ~ 1 (andin the propagatingnodes).
To studythe phaseconjugationof evanescenmodesit is thereforebetterto startfrom
Jo(w) = Jo(w)8, or from Jo(w) = Jo(w)&, becausehesetwo probecurrentdensitiegyive
riseto significantprobeintensitiesin the evanescentegime. If we look atthe curve in
Fig. 11.7representinghefield at the surfaceof the phaseconjugatomwhenthe probeis
placedatzy—d = A/256, lpropepeaksin boththesecasesatq /g~ 50in theevanescent
regime. Whenthe currentdensityoscillatesalongthe surface(in the x-direction)thereis
no singularity (andno peak)at g /q ~ 1, andthe maximumvalueof Iprope OCCUringat
q”/q ~ 50, is threeordersof magnituddargerthanthe probeintensitiesof every oneof
the propagatingnodes.Above qH/q ~ 50 theamplitudeof the gy componentsiescends
rapidly andhaslost six ordersof magnitudewithin the next orderof magnitudeof g /q.
At largerprobeto surfacedistanceshe maximumin theq /q spectrunof the probefield
atthe vacuum/filminterfaceis shifteddovnwards,andthe magnitudebecomesmaller
too. Thatis, comparedo theraw p to p reflectioncoeficient, theintensityof eachof the
Fouriercomponentsvailablefrom the probefield begin their own falloff aboutoneto
two ordersof magnitudebeforethereflectioncoeficientdescendsjependingnthedis-
tancefrom the probeto the surfaceof the phaseconjugator The s-polarizedprobefield
startsthe descendingendeng alreadywherethe characterof the Fourier components
shifts from beingpropagatingo evanescen{q, becomingimaginary),cf. the remarks
above.

Using a quantumwire asthe sourcefor the probefield, the angularspectrumof the
phaseconjugatedesponsenormalizedo the pumpfieldsandthe absolutesquareof the
amplitudeof thewire currentdensity is given by

lprond —d; ) lec(zd))
[Jo(w)[2 11| Jp(c)[2’
andis obtainednumericallyby multiplying the enegy reflectioncoeficient, Rec(z dj ),

with the normalizedprobeintensity Iprobe(—d;qH)/po(w)\z. In Fig. 11.8, the angular
spectrumat the vacuum/quantum-welhterface(z = —d) givenby Eq. (11.10)is shavn

Rec(z)) (11.10)
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Figure11.8: The convolution of the probefield from awire sourcewith the phaseconjugation
reflectioncoeficient at the vacuum/filminterfaceis shown for differentdistancesetweenthe
wire sourceandthe vacuum/filminterface,namelyz, — d € {A/16,A/32,A/64,\ /128 )\ / 256}
asafunctionof the normalizedorobewavenumben /g. In thetop figure the currentdensityof
thewire oscillatesalongthe x-axis,andin the bottomfigurealongthe y-axis.

for the caseswhere Jo(w) = Jo(w)& and Jo(w) = Jo(w)g. It is plotted for the two-
monolayerfilm, but sincethe maincontriution is in the low endof the g /g-spectrum,
the similar curves for the single-monolayefilm would be indistinguishablefrom the
onesplotted(apartfrom afactorof two in the ppp case).In bothcaseslataarepresented
for thewire placedatdifferentdistance$rom thevacuum/filminterface.By comparison
with theraw reflectiondatain Fig. 11.2it appearshatthe high endof thereflectedq -
spectrurmis stronglydamped For thesto p transitionwe seethattheenegy of thephase
conjugatedsignalis concentratedroundq; /g = 1, which is mainly dueto thefactthat
the concentratiorof the radiatedenegy spectrumfrom the wire lies aroundthat same
point. In the p to p transitionthe evanescentomponentarestill by far dominatingthe
responseatthe placeof thewire comparedo the propagatingcomponents.



Chapterl2

_ ~Two-dimensionatonfinemenbf light
in front of a single-level quantum-wellphaseconjugator

The possibility of compressingdight in spaceto a degree(much)betterthanpredictable
by classicaldiffraction theory hasgainedwidespreadattentiononly with the birth of
nearfield optics(PohlandCourjon1993;Nieto-\esperinagndGarda 1996).

As statedin Chapterl, sub-wavelengthelectrodynamicsvasdiscusseanly sporadi-
cally until nearfield opticsevolvedin the mid-eightiesin the wake of the experimental
works by the groupsof Pohl, Lewis, and Fischer(Pohl, Denk, andLanz 1984; Lewis,
IsaacsonHarootunian,and Murray 1984; Fischer1985). The first investigationsare
usually attributed to Synge,who presented proposalfor sub-wavelengthmicroscoy
asearlyasin 1928. The subjectwas studiedagainin 1944 by Bethe,by Bouwkamp
in 1950,anda proposalmuchsimilar to that of Syngewasmadeby O’K eefein 1956.
Usingmicrowaves,Ash andNicholsresohedagratingwith alinewidth of A/60in 1972.

In the wake of theoreticalstudiesof the possibility for phaseconjugatingthe field
emittedfrom a mesoscopimbject carriedout by Keller (1992), creationof light foci
with a diameterbelown the classicaldiffraction limit was demonstrate@xperimentally
by Bozhevolnyi, Keller, andSmolyanine (1994,1995),who usedthefibre tip of anear
field opticalmicroscopéo createsourcespotsof redlight (633nm)in front of aphotore-
fractive Fe:LiNbO; crystal,which actedasa phaseconjugator After creation the phase
conjugatedeplicaof thesdight spotscouldbedetectedisingthe nearfield microscope,
sincethey weremaintainedor approximatelyten minutesbecausef the long memory
of the phaseconjugatiorprocessn thecrystal. Theresultingphaseconjugatedight foci
haddiametersof around180nm,andthe conclusionof their work wasthereforethatat
leastsomeof the evanescentield component®f the sourcealsomusthave beenphase
conjugatedn orderto achieve the obsered sizeof the phaseconjugatedmage.

Theabore-mentionedbserationdren renaved attentionto thedescriptionof focus-
ing of electromagnetidieldsin front of phaseconjugatingmirrors, andrequiredinclu-
sionof evanesceninodesin the descriptionof the optical phaseconjugationprocessin
animportantpaper Agarwal and Gupta(1995),extendingan original ideaof Agarwal
(1982),undertookan analysisof the phaseconjugatedeplicaof the field from a point
particleasit is producedoy a so-calleddeal phaseconjugatorandin recentarticlesby
Keller (1996b,1996¢)attentionwasdevotedto aninvestigationof microscopicaspects
of the spatialconfinemenproblemof the phaseconjugatedield.

In the previous chapterswe developeda microscopictheoryfor optical phasecon-
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jugationby degeneratdour-wave mixing in mesoscopiénteractionvolumes,with the
aim of establishinga theoreticalframevork for inclusion of nearfield componentsn
theanalysis.In orderfor nearfield componentso give a significantcontrikution to the
phaseconjugatedesponsethe phaseconjugationprocessnustbe effective in a surface
layer of thickness(much)lessthanthe optical wavelength. This makes quantumwell
systemgarticularlyadequateandidate$or the nonlinearmmixing process.

In this chapterwe employ the developedmicroscopictheoryto a study of the spa-
tial confinemenbf anelectromagnetifield emittedfrom anidealline source(quantum
wire with completeelectronconfinement)payingparticularattentionto the evanescent
partof theangularspectrum As phaseconjugatora single-level metallicquantumwell,
particularly effective in phaseconjugatingevanescentield componentsalbeitwith an
overall smallcorversionefficienagy, is used. Therelevant expressiorfor the phasecon-
jugatedfield is given andthe resultof a numericalcalculationof the nonlinearenegy
reflectioncoeficientfor acoppemell presentedFinally, theintensitydistribution of the
phaseconjugatedield in theregion betweertheline sourceandthe phaseconjugatoris
calculatedandthetwo-dimensionatpatialfocusinginvestigated.

12.1 Quantum wir e asa two-dimensionalpoint source

As startingpoint, we considera line source(quantumwire) placedparallelto the y-axis
of a Cartesiarcoordinatesystemand cutting the x-z-planein the point (0, —2). In the
descriptionof the sourcewe assumgi) perfectspatialelectronconfinementn the wire

and(ii) constanturrentdensityalongthewire atagiventime. Choosinghewire current
to oscillatealongthe x-direction,the abose-mentionedassumptiongeadto a harmonic
sourcecurrentdensitygivenby

J(7; @) = Jo(w)d(X)3(z+ 20) &, (12.1)

whereJy(w) = Jo(w)8 is its possiblyfrequeny dependentectorialamplitude & being
aunit vectorin thex-direction.In orderto calculatethe phaseconjugatedesponseising
thedevelopedmicroscopianodelwe performaFourieranalysisof thesourcefield along
the x-axis. The electricfield of the quantumwire at the surface(z = —d) of the phase
conjugatingmirror thusbecomes

E(x,—d;w) = (z—ir)Z/_i E(—d;dj, w)e%*dg, (12.2)

wherethe parallelcomponenbf the probewavevectorlies alongthe x-axis, i.e., @ =
q 8. and(Keller1998)

gdaL(—d) | 9L

E(—d;q),w) = T 25w

Jo(w). (12.3)
—q
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Figure 12.1: The angularspectraldistribution of the field generatedy a quantumwire at the
surfaceof the phaseconjugatoris shawvn for the seven differentdistancesy —d € {A/4,A/8,
A/16,A/32,A/64,) /128 A/ 256} of thewire from the phaseconjugatingfiim. Inserteds shavn
the scatteringgeometry Thefilm/substrateandvacuum/filminterfacesareatz= 0 andz = —d,
respectiely, andthewire crosseshex-z-planein thepoint (x,z) = (0, —z). As indicatedby the
doublearrow the currentoscillationsof thewire is alongthex-direction. Thearrovs betweerthe
vacuum/filmandfilm/substraténterfacesndicatethetwo pumpwavevectors.Thearrovsdravn
from the sourcetowardsthe vacuum/filminterfaceindicatethe angularspreadingof the source

field.

In Eqg. (12.3),q, is determinedrom the vacuumdispersiorrelationfor the field, i.e.,
(o + qﬁ)l/2 = @, whereq = w/¢y is the vacuumwavenumber For propagatingnodes,
satisfyingthe inequality g | < d, g, = (¢? — qﬁ)l/2 is real (and positive), whereador
evanescenmodeshaving |qy| > g, q. = i(qzl — )2 is purely imaginary To illus-
trate the angularspectraldistribution of the #leld from the wire at the phaseconjuga-
tor, we calculatethe magnitudeof the differential source(probe)field intensity i.e.,
Alprobe—d; Ty, w) = %EQCOE(—d;q||,OJ) . E*(—d;q||,w)/(2n)4. FromEq. (12.3)oneob-
tains[Eq. (11.8)]

Alprobd —d; T 1
ppze((wnz D _ 277145000{9(1_ (a/9)) +© ((ay/a) — 1) [2(cy/a)* 1]
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xexp (—2z0—d)ay/ (/02— 1) }, (12.4)

whereO is the Heaviside unit stepfunction. It appeardrom Eq. (12.4), that Alype is
independenof gy for the propagatingnodes.In Fig. 12.1,the normalizeddifferential
probedistribution Al prone/ | Jo(w)|? is shavn asa function of q,/q for variousdistances
Zo — d betweenthe wire andthe vaccum/phase-conjatr interface. It is seenthatthe
evanescentomponentsendto dominatetheangularspectrumwhenzy —d < A /4.

12.2 Single-level metallic quantum-well phaseconjugator

We take asthe active mediuma metallic quanturmwell, andwe describehe conduction
electrondynamicsusingtheinfinite barriermodelpotential. While sucha modelpoten-
tial from a quantitatve point of view of courseis too nave, in particularin casesvhere
the conductionelectronsof the well areallowed to mix with thoseof a semiconducting
or metallicsubstrateit sufficesin the presentontext. We furtherassumehatonly the
lowestlying bandis belav the Fermienegy andthatthe photonenegy is sosmallthat
interbandtransitionsdo not contrikute to the electrodynamicsThe quantumwell is de-
positedonasubstratéhatcanbedescribediloneby its refractive index n. Becaus®f the
choserpolarizationof thewire currentdensitywe have limited the descriptionto cover
only the casewhereall interactingelectricfields are polarizedin the scatteringplane
(p-polarization). Then,within thelimits of a self-field approximationthe zcomponent
of thephaseconjugatedield becomegEq. (10.28)]

A(w+i/1)(1+rP) O

Erca(Z):9) = 5 eheazNme g, O KD+ C@+k)]
xEVEPEre 12 (12.5)
where
41t
C(q” + kH) = 2 { vV b? —a202 — a(q” + k”) — \/[b— a(q” + k”)] 2_ a20(2} , (12.6)

with a = R(qy £ kj)/me andb = h(q £ kH)Z/(Zme) —i/1. The quantitya is the ra-
dius of the (two-dimensional)Fermi circle, given by o = [kZ — (1/d)?]¥/2. Giventhe
z-componenif the phaseconjugatedield, the x-componenis also known, sincethe
electricfield mustbe transersein vacuum. Above, —e andm, arethe electronchage
andmassrespectiely, w andt arethecyclic frequeng of theopticalfield andtheelec-
tron relaxationtime, andk; > 0 is the parallelcomponenbf the wavevectorof pump
field numberl having az—componenEz(l). Thecorrespondingjuantitiesfor pumpfield
number2 are—k, andE§2). Whenthetwo pumpfieldshave numericallyequalwavevec-

tor componentén theplaneof the phaseconjugatorconseration of momentunparallel
to the surfaceimpliesthatgivenangularcomponent®f the probeandphaseconjugated
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Figure 12.2: The phaseconjugationenegy reflection coeficient Rec(q) = Rpc(—d, ) is
shawvn on a linear scaleas a function of the probewavevectorcomponentparallelto the film
plane,normalizedto the vacuumwavenumber The upperfigure shavs the resultfor a single
monolayer(1ML) copperfilm [linear plot of Fig. 11.1(ppp)]. The lower figure givesthe result
for thetwo-monolaye(2ML) film [linear plot of Fig. 11.2(ppp)].

fields arecounterpropagatinglongthe suriace. Moreover, Z is the numberof conduc-
tion electronseachatomin the quantumwell contritutesto the assumedree-electron
gas,N; is the numberof atomsper unit volume in the quantumwell, and kg is the
Fermiwavenumber Sincethe two pumpfields are counterpropagatinghe wavevec-
tors of the probefield (qﬁ) andthe phaseconjugatedield () arerelatedthroughthe

conseration of momentum,ﬁﬁ +0) = 0. This propertywasusedin the derivation of
Eqg. (12.5). Thus, the zcomponentof the probefield in Eq. (12.3), E;, is given by
E; = [ E/(—d; ], 0)3(d) +q’H)d2q1|, whereE,(—d;dj, w) is takenfrom Eq. (12.3).
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12.3 Numerical resultsand discussion

For thenumericalcalculationwe considera copperquantunwell [d = 1.8 (for single-
monolayerfilm), respectiely 3.6A (two monolayers)N, = 8.47x 10%m 3andz =1
(AshcroftandMermin 1976)] depositedbn a glasssubstratevith n = 1.51, giving k =
1.51g whenthewavevectorsof the pumpfieldsareparallelto thex-axis. Thewavelength
of thelight is choserto be A = 1061nm.For a glasssubstratet is adequatdo calculate
thelinearvaccum/substratemplitudereflectioncoeficient rP by meansof the classical
FresnelformularP = [n?q, — (n2q? — ¢?)2]/[n?q, + (NP2 — qﬁ) 2]. In the view of the
recentexperimentaldatadiscussedn Section11.1 (Jalochavski, Strozak, and Zdyb
1997),we have choseman intrabandrelaxationtime of T = 3fs for the electronsn the
ultrathinquantum-welFfilm.

To give animpressiorof theefficiengy of thephaseconjugatiorprocesdgor thevarious
evanescenmodesthe nonlinearenepy reflectioncoeficient of the phaseconjugatorat
the vacuum/filminterface, Rpc(q”), is shawn in Fig. 12.2 asa function of the parallel
componen{g) of theprobewavevectorfor thetwo possiblesingle-level quantumwells.
It appeardrom this figure thatin particularhigh spatialfrequeng component§10? <
q /q < 10°%) arephaseconjugatedn aneffective manner Thisis associategvith thefact
thatin a single-lerel quantumwell the two-dimensionaintrabandelectrondynamics
alongthe planeof the well is responsiblgfor the main part of the phaseconjugation
process.

Using a square-potentiabarrier model to describethe quantumwell the integra-
tion limits shouldnot extend beyond the (two-dimensional)Fermi wavenumberks =
[2rZN, d + (11/d)?]%/2 for the singlelevel quantumwell. Looking at the phaseconju-
gationreflectioncoeficient shavn in Fig. 12.2,we not only noticethatthe main con-
tribution to the phaseconjugatedsignalis well above the point wherethe probefield
becomesvanescenin vaccum,but alsodoesnot extend beyond the Fermi wavenum-
ber The phaseconjugatedmageof our quantum-wiresourcefield is thengiven by

o 1 ke .
Epc(X,z W) = ET/—kF Epc(z T, w)ehi*dq, (12.7)

in thex-z-plane.

It appeardrom Eqg. (12.5),thatthe individual angularcomponent®f the phasecon-
jugatedfield decayexponentiallywith the distancefrom the phaseconjugatorin the
evanescenpartof the Fourierspectrum.The evanescentomponent®f the sourcdik e-
wise decayexponentiallywith the distancerom the quantumwire. Therefore the con-
tribution from the evanescentomponentso thetotal phaseconjugatedield is expected
to increasesignificantlywhenthe distancebetweerthe sourceandthe phaseconjugator
becomesmaller Experimentallyit is feasiblepresentlyto carry out measurementat
distancegrom the surfacedown to ~ 404 (usingnearfield microscopes)For the cho-
sensystemthis leadsto anintensitydistribution in the x-z-planebetweerthe probeand
the phaseconjugatorasshavn in Figs.12.3and12.4for differentdistancedetweerthe
probeandthefilm, zy—d € {A/4,3\/16,A/8, 3\/32,A/16}, Fig. 12.3corresponding
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to thesingle-monolayefilm andFig. 12.4to thetwo-monolayeffilm. Forzg—d 2> A/2,
the effect of the nearfield componentarenggligible. In both Figs.12.3and12.4,the
figuresto theleft shaw by equal-intensitycontourgheintensitydistribution of thephase
conjugatedield in the areaof the x-z-planebetweenthe quantumwire andthe surface
of the phaseconjugator The width (alongthe x-axis) of the shavn areais in all cases
twice the height(alongthe z-axis) on both sidesof x = 0. The contoursaredravn in an
exponentialsequencesothatif thefirst contourcorrespondso theintensityl,(;lc) then-th
contouris associateavith theintensityl Sg = I,(ch) exp[(1—n)a], o varyingfrom figureto
figure. To furtherillustratethe capabilitiesof light focusingthe chosersystempossess,
we have to theright on a linear scaleshavn the phaseconjugatedntensity at (i) the
surfaceof the phaseconjugator(solid lines) and(ii) alongan axis parallelto the x-axis
placedat the samedistancefrom the phaseconjugatorasthe wire (dashedines). The
two curvesin eachof the plotsto theright areadjustedby multiplicationof the curve in
case(ii) by afactorof (a) 2590, (b) 545, (c) 271,(d) 353,and(e) 586in Fig. 12.3,and
by afactorof (a) 555, (b) 212,(c) 204,(d) 322,and(e) 528in Fig. 12.4,respectiely, so
thatthe maximumvaluescoincidein theplots.

It is seenfrom Figs. 12.3and 12.4 thatthe width of the focus createdby the phase
conjugatedield in all caseds smallestat the surfaceof the phaseconjugator Further
moreoneobsere thatthefocusbecomesarraver whenthedistancebetweerthesource
andthefilm becomesmaller asoneshouldexpectwhenevanescentield components
give a significantcontriktution to the process At the surfacethe width of the main peak
decreasesoughly by a factor of two every time the source-filmdistancedecreaseby
thesamefactor Thistendeng continuescloserto the surfaceof the phaseconjugatoyat
leastdown to aroundh /256~ 4nm,wherethestructureof theintensitydistribution looks
moreor lesslike Fig. 12.3.e[andFig. 12.4.e],scaledappropriatelywith the distance.

The differencebetweenthe ability of the single-monolayefilm andthe two-mono-
layerfilm to focusthefield emittedfrom the sourceis small,aswe would expectfrom
theanalysisin the previous chapter We obsenre from Fig. 12.3thatwhenthe sourceis
far away from the film (a—b),the intensity of the phaseconjugatedield decaysfaster
in the caseof a single-monolayefilm thanin the othercase.Furthermorewe obsere
thatthewidth of thecentrepeakis somavhatsmallerfor thefocusin front of thesingle-
monolayemhaseconjugator andthat the heightof the first sidelobeis slightly higher
comparedo the centrepeak. Taking the sourcecloserto the surface(c—e)we obsere
thatthe distancebetweerminimain Fig. 12.3is still smallerthanin Fig. 12.4,but that
thewidth of the centrepeakbecomesnoreandmoreequalin thetwo cases.

To give animpressionof the size of the phaseconjugatedfocus, let us take a look
at Fig. 12.4.e,wherethe distancefrom the probeto the surfaceis A /16 =~ 66nm. The
distancebetweenthe two minima at the surfaceof the phaseconjugatoris in this case
around40nm (approximatelyA /25). In the planeof the probethe distancebetweerthe
two minimais around100nm(~ A /10).
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Figure 12.3: The intensity of the phaseconjugatedield from a quantumwire is plotted for
differentdistancedetweerthewire andthe surfaceof a single-monolayecopperguantum-well
phaseconjugator Thefiguresto theleft shav linesof equalintensityon alogarithmicscaleof the
phaseconjugatedntensityin the x-z-planebetweerthe surfaceof the phaseconjugatorandthe
wire. Thefiguresto theright shav the phaseconjugatedntensity(i) atthe surfaceof the phase
conjugator(solid lines) and(ii) atthe heightof thewire, z= —z, (dashedines). The intensity
in thesefiguresis plottedon a linear scale(arbitraryunits). In orderto make the two curvesin
theseplotscomparablethe curve associateavith case(ii) hasbeenmultiplied by a factorof (a)
2590,(b) 545,(c) 271,(d) 353,and(e) 586. Thesetsof figuresareshawn for distances; — d of
(@)A/4,(b) 37/16,(c) A/8, (d) 3A/32,and(e) A/16 betweerthe quantumwire andthe surface
of the phaseconjugatingmirror.
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Figure 12.4: The intensity of the phaseconjugatedield from a quantumwire is plotted for
differentdistancesetweenthe wire andthe surfaceof a two-monolayercopperquantum-well
phaseconjugator Thefiguresto theleft shav linesof equalintensityon alogarithmicscaleof the
phaseconjugatedntensityin the x-z-planebetweerthe surfaceof the phaseconjugatorandthe
wire. Thefiguresto theright shav the phaseconjugatedntensity(i) atthe surfaceof the phase
conjugator(solid lines) and(ii) atthe heightof thewire, z= —z, (dashedines). The intensity
in thesefiguresis plottedon a linear scale(arbitraryunits). In orderto make the two curvesin
theseplotscomparablethe curve associateavith case(ii) hasbeenmultiplied by a factorof (a)
555,(b) 212,(c) 204, (d) 322,and(e) 528. The setsof figuresareshowvn for distancegzy — d of
(@)A/4, (b) 37/16,(c) A/8, (d) 3A/32,and(e) A/16 betweerthe quantumwire andthe surface

of the phaseconjugatingmirror.
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Chapterl3

Discussion

We have in the previous threechaptersdiscussedhe phaseconjugationresponsef a
single-level quantumwell, whereonly intrabandtransitionsare possible. It is evident
from our analysisthatin this casethe phaseconjugatedesponsalependsstronglyon
the componenbf the probewavevectorthatis parallelto the surfaceof the phasecon-
jugator(qy). Consequentlythe assumptiorof anideal phaseconjugatorwith constant
reflectioncoeficient throughouthefull g-spectrunmustbe abandonedat leastwhen
a single-lerel quantum-wellphaseconjugatoris considered.The nonlinearcouplingis
strongestn theevanescenpartof theq,-spectrunabove thepointup to whichtheprobe
field is propagatingn the substrate(q /q = n). As a consequencef onewantsto ob-
sene the phaseconjugationof a broadFourier spectrumof evanesceniodes boththe
obsenation andthe excitation arerequiredto take placenearthe surfaceof the phase
conjugator

As a possiblemethodto excite the Fourier componentsn the high end of the q-
spectrumwe have analyzedhe consequenced usinga quantumwire. Whenthequan-
tumwire is placedcloseto the phaseconjugatotthe phaseconjugatedesponseontains
a broadrangeof evanescentomponents.This propertymadeit a good candidatefor
investigationof the problemof focusinglight to a spatialextentlessthanthe Rayleigh
limit. The spatialfocusingof the phaseconjugatedesponsdrom a quantumwire was
studied,andthe problemof theresolutionlimit hasbeenaddressedThe conclusionof
this studyis in agreementvith previous studiesand mainly shaws thatthe focusgets
narraver whenthe distancerom the quantumwire to the phaseconjugatorgetsshorter
Judgingfrom this we may concludethat in orderto establisha betterestimateof the
limit of resolutionthe presenimodelhasto beimproved, sincecontinuingto getcloser
becomesneaninglesst somepoint.

In examining the phaseconjugationresponseof the single-lesel quantumwell we
have chosera specificfrequeng of theinteractingelectromagnetifields, which should
be feasiblefor an experiment. It would be interestingto give a more detailedaccount
of how (i) the phaseconjugatedesponseand (ii) the focusingof the phaseconjugated
field varieswith the frequeng. Thesepropertieswill not be discussedn detailin this
dissertationbut let us at this point just mentionthat (i) it seemdike the evanescent
componentsn the high end of the Fourier spectrumbecomedetterphaseconjugated
when the interactingfields move to longer wavelengths,and (ii) the spatialdistance

95



96  PartlV: Opticalphaseconjugationin asingle-level metallicquantumwell

betweerminimain theintensityof thephaseconjugatedesponsevhenusinga quantum
wire becomesmallerwhenmeasuredn fractionsof the wavelength. Goingto shorter
wavelengthsthetendeng goesin theoppositedirection.
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Chapterl4

Theoreticabroperties

From the simple descriptionof a quantumwell whereonly intrabandtransitionscon-
tributedto the phaseconjugatedesponseave now turn our attentionto the casewhere
transitionsbetweenenegy levels in the quantumwell (interbandtransitions)cantake
place. In this chapterwe thereforegive the theoreticaldescriptionthatis necessaryo
describethe phaseconjugatedesponsdrom a quantumwell wherebothinterbandand
intrabandransitionscontrikuteto theresponseln thefollowing we adoptthe samescat-
teringgeometryasin the previoustreatmentj.e., scatteringakesplacein the x-z-plane
andwe uselight thatis polarizedeitherin (p-polarized)or perpendiculato (s-polarized)
the scatteringplane.

14.1 Phaseconjugatedfield

Unlike in the caseof a single-level quantumwell, we cannotrely on the self-field ap-
proximationwhenconsideringmulti-level quantumwells (with resonances)We there-
fore bagin this treatmentwith the loop equationfor the phaseconjugatedfield in the
two-dimensionaFourierspacgEqg. (8.24)]. It is repeatederefor corvenience:

Erc(z7),w) = Epc(z 7)), )

—ipow//é(z,z”;q'”,w)-3(2”,z';q||,w) -Epc(Z; ), w)dZ'dZ. (14.1)
Thebackgroundield in Eqg. (14.1)is givenby
Epc(zd),0) = —illow/é(zaz';ﬁnaw) -.Tf;))(z’;q'u,co)dz’, (14.2)

andcanbe determinedrom the previous analysis. The linear conductvity tensorcon-
sistsin generalof a diamagnetianda paramagnetipart (seethe discussiorin Chap-
ters5 and®6). It is, however, possibleto combinethe two partsin sucha way thatthe
diamagneticonductvity tensorcanbe written asa correctionto the paramagnetione
(Keller 1996a,1997a,1997b). Thenthe expressiorfor thetotal linear conductvity ten-

sorbecomes
21 w fh—fy = o

GEF W)=Y — —— T m(P) @ Jn(T), 14.3
(750 =55 Y g gooml) @ JonlT) (14.3)
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the correctionfrom the diamagnetidermto the paramagneticesponsdeingthe factor
w/&nm, Which closeto resonancéecomesl. In the two-dimensionaimixed Fourier
spacehisis

- 21 1 w fn(R|| +q”) — fm(R|\)
6(zZ;q,w)=——+ / > = >
( I ) I(»\)h(ZT[)2 nzm qum(KH—I—q”,K“) Q)nm(K” +q”,K”)—0\)
X Jom(Z 2 +T)) ® Jmn(Z; 2K + ) K. (14.4)
Thetransitionfrequeng appearingn Eq.(14.4)is

2

~ R 1 I3 i
@nm(R ) +8y, Ky) = > [En —Emt o (2xx0x + QE)] = (14.5)

which by insertioninto Eq. (14.4)givesthefive nonzeroelementsf thelinearconduc-
tivity tensor

oxx(zZ;T),w) = %Qﬁﬁ(q”,w)zﬁm(z)aén(z’), (14.6)
Oxe(2,Z; T, @) = —i % Qam(T)> @) Zm(2) Zmn(Z), (14.7)
Oyy(z,Z;d),w) = %Qﬁ‘,ﬁ,(d”,w)zﬁm(z)aén(z’), (14.8)
0x(2,Z;0),w) = —i % Qum(T)> @) Znm(2) Zin(Z), (14.9)
02A2,Z;7),00) = — % Qam(T) @) Zam(2) Zmn(2), (14.10)

wherewe for the sale of notationalsimplicity have dividedthetotal expressiorfor each
elementinto a z-dependenpartanda z-independenpart, the z-independenguantities
being

QXX(q W) = 2h (ﬂ)z/ 4K>2<+4qux+q>2<
nmiHP> (2m2 \ 2me €n— Em+ fi(24x0x + 0@) / (2Me) — i/ T

fa(K) + ) — fm(K)))
X "
€n— €m+ A(2Kx0x + 02) / (2Me) — iR/ Tym— Aw

d’k, (14.11)

< 2 (eh)? 2Ky + Ox
09 = iz () [ e T O T
y fa(R) + ) — fm(K))
€n— €m+ A(2Kx0x + 02) / (2Me) — iR/ Tym— Aw

d’, (14.12)

2ih [ eh\? 4K
Q%(q”’w) N W (ﬁ) /Sn—sm‘l‘ F(2KxOx 4 02) / (2mMe) — i/ Tam
y fa (K +Tj) — fm(K))
€n— Em+ A(2KxOx + GF) / (2Me) — i72/Tom — hw

d?k, (14.13)

) _2in (e’ 1
Qam( @, ) = (2m?2 (ﬁ) /sn—sm+ h(2KxOh+ 0Z) / (2Me) — 17/ T
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fa (R +3j) — fm(K))

—&m+ A(2KxOx + 02)/(2me) — iR/ Tom— Aw
since Qnm(K”, w) = ﬁ’,;(k'”,(o). The z-dependenguantitiesin Egs. (14.6)—(14.10)
above are

Znm(2) = Zim(2) = Un(2Wn(2), (14.15)

N oyr,(z
Zinl2) = U2 ”’”( 2 (M0l (14.16)
Eqs.(14.11)—(14.14)1asthe solutionsgiven in AppendixC, sectionC.12in termsof
the analytic solutionto the integrals given in AppendixB. Insertingthis solutioninto
Eqg.(14.1),weget

EPC(Z;q||7 w) = Epczq’”, +2anZQH, w) - an(q'”,w), (14.17)

d’k, (14.14)

in which we have introducedthe 3 x 3 tensor ,m(z g, w) with thenonzerocelements

Fam(Z ), 0) = —iUow{Qﬁ(ﬁq(q”,w)/Gxx(Z, 7’4, w) Znm(Z')dZ’

501,60 [ Gl 2,0 Zia(@)7 . (14.18)
Fom(z.T), w) :ipow{in]‘Zm(q'”,w)/Gxx(z,z”;q'||,w)Z{1‘m(z”)dz"

Q) [ Gulz 0. Zin(2)02 }, (14.19)
Fam(z 0, w) = —iUOOJQX%(qnaOJ)/ny(ZaZ"J(_1'||,03)Zf1(m(2”)d2", (14.20)
Fam(z ), 00) = m':ri(r)r(w(Z; dj,w), (14.21)

au
Fam(Z, ), 0) = ﬂ':ri%(z dj,w), (14.22)
a.
andthevector

/Zﬁm )Epcx(Z; 1), w)dZ
Fron() ) / Zmn(Z)Ercy(Z:4), w)dZ (14.23)
/ Zinn(Z)Epc (74, w)dZ
canbedeterminedrom thefollowing setof algebraicequations:

T (@), ) ZK (G @) - T (d),00) = Qun(d), ) (14.24)

Sincewe may now determinethe differentl” valuesindependentlyf their dependence
on the phaseconjugatedfield, Epc(z; gy, w), we have by this operationkept the self-
consisteng in Eq.(14.17),but the problemof solutionhasbeenreducedo aproblemof
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solvingalinearalgebraicsetof equationsvith justasmary unknavns. This problemcan
be treatedasa matrix problemandis thusin principlefairly easyto solve numerically
In Eq. (14.24)above, the vectorialquantityQmn, is givenby

/Zmn Z EPC,X(Z q||7 )dZ
Oumn(d), ) /Zmn (2)Epcy(z 0, w)dz (14.25)
/Zmn Z EPQZ(Z’ q||a )dZ

andthe3x 3 tensorialquantityl?"' n(Tj, ) hasthefive nonzercelements

Kimn(@),09) = [ Z5@RY @ T, )z, (14.26)
K @):0) = [ Zin(d R0, )z (14.27)
Ko@) = [ Zon(2FY(z ), @)z (14.29)
Kkl = ol [ Zi@R @0 @)z (14.29)
¥kl —q” L [ Zi@Rz o (14.:30)

If we limit ourtreatmento polarizedlight perpendiculato the scatteringplane(s) and
in the scatteringplane(p), we getfor s-polarizedlight the setof equations

ry,mn ZKyymnry,vl = Qy,mna (14.31)

which is mx n equationswith justasmary unknavns, andfor p-polarizedlight the set
of equations

rx7mn_ Z (K)\(/)Igmnrx’vl + K)\<llz1man,\/|> == Qx7mn, (14.32)
V

rz,mn— Z (Kggmnrx’vl + K;/Izmnrz,vl) = Qz,mna (14-33)
V

whichis 2m x n equationswith justasmary unknavns.

14.2 Infinite barrier quantum well

Applying theinfinite barrierquantumwell to the above formalism,we areableto de-
terminetheintegralsover the Cartesiarcoordinatesn explicit form. Thewave function
constructsz(z) becomesn theinfinite barriermodel

XIB (2) = ; [cos(%) —cos(%)] , (14.34)
zIB(2) = o]ITZ [(n m) sm(%) —(n+ m)sin(%lzﬂ : (14.35)
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With this resultthe integrals over the sourceregion apperaingn Eqgs.(14.18)—(14.22)
and(14.26)—(14.30¢anbe solved (seeAppendixE), andtheK quantitieshusbecome
8r*nmivg, d [1— €d:d(—1)"+m]
o8- ) = = g, @+ e(n— myia. 0 + (s
14rP— (e_iQLd + rpeicud) (_1)I+v
*la.d)+ 180 —v)Z[lia, )+ 72( + V)7

XX 2 Xz T[2(|2—V2)q”
X le(q||,w)Q¢d+Q4v(qH,®)f ; (14.36)

gretinmiv, d [1—€9:d(—1)™m]
xzmn(qHa w) = sow[(iqLd)ZJrﬂz(n— m)Z][(qu_d)Z—i—T[Z(n—l—m)z]
14+rP— (e—imd_}_rpei(hd) (_1)I+v
*[Ga, )2+ (1 —v)3[(ia.d)>+ 720 +)7]

Xz 2 zZ T[2(|2_V2)qH
X Q|v(q||,w)(hd+Q|V(q”,(ﬂ)f ; (14.37)

81 ponmiveoq d2[€9:9(—1)Mm 1
K@) = QY () ) 552 e m)Z][[(iqLii)2)+#<n+]m)2]
1_rS_ (efiqld o rseiqld) (_1)I+v
*la.d)7+ 180 —v)Z[lia, )2+ 72( + V)7
I () — 2V drenm(n? — [y
2xmn(d gow d[(iq,d)2+1@(n—m)?][(iq,d)? + 1E(n+m)?]
14rP— (e*i(hd_I_rpei‘hd) (_1)|+v
* [l d)Z+ (0 —v)3[(iq.d)2 + (1 + V)]

XX 2 Xz T[2(|2—V2)q||
X q Qv (T, w)q1d+ le(qna(*))f (14.39)

(14.38)

217l v 4rtnm(n? — n?) [ 9(—1)MM — 1]
zzmn(qna ) = oW d[(qu_d)Z—i-T[z(n—m)z][(iQJ_d)2+n2(n+ m)z]
14rP— (e_iQLd + rpeicud) (_1)I+v
*[laLd)Z+ (0 —v)3[(iqLd)2 + (1 +v)7]

(12 — 2
X{iQ,f,Z(q,w)q?Ld QT w )%}

(14.40)

To find fzmn(q“,w) is in generala muchmoredifficult task, but insertionof the expres-
sionfor E8(zd,w) gives

Qx,mn(ﬁ”; __WOQ)/ Zpn(Z / [GXX(Z,Z' q||) mx(zl q||)
+G(2.7;9))3%,.(Z:))] dZdz, (14.41)
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0 0
Qa0 0) = —ifio® /_ il /_ e 2;q)3%,,(7;4))dZdz (14.42)
0 0
Qzmn(d),w) = —iUow/_d Zinn(2) /—d 2_|J|_ [Gxx(zezliq||)~](—3<2),x(zliq||)
+Gul2.2;8)) 3%, (Z; a”)] dZdz (14.43)

Thesentegralscanby insertionof the propagatorsndthe wave functionsbe solved for
theintegral over z, andthuswe find

2reinmgq, d [€9:9(—1)™m 1]
-~ eow((iq. d)2+T(n+m)?)[(iq d) 2+ TE(n—m)?]

Qymn(d), w) =

X/(; [Ch (eiQLZ _ rpe—iqLZ) J£33)7X(z; q’H) +q (eiqiz-|- rpe—iqu) ‘](—32),2(2; q”)] dz,
(14.44)
2reipownmd[edd(—1)mm _ 1]
[(i0.Ld)? + 1(n+m)?][(iq . d)? + T&(n— m)?]
x / (; (€924 roe9:7) 30 (z3))dz, (14.45)
2rqnm(n? — m?) [ 4(—1)™" — 1]
" eoea[(ia, )2 + T+ P9, 4)2 + T(n— )

0 ) ) . )
d ) i )

Qymn(d),w) = —

Qzmn(T), w) =

(14.46)

wherewe have droppedthe now superfluousnarkingZ in favor of anew z. Sincethe
z-dependencef J@)(z; d,) is expressedia theinteractingdfieldsandthewave functions,
andwe arelimiting oursehesto studieswhere(i) the pumpfields are parallelto either
the x-axis or the z-axis andwith uniform amplitudeprofile alongthataxis, and(ii) the
probefield hasonly oneplane-vave componenbn the form E(z; d) = Ed:Z thelast
integral aborve canbe solved. This solutionis discussedh AppendixC, sectionsC.8and
C.9. Thus,in Eq.(14.24),all K’'sandQ’s arenumberswith noinline integralsto solve
numerically
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Numericalresultsfor atwo-level quantumwell

Besidescalculationof the nonlinearcurrentdensitiesthe mainnumericalwork consists
of finding the solutionto the appropriatesetsof equations,given by Eq. (14.31)for
processesvith s-polarizedresponseand Egs. (14.32) and (14.33) for processesvith
p-polarizedresponseComputationaprocedures$o solwe this kind of problemsarewell
known (see,e.g., Press,Teulolsky, Vetterling, and Flannery1992, 1996a,1996bfor
descriptionandFortranroutines).

15.1 Phaseconjugation reflectioncoefficient

To estimatethe amountof light we getbackthroughthe phaseconjugatecchannelwe
usethe phaseconjugatiorreflectioncoeficient Rp(z qH) definedin Eq.(11.1)together
with the expressionfor the intensitiesgiven by Eq. (11.2). As before,the reflection
coeficientatthe surfaceof the quantumwell is thusRpc(—d; @)

In orderto give animpressionof the differencebetweenthe calculationwhereonly
intrabandcontritutions weretaken into account(chapterll) the presentcalculationis
alsobasedon the datafor a two-monolayerthick copperquantumwell [N} = 8.47 x
10?8m=3, Z = 1, andd = 3.8A (Ashcroft and Mermin 1976)]. As was the casefor
the single-level Cu quantumwell, the two-level Cu quantumwell can adequatelybe
depositedbn a glasssubstratdor which we usea refractive index n of 1.51. With this
substratea reasonablalescriptionof the linear vaccum/substratamplitudereflection
coeficients(rP for the p-polarizedlight andr® for the s-polarizedlight) canbe obtained
by useof the classicalFresneformulae,givenby Eq. (11.3)and

a4 - (PP )
d + (nPe? - of)

S

r (15.1)

NI-

Keepingthe pumpfields parallelto the x-axis, we geta pumpwavenumbeik; = 1.51q.
In Figs.15.1and15.2we have plottedthe phaseconjugationreflectioncoeficient at
theinterfacebetweerthevacuumandthe quantumwell asafunctionof theparallelcom-
ponentof thewavevectornormalizedo thevacuumwavenumberq /g. Thewavelength
hasin theseplots beenfixedto A = 1061nm(the sameasin the single-level case).The
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Figurel15.1: The phaseconjugatiorreflectioncoeficient at the vaccum/quantum-welhterface
is plottedasa function of the normalizedcomponenbf the probewavevectoralongthe surface,
q/9, for the four combinationsof polarizationof the threeinteractingfields, in which the two
pumpfields have the samepolarization(ppp, sss s, and pps), correspondindo the four dia-
gramsshawn in Fig. 9.2. The verticalline indicatesthe normalizedFermiwavenumberwhich
for thetwo-monolayeiCu quanturmwell is 2.78 x 10°. The setof arrows labeledn areplacedat

9 ="Nna

plotshave beendividedinto two sets togethercoveringall eightdifferentcombinations
of polarizationof the interactingfields. In Fig. 15.1is plottedthe four combinations
leadingto aresponsavith the samestateof polarizationasthe probe,i.e., (i) the purely
p-polarizedcasewhereall interactingfieldsarepolarizedn thescatteringplane(denoted
ppp), (i) thepurelys-polarized(ss$ casewhereall threeinteractingfieldsarepolarized
perpendiculato thescatteringplane (iii) thecasewherethetwo pumpfieldsbotharep-
polarizedandthe probefield is s-polarized(pps), and(iv) thecasewherethe probefield
is p-polarizedandthe two pumpfields are s-polarized(ssp). The resultsfor the other
four combination®f polarizationhasbeenplottedin pairsin Fig. 15.2. Theupperfigure
in Fig. 15.2shavs thetwo casesvherethe pumpfieldsaredifferently polarizedandthe
probefield is s-polarized,while in the lower figure, the probefield is p-polarized,still
with differently polarizedpumpfields. Theverticalline insertednto Figs.15.1and15.2
indicateghe normalized~ermiwavenumberwhich for the two-monolayelCu quantum
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Figure15.2: Sameparameterasin Fig. 15.1,but for the otherfour polarizationcombinations
(seeFig. 9.3). The upperfigure showns the responsesvheres-polarizedprobegives p-polarized
responsépss(solid line) andsps (dottedline)]. Thelower figure shavs the oppositecaseqd psp
(solid line) and psp (dottedline)]. Furtherexplanationcanbefoundin the maintext.
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Figurel5.3: The phaseconjugatiorreflectioncoeficientatthevaccum/quantum-weihterface
is plotted as a function of the optical frequeny normalizedto the transitionfrequeng of the
two-level quantumwell, w/w;>, for the four combinationof polarizationof the threeinteract-
ing fields which have equalpumpfield polarization(ppp, sss s, and pps). The transition
frequeny i, in the presentcaseis wy, = 1.32 x 10%rad/s,correspondindo a wavelengthof
A = 1424nm.Theverticalline indicates\ = 106 1.nm thepointin thefrequeny spectrunwhere
Figs.11.1and11.2have beendrawnn.

well is 2.78 x 10%. The discussiorof this quantityhasbeengivenin chapterl1l (in the
paragraptstartingat theendof page78).

In additionto the plotsin Figs.15.1and15.2,wherethe phaseconjugatiorreflection
coeficientwasplottedasa functionof q; /g, we have in Figs.15.3and15.4plottedthe
phaseconjugatiorreflectioncoeficientasafunctionof theopticalfrequeng normalized
to theinterbandtransitionfrequeny, w/w;». The parallelcomponenbf the wavevector
hasin this casebeenfixed at q; = 0.8q (in the propagatingregime). Again, the four
casesof pump fields having the samepolarizationare plotted in the first of the two
figures(Fig. 15.3),andtheremainingfour in theotherfigure (Fig. 15.4).

All plotsin Figs.15.1-15.4ave beenplottedusinga relaxationtime of 200fsin the
interbandransitionfrom theoccupiedstateto theunoccupiedtateandarelaxationtime
of 3fs within the intrabandtransitionsof the occupiedstate. Unlike in the caseof pure
intrabandresponsethe choiceof adequateelaxationtimes seemlessimportantin the
two-level quantum-wellcase.Changingeitherof the relaxationtimes(or both)anorder
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Figure15.4: Sameparameterssin Fig. 15.3,but for the otherfour polarizationcombinations.
The upperfigure shavs the responsesvheres-polarizedprobegives p-polarizedresponség pss
(solid line) and sps (dottedline)]. The lower figure shavs the oppositecaseqd psp (solid line)
andspp (dottedline)]. For furtherexplanation pleaseconsultthe maintext.
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of magnitudeup or down doesnt changethe resultsshavn in Figs.15.1-15.4somuch
thatthe two curvesfor therespectie choicesof relaxationtimeswould differ from each
other asit wasthe casein thesingle-level quantumwell (seeFig. 11.4).

Returningour attentionto Fig. 15.1, we obsenre thatthe purely p-polarizedcombi-
nation of polarizationgivesthe strongestphaseconjugatedesponsenhile the purely
s-polarizedcombinationgives the wealest responseof the four. Looking at the ppp
curwe, we seethat the maximumvalue is reachedin the propagatingregime of the
q/g-spectrumwheretwo peaksoccurapproximatelyat the valuesof g; = 0.18q and
qy = 0.229. Thesepeaksmustbe dueto the pumpwavesbeing p-polarized sincethey
alsooccurin the pps configurationbut in neitherof the sssandssp configurations.In
theevanescentegimethe ppp curweis increasingrom thepoint = nquntil it reaches
its maximalvalueat aroundq = 10°g. Above q = 10°q, the ppp responsestartsde-
cayingagain.The ppscurwein Fig. 15.1has,apartfrom thetwo peaksdiscusse@bove,
two additionalpeaksoccuringsymmetricallyaroundthe pointng in the g-spectrumat
approximatelyy, = 1.1q andq; = 1.9q, respectrely. After the secondof thesepeaks,
theamplitudeof the responséadesaway with growing valuesof g;. Thessp curve has
a maximumwhenthe probefield is perpendicularlyincidenton the phaseconjugator
(ay /q = 0), andanotheronewherethe probefield becomesevanescenin the substrate,
i.e.,atq = ng. In theevanescentegimeof theq /g-spectruntheresponsés increasing,
with two smallnarrav peaksoccuringat ¢ ~ 10q andq ~ 13q, andit reaches max-
imumatqy = 2 x 10%, andaftergoing down to a minimumright afterkg /q it increases
again.Thisindicateghatif we areableto produceprobefieldswith a significantamount
of evanescentodesabore ke /g, thepresentmodelis probablynotsufiicientto describe
thessp responséandmaybenot sufiicientto describethe ppp responseither). Thelast
of thecunesin Fig. 15.1representshe purely s-polarizedcase(sss. It hasmaximaat
q,/9= 0,andagainatq;/q = n. Above gy = nqit falls off rapidly.

Lookingattheq/g-spectrunof thephaseconjugatedesponsén theotherfour com-
binationsof polarization,depictedn Fig. 15.2,we seethatboth pairshave peaksin the
propagatingegime of the ¢ /g-spectrumat the sameplacesasthe ppp and pps curves
of Fig. 15.1had. Anotherpeakappearsvheng = ng, andin thepurely evanescenpart
of the q/g-spectrunpeaksappearat g ~ 10q andq ~ 13q, the sameplacesasin the
s responsshavn in Fig. 15.1. After thesetwo peakgheresponsesf the psy'sps-pair
increasesuntil they reachtheir maximumat aroundg = 5 x 10°, afterwhich they de-
creaseagain.This maximumis comparablén magnitudeo thepeaksn thepropagating
endof the g /g-spectrum.We obsere thatthe two curvesin eachof the pairs shavn
in Fig. 15.2becomesdenticalfor high valuesof gy, asthey shouldfrom the previous
analysis.Thespp/ psp-pair of curvesalsostartsincreasingn magnituden thehighend
of the g /g-spectrumshaved. They reachtheir maximumat aroundgq = 2.5 x 10°q,
afterwhich themagnitudedecreaseagain.In this case however, the magnitudeof this
maximumis somefifteen ordersof magnitudelessthanthe magnitudeof the peaksin
the propagatingegime. The problemin the sps/ psspair of curvesis thatthe maximal
valueis reachedfterthepointq = kr /g, andtheconclusiormustthereforebethesame
asin the ssp case namelythatif the probehascomponent®f significancen the high
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endof the g /a-spectrum thenthe modelshouldprobablybe extendedin oneway or
another

Continuingto thefrequeny plots,we obsene from Fig. 15.3thatthetwo casesvhere
both pumpfields ares-polarizedhasno resonanceat all. Their decreasén magnitude
asthefrequeny increasess mainly dueto the factorof w2 occuringin the nonlinear
conductvity tensor The ppp curve hasa peakof high magnitudeat w = w»/3, asmall
oneat w = wyo, anda large one againat w ~ 1.1w;». The pps curve hasa peakof
small magnitudeat w = 0.3w;>, two large onesat w ~ wy,/3 andat w ~ 1.1w;, and
finally a smalloneat w =~ 3.2w,. The peaksaroundw = w,, probablyarisefrom the
combinationof the denominatorsn the nonlinearconductvity tensorsput noneof the
peakshave beenrclearlyidentifiedfrom theformulasyet. Goingto ary of thetwo sidesin
thefrequeng spectrumaway from this groupof resonanceshe curvesbehae like the
sssandssp curves,with the magnitudeproportionalto w—=3. Thefrequeny plotsfor the
two pairsof polarizationcombinationsvherethe pumpfields aredifferently polarized
(Fig. 15.4) have resonancewith the approximatevaluesof w/wy, of 1/3,1/2, 2/3, 1,
1.1, and2. Like in the previous case thesepeakshave not beenclearly identifiedfrom
theformulasyet. Againonemightassumehatthe peaksat 1 and1.1 arisedirectly from
(someof) thedenominatorsn the nonlinearconductvity tensors.As before,outsideof
the shavn frequeng range,the behaiour of the responseés proportionalto w 3. The
resultspresentedn this chaptewill betreatedmorethoroughlyin aforthcomingpaper
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Chapterl6

Discussion

In the pasttwo chapterwe have briefly shavn how to calculatethe phaseconjugated
responsdrom a multilevel quantumwell and given numericalresultsfor a two-level
guantumwell. As we concludedn the single-level quantum-welicase the assumption
of an ideal phaseconjugatoralso doesnot hold for a two-level quantum-wellphase
conjugator In this case however, it is not somuchbecausef theefficieng in the high
endof the g -spectrumsincein mostof the casesshavn in chapterl5 theefficiency in
the evanescentegimeis not somuchlarger thanin the propagatingegime. It is more
becausehe two-level phaseconjugatoris muchmoreefficient for certainvaluesof g
thanfor therestof the spectrum.

However, beforewe cangive afull descriptionof thephaseconjugatedesponsdérom
multi-level quantumwells, someaspecthasto beaddressedAmongtheimportantones
arethefactthatwe needto identify (i) which termsof the nonlinearconductvity tensor
that are dominatingthe phaseconjugationresponseandif it is possibleby a careful
choiceof the systemto male differenttermsdominate.Furthermoreii) it is desirable
to find out more preciselywhich individual termsin the nonlinearconductvity tensor
givesrise to eachof the peaksoccuringin the curvesin Figs. 15.1-15.4.Mary other
thingshasto beinvestigatedfor example(i) the behaiour of the responseloseto the
peaksn Figs.15.1-15.4bothin thefrequeny spectrunmandin theq-spectrum(ii) the
frequeng dependencim generaland(iii) theresponsé¢o sourcesith alargenumberof
Fouriercomponentsn the g -spectrumsuchasthe quantumwire discussedn Chapter
12.
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Summary of conclusions

We have developeda spatiallynonlocaltheoreticaimodelof degeneratdour-wave mix-
ing of electromagnetidields on the mesoscopidength scale. We have analyzedthe
physical processesnvolved in creatingthe DFWM responseand identified the inde-
pendentnonzeroelementsof the relatedconductyvity tensorfor eachtype of process.
Following the more generaltreatmentin real spacewe have specializedhe treatment
to take into accountonly caseswvheretranslationainvarianceagainstdisplacementin
two of thethreespatialdimensionsoccur therebyfavouring a descriptionin which the
opticalprocessesccurin surfacesandthin films of condensednatter

As a consequencef this choice we have transformedthe responsefunction into
Fourier spacein two spatialcoordinateskeepingthe real-spaceoordinatein the third
dimension.Fromthere,the emphasishasbeenlaid on phaseconjugation althoughthe
moregeneraDFWM responsdensorhasbeencarriedout in this mixed Fourier space
aswell. Theemphasi®n phaseconjugationvasrealizedby the choiceof letting two of
theinteractingfields be spatially counterpropagatingd.etting thetwo counterpropagat
ing fieldsactaspumpfieldsin thephaseconjugatiorprocessthethird of theinteracting
fieldsbecamavhatwe have referredto asthe probefield.

The choiceof a scatteringgeometryin which the pumpfields weretaken to be un-
dampedilanewavestraveling parallelto thetranslationallyinvariantplaneresultedn a
descriptionrwherethe maineffort could be concentratedn studyingtheresponsaueto
theprobefield, thusletting the pumpfieldseffectively beinga partof the phaseconjuga-
tor. We concludedhat usingdifferentcombination=of light polarizedin the scattering
planeor perpendiculato this planeleadto differentpropertiesof the phaseconjugated
field comparedo the incoming probefield, including changesn polarizationin some
cases.

Usingthedevelopedmodelon a single-level metallicquantum-wellphaseconjugator
we have shavn thatthephase-conjugatioreflectioncoeficientbehaesquitedifferently
from the uniform reflectioncoeficient thathasoften beenassumedn previous studies
where evanescentomponentdave beenincluded (Agarwal and Gupta1995; Keller
1992). Theresponsen the high endof the g;-spectrunturnedoutto beasmuchasten
ordersof magnituddargerthanin the propagatingegime. Subsequent)yit wasshovn
thatby useof the single-level phaseconjugatolit waspossibleto phaseconjugatdight
emittedfrom a subvwavelengthsourcein the vicinity of the phaseconjugator andthat
the phaseconjugatedight atthe planeparallelto the phaseconjugatorwherethe source
hasbeenplaced, hasa subvavelengthdistancebetweenthe minima in the intensity
Consistentith anotherecentprediction(Bozhevolnyi 1997;Bozherolnyi andVohnsen
1997)we have obseredthatthe smallestdistancebetweerthetwo minimasurrounding
themainlobein the phaseconjugatedield occuratthe surfaceof the phaseconjugator

The theoreticalmodelwas concludedwith a descriptionof a quantumwell with an
arbitrary numberof boundstates followed by a numericalcalculationof the response
from a two-level quantumwell. We have shavn that alsothe two-level quantumwell
doesnot comecloseto anideal phaseconjugatorwith a uniform reflectioncoeficient
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in the ¢-spectrum. Furthermorejt doesnot behae the sameway asthe single-level
guantumwell, eventhoughthecombinationf polarizationfor theinteractingfieldsthat
givesa p-polarizedresponsgeadto similar resultsin thehigh endof theq-spectrumin
thelow endof theq)-spectrunthe phaseconjugatedesponsérom atwo-level quantum
well is several ordersof magnitudestrongetin a smallnumberof very narrav rangesn
g, thanin therest.

Finally, we concludecthatif oneis ableto excite the two-level quantumwell in the
q-rangearoundthe point of the Fermi wave numberthe presentmodel could prove
insufiicient, becausehe maximumvalueof the phaseconjugationreflectioncoeficient
in the high endof the g-spectrunin several casess above the Fermiwave number

Discussionand outlook

With respecto the single-lerel quantumwell several propertiesvould be interestingto
examinefrom a fundamentapoint of view, including (i) theresponsén thefarinfrared
andultraviolet partsof thefrequenyg spectrum(ii) how theresponseanbedividedinto
anelectrostatiandan electrodynamigart, (i) how the width of the phaseconjugated
focusfrom aquantumwire scaleswith thewavelengthof the electromagnetifield used
in theinteraction,and(iv) the problemof athree-dimensionaource.

For the two-level quantumwell plenty of work remainsto be donebeforeit would
be wise to take up someof the abore-mentionedproperties. First of all, we have to
determinéhow mucheachof thetermsin thenonlinearconductvity tensorcontritutesto
the phaseconjugatedesponseAlso, the problemof phaseconjugatinga broadangular
bandshouldbe addresseth orderto study for instance focusingof light in front of a
two-level phaseconjugator

The problemof focusinghasto be addressednorecarefully sincethe presentstudy
hasrevealedonly thatwhenthemesoscopisourcdas movedcloserto thephaseconjuga-
tor thefocusis narraved. | imaginethatthis problemcouldbe addressegroperlyusing
a pureengineeringapproachto make an adjustmenbf the presentmodelby (i) aban-
doningthe infinite barriermodel by insertionof a more sophisticategotentialacross
thebarrier and(ii) abandoninghe point-sourcedescriptionof the probefield. Thereby
onewould alsobeableto discusghe problemof resolutionin a nearfield opticalmicro-
scope.

Furthermore,t could be interestingto establisha model which provides a tempo-
ral resolution. It could be usedto study for example,the time delay anddistortion of
anelectromagnetipulse(wave paclet) beingphaseconjugatedinitially using,for ex-
ample, planewaves as pumps,and ultimately to give an understandingf four-wave
mixing usingpulsedinteractingfields. Sucha modelwould provide a framework for a
descriptionof time-resoled opticalphaseconjugationin, for example,communications
systems.

On the moresophisticatedundamentakideit could be interestingto investigatethe
phaseconjugatedresponsevhen the phaseconjugatoris, for example,a mesoscopic
ring, cylinder, sphere,or a quantumwire. Anotherpossibility is to take into account



118 PartVI: Closingremarks

spin effectsin orderto treatthe phaseconjugationresponsdrom magneticmaterials.
We alsobelieve thatthereis a connectiorbetweerthe modelfor electromagnetiphase
conjugatiorpresentedh this work andphaseconjugationof electronsandatomsifor an
introductionto atomicphaseconjugationrandnonlinearatomoptics,seelLenz, Meystre,
andWright (1993,1994)andGoldstein Plattner andMeystre(1995)].

A problemthat hasto be taken into accountwhenusingthe presentformulationto
describenonlinearoptical processess the apparantlydivergentbehaiour in the long-
wavelength(low-frequeng) limit stemming(in third-orderproblems)rom thew3-term
in the baginning of the nonlinearconductvity tensor This problemis a generalonein
thetheoreticalmodel,andalthoughthe linear problemhasbeensolved (Keller 1996a),
the problemhasstill not beensolvedfor ary nonlinearcasejncluding DFWM.

If time permits,| shallsubstantiaten someof thesepointsin futurework. Otherwise,
it will beleft for othersto do.

We arevery lucky to live in anagein which we arestill makingdiscoveries.
Richard P. Feynmanin TheCharacterof PhysicalLaw, p. 172
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AppendixA

Calculationof linearandnonlinearconductvity tensordn
two-dimensionallytranslationalnvariantsystemg(z g )-space]

In thisappendix present calculationof linearandnonlinearconductvity tensorssuit-
ablefor calculationof thelinearandnonlinearcurrentdensitiesn aphysicalsystemwith
translationainvarianceonly in the x andy directionsof the Cartesiarx-y-z-coordinate
system.The basicingredientsn this calculationconsistsof (i) the Fourierintegral rep-
resentatiorof the vectorpotentialin thex- andy-coordinategjivenby Eq. (8.1), (ii) the
inverserelationfor the currentdensitiedinear in the cyclic frequeny w (appearedis
Eq. (8.2)), (iii) the basissetof the wave functionstaken on the form of Eq. (8.9), and
(iv) the correspondindransitioncurrentdensityin Eqg. (8.14). Using theseingredients
we startfrom the three-dimensionaxpressionsn real spacewhich in the linear case
aregiven by Eq. (4.9) with insertionof Egs.(6.6)—(6.7)andin the nonlinearcaseare
given by Eq. (4.10) with insertionof Eqs. (6.8)—(6.14). The resultsof thesecalcula-
tions are presentedas expressiondor the individual matrix elementsaccordingto the
definitionsgivenby Eq. (8.3)for thelinearconductvity tensorandEq. (8.8)for thenon-
linear conductvity tensoy the cyclic transitionfrequenciedeingexpressedn the form
of Eq.(8.12).

For conveniencewe in the following treatmentdivide the linear currentdensityinto
two partsfollowing the two processeshavn in Fig. 5.1. If we definethe linear cur
rentdensityas Ji(zdy) = ¥;Jj(zd)), the resultof calculatingthe linear conductv-
ity tensoris presentedasthe individual nonzeromatrix elementscorrespondingo the
symmetryanalysispresentedn Chapter6. Like in the linear case,it is corvenient
in the nonlinearcaseto definethe nonlinearcurrentdensityas Ji(7) = ¥ jun Jijkn(T),
with Jijkh(F’) = Eijkh(?,F”,F’”,F’”’)Ah(F’”’)Ak(F’”)Aj (?I), andthen Split the treatmentof
the nonlinearcurrentdensityin sucha way that eachof the processesnentionedin
Fig. 5.2is treatedseparately

A.l Linear processA

FromEqg. (6.6)we have thexx elemenbf partA of thelinearcurrent,in whichwe insert
the expressiondor the wave function andthe vector potentialin the two-dimensional
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Fourierrepresentatiorgiving theresult

xx(Z q” ///z falWn(2) 25 r—r )AX(Z’ q'”) 'qH Hdz /d3 !
|E1H YHer”_ (All)

Solving the integrals over the real-spacecoordinatesn the x-y-directions, fd2 " and
[d? r”,weobtaln

Bizt) =~ [ 3 1 ln( P8l 2)300) 1)
xAX(z’,q"|)d2K”’,ﬂ2q”dz’, (A.2)
wherethe (infinite) sumover thek;, coordinatediasbeenreplaceddy anintegral. From

this expressionve extractpartA of thelinearconductvity tensoras

€
L) =~ 7 3 [ )P ez ) -, (A

wherewe have omittedthe now superfluouseferenceo n fromK;. Takinginto account
the conseration of momentumgiven by the Dirac deltafunction 6(ql’| dj) we may

integrate over q|| in Eq. (A.2), andthereafterextract part A of the linear conductvity
tensoraspresentedn Eq. (8.15).

A.2 Linear processB

Taking from Eq. (6.7) elementij of part B of the linear currentdensity and insert-
ing the expressiondor the wave function [Eq. (8.9)] andthetransitioncurrentdensity
[Eq. (8.14)]in thetwo-dimensionaFourierrepresentationye get

1 2 fa—fm . . Lo . o
B(za) = ——W///%ﬁjj,mn(z,;wﬁ‘i‘ K m) li.om(Z R) 7+ K| m)
x @ Rl .8 T (R nﬁ)‘f’uAj(z’;qﬁ)éqﬁ‘rﬁdzqﬂdi“ T (A.4)

Solving the Cartesianintegrals fdzrl’| and fd2r|| alongthe surface andreplacingthe
infinite sumoverR” with anintegral, thisis

R = fol®p) .
z NG A" (T R
IJ( q” / /;nwnm K|| n’KHm (*)Jj’mn( hm ||,n)
><Junm(ziK||,ﬁ+'<||,rﬁ)5('<|\,rﬁ—Ku,n”in) (Rjpr =Ky m— )
xAj(Z;d))d’k) ad’K) md*c dZ. (A.5)

Of thesetwo integralsover the surfacestateswe cansolve onebecaus®f the coupling
betweerthe surfacestatesandthe wavevectorsintroducedby the Dirac deltafunctions
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appearingKeepingthek'”Jﬁ set,andthuswe solwve for then set. Solvingfor this set,we
find thatk 7 is replaceddy K g+ q|'| , thusgiving

fn( K||m+q||)—fm( ||m)._ - ,
Hiza) = /// fim ‘*’nm (R + s Ky m) — 0 Jj.mn(Z; 2R ) 5+ )
X ji,nm(Z 2KH7,ﬁ+q”) (@ — dpA (Z: 8] d*K) md®q dZ. (A.6)

Fromtheabaove expressionwe extractpartB of thelinearconductvity tensoras

o 211 fa(Ry +)) — fm(K)))
R0 =~ ] oty 17—
X ji,nm(Z 2K), 1) 3(d) — &) ) dKy, (A7)

wherewe have omittedthenow superfluousndex mfrom thesurfacestate . Againwe
take into accounthe conseration of pseudo-momentunz‘ﬁ((j{| — q”), letting us perform

theintegrationoverq’| in Eq. (A.6). Fromthis resultthe linearconductvity tensorpart
B is extractedon the#orm shavn in Eq. (8.16).

A.3 Nonlinear processA

InsertingEq.(6.8)into Eq.(4.10),wetake elemenixxxof partA of thenonlinearcurrent
density In theresultwe insertthe expressiongor the wave function andthe vectorpo-
tentialin thetwo-dimensionakourierrepresentatiofEgs.(8.9) and(8.1),respectiely].

Thenby useof Eq. (8.2) we find

A (o
Boood2:) = s,ngh o [/ % - Z(Dwn (Z)Wn(Z) Ui ¥n(?)
X A" M)A 81 AL (2l € FrrRua) T g RuaRym) ) 1 T 194
xé(?—? )5(?” —T’”’)dzqﬁ’dzqﬁdzq”d3 Illd3 //d3 —id) YHerH (A.8)
In this equation,we first solve the integralsfdzrl" andfdzrf(’, thereafterthe remain-

ing Cartesiarintegralsfdzrl’{ andfd2r||, andfinally replacetheinfinite sumsover the
differentR” coordinatesvith integrals,therebyobtaining

. fn(K),5) — (||m) N (7"
Lol Z) = smgh o [ S an K R o) 2@ @ )W(2n(2)

xAZ" 0 ) A2 8))A(Z ) B(K) i — Ry e+ T + d” )R 7— Ky m—dj—Ty)
x&(z—2)d(Z' - z")d2K”J]«jZKWdzqﬁ'd?qﬁdzqﬂdz"dz'dz. (A.9)

Of thetwo integralsover thek;| quantitieswe cansolve onebecaus®f the couplingof
theseto thewavevectorsintroducedby the Dirac deltafunctionsappearingKeepingthe
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R'HJﬁ setwe thussolve theintegralsfor then set. Solvingfor this set,we find thatk'”ﬁ is
replaceddy K| g+ q'|'| + 0, which gives

A ®a+d+d) — @) ,
ool Z)) = Smgh 2m)6 / /nmwnm (Rym+df +8), Ky m) — wa”(i)wm(i)

XY@ Wn(DA(Z" ") A" T ) Ax(Z; d))8(a]" +dj — g —T))d(z— 2)
x8(Z' — z’”)dZK”,,ﬁdzqﬁ’dzqﬂ’dzqﬁdz’”dz”dz’. (A.10)
From this we may extract part A of the nonlinearconductvity tensoras definedin
Eq.(8.4)as
-  _ Ry+g+d) — f (Rn)
_xxxx(zazl Z’ Z’ qwq” q q ) (1)38I’T%h 2.,.[2%1/ ( |+q”+(_j||,K||)

XYH(Z") Wm(Z ) Wn(DWn(DS(T]" + T —d) — d))d(z— 2)3(Z' — Z")d, (A.11)

wherewe have omittedthe now superfluousndex m from the surfacestatest. Taking
into accounthefactthatwelook for thephaseconjugatiorresponseverestrictoursehes
to the casewherethe pumpfieldsarecounterpropagatinghustaking

A" g = A" k)3 + k), (A12)
(Z"ﬂH)EA(Z”;RH) @y ~K), (A.13)

where_k“ is thecommorwavevectorfor thetwo pumpfields. With thesesubstitutionsve
canperformtheintegralsoverqﬁ’ andqﬁ in Eq. (A.10), andtheconseration of pseudo
momentums reducedrom its generadegeneratdour-wave mixing form, 6(q"” q’l’|’ —
q” dp. to 6(q” +dj). Thisallows usalsoto solve theintegral overq|| in Eq (A.10),
andon theform of Eq. (8.8) we canextractthe PCDFWM conductvity tensorpartA,
appearinaskq. (8.17).

A.4 Nonlinear processB

Inserting Eq. (6.9) into Eq. (4.10), we take elementxxkh of part B of the nonlinear

currentdensity In theresultwe insertthe expressiongor the wave function, the vector

potentialandthetransitioncurrentdensityin thetwo-dimensionakFourierrepresentation
[Egs.(8.9),(8.1) and(8.14) respectrely]. Thenby useof Eq. (8.2) we find

(z8) = / / fm_fv+fn_fv
xxkh I 4me52 2T[ (o112 nmv(")nm 2(,0 Om—wW Oy —w
X jhwn(Z" R+ K@) ikmd(Z; K||rﬁ+ K| Wm(2Wn(2)
xAn(2" " A2 8 A (2l € R T gl KR T (R0
qﬁ" ‘/‘/r qH H e IQﬁT’”quﬁleq”quné(? e )d3 IIId3 lld3 IqH T'Her” (A14)
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Solvingfirst theintegral [ d’r|, thentheintegrals [ d*r(, [ d?r{/, and [ d?r, andfinally
replacingthe sumsover thek quantitieswith mtegrals we obtain

Toun(z.8)) = 4mef12( / /n;v(")nm ; — 2w

y (fm(Kn,m)—fv(R ) fn(Km) — Fu(K|

D) Rm) — @ | GrRymR) )>‘“’“”(zu;"”>v+""”)
X jimu(Z' R @+ K| ) Wn(@ Wn (DA (27T ) A2’ 0 ) AX(Z: T))
x&(R)g— R+ )O(Ry,m— K g+ d))3 (Knn Rjm— =)
xé(z—z’)d2K“,,ﬁjZK”ﬁde”’VﬂZq””dzq q|| dz"dZ'dz. (A.15)

Of thesethreeintegralsover ‘K'”, we cansolve two becaus@f the couplingto the wave-
vectorsintroducedby the Dirac deltafunctionsappearing.Keepingthe 'K’HJﬁ setof sur
facestatesye thussolwe theintegralsfor thev andn sets(in thatorder).Solvingfor the
v set,we find thatk'” v is replacedoy k’”’m— qﬁ', which thenallows usto solwe the n set
by replacingk 7 by K| 5+ q'“’ + q’". Thenwe get

Foan(2 4) = 4me7”12 / /r%\,wnm K||m+Q{|"+qﬁ'aR|| ) —
y f(K|m) — fv(K|],m+q )Jr fo(Rym+d)" +0) — fv(K||,m+q||)
(Km0 Km) — 0 (R mt q|’|”+q” Kimtdf)—o

X jhvn(Z" 2K|\ mt q”l + Zq ) ikm(Z'; 2K||,m+ q|'|')llJm( 2)yn(2)
XAh(Z”I qlll) (ZII q )A*(zqu) (qlll + qll _ q|l| _ q“)
x8(z—Z)d?k d?qff'dcff d’qf dZ"dZ'dZ. (A.16)
Ontheform of Eqg. (8.4) we thusgetpartB of the conductvity tensoras
EE’XH](Z,Zl Zl/ zIII. qH q|l| q qlll)
2i 1 1 fm(k’”) - fV(RH + Q|I|I)
003 2T[ 2 4n1eh2 z O%m KH + q“ +q” ,RH) — 20 G)\/m(RH +qﬁl,R||) — W
fn(K|| +q///+ q ) — (K +q||)
vn Zl 2 n 2 1

(KH +q,,, +q|| aKH T q” )— Jhwn( K|+ q + q||)

X jkm(Z'; 2K + T )W (2)Wn(2)0 (qm +8 —dj —d))d(z— 2)d%k; (A.17)

wherewe have omittedthenow superfluousndex mfrom thesurfacestates?”. Looking
for thephaseconjugatiorresponsehe pumpfieldstake theform of Eqgs.(A.12)—(A.13),
andlntegratlonoverqﬁ’ andq” in Eq. (A.16) canbe performed.Therebythe Dirac delta
functionaccountingor conseration of pseudo-momenturis reducedrom its general
DFWM form, 6(q”” +q q’“ d), to t')(q'H +4y)- Thusperformingalsothe integral




126 Appendices

over qﬁ, the PCDFWM conductvity tensoron the form of Eq. (8.8) canbe extracted,
andEq. (8.18)appear

A.5 Nonlinear processC

Inserting EqQ. (6.10) into Eqg. (4.10), we take elementxxxx of part C of the nonlinear
currentdensity In the resultwe insertthe expressiondor the wave function andthe
vectorpotentialin the two-dimensionalFourierrepresentatiofEgs. (8.9) and(8.1), re-
spectvely]. Thenby useof Eq.(8.2) we find

¢ 2 fo— f
Lozt = o 2[5 Iy g 2w @ @A
za) 4mg,i2nlo/ | 3T () i A )
xA(Z":a) Ax(Z; 8 T RaRin ) 9T g T e T 5 )
Xé(?_?Il)quﬁleq“quHd:B Illd3 Ild3rl |qH F'Her” (A18)

Solving first thelntegralsfd2 " and [ d?r! r, thentheintegralsfdzrl’| and [ d’r|, and
finally replacmgthesumoverthe K| quantitieswith integrals,we get

. n(Rpa) = Ry .
Solz) = g s [ [ T Kok g YU ()

xA(Z" T ) A2 8] AZ: )Ry m— Ryt " — 43R 7— Ky s+ 3 — d))

x&(Z —2")8(z— Z”)de”’n %k md°d d*qd*f dZ"dZ'dZ. (A.19)
Of thetwo integralsovertheR” guantitieswe cansolve onebecaus®f the couplingto
the wavevectorsintroducedby the Dirac deltafunctionsappearing.We aim at keeping

the R”’m set,andthuswe solwe the integralsfor the n set. Solvingfor this set,we find
thatk 7 is replaceddy K| 7 — q|'|' + @, thusleadingto theresult

fn(R)m—df +0)) — fm(K) m)
C (- (K, | M Lm .
5l ) =~ s oo | e G+ )

XWn(2Wn(2A(Z"; q’”)Ax(i"d DAZ;d)a(d’ +df —dj —d))d(Z - Z")
x8(z— Z”)dZK”’mdqu”dzq dz"dZ'dZ. (A.20)

Ontheform of Eg. (8.4)we thusgetpartC of theconductvity tensoras
¢ 1 fo(Ry — 0 +3)) — fm(K))
= z/ ZII ZIII III _ - -
XY Wm(Z)Win(DUn(2B(T]" + T —q” —a”) (2 -2")3(z—2)d%;.  (A21)

wherewe have omittedthe now superfluousndex m from the surfacestatesk'”. The
phaseconjugatiorresponsés foundusingthe sameprocedureasbefore,sinceusingthe
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pumpfields definedin Egs.(A.12)—(A. 13)theintegralsoverqh" anqu in Eg. (A.20)
canbe performed. Then(again)the conseration of pseudo- momentunf)(q’” + q“

g\ — ), isreducedo d(d; +dj), andaftermtegratlonoverq‘ weobtamontheform of
Eq. (8.8)the PCDFWMconductvity tensormpartC, appearingaskEq. (8.19).

A.6 Nonlinear process

InsertingEqQ. (6.11) into Eq. (4.10), we take elementxjkx of part D of the nonlinear
currentdensity In theresultwe insertthe expressiongor the wave function, the vector
potentialandthetransitioncurrentdensityin thetwo-dimensionaFourierrepresentation
[Egs.(8.9),(8.1) and(8.14),respecﬂe|y]. Thenby useof Eq. (8.2) we find

fv fa—1y
Ko 2.) = 4meh2 21112/ /nmv {((wm w+wm,+w>

X i an(Z3 R g+ Ry ) ikl 25Kyt Ry ) € C17 i T G Ri T

fm— fV fn— fV (k‘ — R )rli
+<G)\/m+0\)+a)nv—0\)) Jown(Z5 R+ Ry ) 1l 2R 4 Ry g € T

Xei(RII nW—KHV }lpm( )llJn(Z) (? ?I”)AX(Z”I qlll) (Z”,q )A*(Z, qH) K Ko n’w) T'”
d qﬁ” r‘/‘ne ﬁ’ ?‘I"e |E1H ||d2qﬂ//d2qﬁd2qi|d3 a3 d3r e —id) r”dzr” (A.22)

Solvingin this equationthe integral fd2 m andthenthemtegralsfd2 nofd?r rj, and

fd2r|| weget,afterhaving replacedhesumsoverthevarlou3KH quantltleswlth integrals
asbefore,

& 2 1 fm(k'”’rﬁ - fv(R||,V
x;kx( RS " amoi? (2m)® /”'/r%vahm(k’hnak'n,m) { <(:)\/m(k'[| 7R||,rﬁ) -

fn(K) m) — fu(K).0) N fa ()3 — fu(K),9)
Ovm(R) %K) @) + @ (K| 7K g) —

X (23R 7+ Ky ) L 2R+ Ry )8R = K)o+ 8D S(Ry m — Ry o= ) |

XYn(DWn(2)8(z—2")3(K) 7— K m+ ) — d) A" 0" ) Ac(Z": )

XAT (Z’, q|/| )dZKH7ﬁd2K”7ﬁd2KH’gdzqﬁldzqﬁdzq”dZ’”dZ’IdZ’ (A23)
Of the threeintegrals over k'” guantities,we cansolve two becausef the couplingto
the wavevectorsintroducedby the Dirac deltafunctionsappearing.We aim at keeping

thek 5 set,andthuswe solwve theintegralsfor thev andn sets(in thatorder). Solving
for the v set,we find thatK, 7 is replacedby K 5+ q’l’|’ in thefirst part of the sumand
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by R’HJﬁ - q|'| in the secondpart of the sum,which thenallows usto solve the n setby
replacingk 7 with K 5+ q\lll — q'l" in generalgiving theresult

N2 :_%W/-“/r%vahm(m7m+;-|l|l_q|l|’k'l|7m)
§ { ( fin(R) m) — fo() m+ ) | fo(Rym+dj — ) — fv(k’“,m+q|’|’)>
(K m+,Km) —© - (K m+8) =0, K m+d) +w
X Jjun(Z; 2K @+ 20 — d)) km(Z'; 2K 7+ T))
. ( fn(Rym) — f(®ym—0)) (& m+0/—d)) - fV(R||,m_qn))
(R m— 0 Kym) + 0 (R m+ 0 — 0 Ky m— 0)) — @

X Jiwn(Z' 2R @+ — 20)) jj,mu(Z; 2K) 5 — aﬁ)} Un(2Wn(2)8(z—2")
xd(@" +ajf — dj — 8 A" 8" A 8l A; (258 d?k md o df o
xdz’”dz”dz’. (A.24)

Ontheform of Eq. (8.4) we thusgetpartD of the conductvity tensoras
3 1
()33 4”1977,2 2T[ (2m)? r%v Gnm K” + q“ qH,K”)
y fm(K))) — fu(K) + ) N fo(Ry -+ — ) — fu(&) + )
Wvm(K) + T, K)) —w - Gn(R) +d — ),k +T)) + o
X jj,vn(zl; 2R|\ + qu/'/ - qﬁ) jk,mv(zu; 2_K'H + q'|'|')
. fm(R))) — (R — 1)) N fo(R) -+ — ) — fu(K) — )
(b\/m(_K'H—q'I',k’“)ﬁ-w (I)rw(_K'H-I-q'I'I—q"',_K'H —q’ﬁ)—w
X Joun(Z' 2R + 0 — 20)) Jj,mdZ; 2K — aﬁ)} Un(2)Wn(2)8(z—2")
><6(q"” + q|l|l - q|l| — q“)de“, (A.25)
wherewe have omittedthe now superfluousndex m from the surfacestates?H. Again,
when looking for the DFWM responseensorwe insert the pump fields definedin
Eqs.(A.12)—(A.13)andintegrateoverqﬁ’ andqﬂ' in Eq.(A.24), againreducingthe Dirac
deltafunction accountingfor conseration of pseudo-momenturto 6(q|’ +4y). After

mtegratlonoverqH andseparatioraccordingto Eq. (8.8),Eq. (8.20)appeamlsthe PCD-
FWM conductvity tensorpartD.

So(z2:2,2"9,90,49/,9") =

A.7 Nonlinear ProcessE

Inserting Eq. (6.12) into Eq. (4.10), we take elementi jxx of part E of the nonlinear
currentdensity In theresultwe insertthe expressiongor the wave function, the vector
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potentialandthetransitioncurrentdensityin thetwo-dimensionaFourierrepresentation
[Egs.(8.9),(8.1) and(8.14) respecﬁely]. Thenby useof Eq. (8.2) we find

fn—f fo—f
JE : / / _ m \Y; ~n Vv
IjXX(Z QH) 16meh2 2T[ (o112 nmv(")nm (,J{ ((D\/m_ 2(;J+ Wy + W

X jan(Z Ry g+ K2 W5 (2 Wm(2')€ R R T R 10T
fn_ fV fm_ fv . = - ’ 'K T(' .7/
(am 200" Sum +w) i, Z 3Kyt Ry ) Wi (2 (2 Elm =T
X e(KlHKHn I } i, nm Z K|| n —I—K” m)a(rﬂ r”’)AX(Z’" q”I)Ax(Z”;an)AT(Z’;qn)

& Ria—Fm) 7 " T T 19T Hdzqﬂ”dzqﬁdzq”d?’ 3" d®r'e W Tid?r . (A.26)

In this equation e first solve theintegral [ d?r ri’, andthentheintegrals d?r i , [dr ri
andf d2r||, which togethemwith replacemenof thesumsoverthedlfferentK” quantltles
with integralsyieldstheresult

E )& 2 [ 1 fin(R).m) — (R .0)
2 9) = 16meh? (2")6/ /r%ﬁ)nm(ﬁn,ﬁ,k'n,n—w) — o |\ Om(K)7R) @) — 20
fn(R’H ) - fv(RH v)
G)nv( || )-I—(x)

+

)jJVﬂ(Z,;RH,V_"RIn)qu( )WUm(Z)8(K) 7= Ky 7= )

fa(K) 7) — fu(K)9) N fn(K),m) — (K2
Cn (R Ky) =200 (R )5 m) + @

x&(K ) m— Ko+ +dj) + (

X Ji,mUZ: Ky m+ K D WR(Z) W (Z") 8(R | — Ry = ) O(K) 7— K s+ T’ +q|'|')}
 Jinm(Z K| 7+ K md(Z' —2") A" 4" ) AZ"; T ) A} (Z;9))
X6(R||7H—R||7ﬁ—q”)de”’nﬂj K”Jﬁd K”,\ﬂjZQﬁIdZQil’dZQﬁdZ’”dZ’IdZ’ (A.27)

Of thethreeintegralsoverk quantitiesye cansolve two becausef the couplingto the
wavevectorsintroducedby the Dirac deltafunctionsappearing.We aim at keepingthe
R’H m set,andthuswe solve the integralsfor the v andn sets(in thatorder). Solving for
thev set,we find thatk 7 is replaceddy K 5+ q’” q|'|' in thefirst partof thesumand
by K K|, m q” in the secondpart of the sum, WhICh thenallows usto solve the n sethy
replacingk,| z with K K” m+q”’ q” — q|'| in generalgiving

E .
‘]ijxx(z1q|\) 16”]952 / /n;v(;onm K” m+q” +q qﬁ7R||,ﬁ) -

Kij.m) — (K||m+q'” ay)
{<‘*’Vm (Rjm+ G+ Kym) — 20
f (Rym+a)" +a/ —d) — (& m+d"+dj)
(Rt 07+ 0 — TR+ O+ 0 )+w>
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X jjun(Z; 26 @+ 20" + 20 — G}y (") Wm(Z")
fn(K|| m+d+a/ —d) - W& a—d)  fu®)m) — W& m—d)
+ " ! 7 ! + " I ! 7
(K||,m+q|| +q” - q||aK||,ﬁ_q||) — 20 (*)\/m(KH rﬁ_q”aKH,m) +w
X JjmdZ; 2K 5 — qﬁ)lIJ’ﬁ(Z")LIJv(Z”)} Jinm(Z 2K m+ 0" + 4 —T))o(Z' - 2")
xA(Z"; qm)AX(Z”;qﬁI)AT(ZI;qH) (qm q|| —q” —dj)d K|],ﬁdZQﬁIdZQﬁdZQf|
xdZ"dZ'dZ. (A.28)

Ontheform of Eqg. (8.4) we thusgetpartE of theconductvity tensoras

=i(27,2,2":9,,9,9],9]") =
2 €& 1
W3 16meh? 2112%\,/%”1 K||+q'|’|”+q' q’ﬁ,k’H)—w
X{( fm(®)) — f(Ry + 0" +4)) Ry +3"+3) — ) — fv(K||+Q'"+q”)>
vm(K) + 0"+, K)) =200 Gony(K) + 0"+ — 9, K+ 9" +d)) + @
X jjwn(Z; 2K||+2qm+2q qH)llJv(Z”)qu(Z”)
+( n(Ky+a" + ) —ad)) — fv(& — 1)) fm(R||)—fv(R|—q|'|)>
(R +0"+a — ),k — ) — 20 @um(K) -, K)) +w
X Jj,mlZ; 2K — q“)lIJT](Z")lIJv(Z")} Jinm(z 2R+ +dj —d))8(Z' - 2")
x3(dj" +adjf —dj — d)d’k, (A.29)

wherewe have omitted the now superfluousndex m from the surfacestatesR”. The
PCDFWM responsdensorpart E we find by insertionof the pump fields definedby

Eqgs.(A.12) and(A.13) into Eqg. (A.28) and performthe integrals over qﬁ’ and qﬁ fol-
lowed by integration over qp becauseof the reductionin the Dirac deltafunction ac-

countingfor conseration of pseudo-momentumAfter theseoperationsthe resulting
expressionis separateih theform of Eq. (8.8),andEq. (8.21)is obtained.

A.8 Nonlinear process

Inserting Eq. (6.13) into Eq. (4.10), we take elementixxh of part F of the nonlinear

currentdensity In theresultwe insertthe expressiongor the wave function, the vector

potentialandthetransitioncurrentdensityin thetwo-dimensionaFourierrepresentation
[Egs.(8.9),(8.1)and(8.14),respectiely]. Thenby useof Eq.(8.2) we find

—ez _2 l fm— fv fn - fV
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AppendixA: Conductvity tensorsn the (zdj)-space 131

+(f”~_ by fm_fv) inmd 23R Ry Wa(2) W (2) € i1 T g RiRa 7 }

Wy Wm— W
X ji nm(Z'RH . k»“ n_w)é(?l _?///) (Z’" q”l)Ax(Z”'q”)AX(Z' q»”) R —K|,m)T)
e qﬁ" T’lfllle |I\I T’lflle IqH I quHIIqu|| d2q|]d3 Illd3 Ild3 _IqH T’HerH ' (A30)

Solvingin this equationfirst the integral fdzrl’l”, andthenthemtegralsfd2 , [d?r! ri

and [ d2r||, followed by a replacemenbf the sumsover the var|0u5K|| quantltleswr[h
integrals,we get

) = / / fn(R),m) — fu(R) )
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Of thethreeintegralsoverk quantitiesye cansolve two becausef the couplingto the
wavevectorsintroducedby the Dirac deltafunctionsappearing.We aim at keepingthe
R’H m set,andthuswe solve the integralsfor the v andn sets(in thatorder). Solving for
thev set,we find thatk, 7 is replacedy K| 7+ q“' q|'| in thefirst partof the sumand
by K Kj,m+ d in the secondpartof thesum,which after\/\ardsallows usto solve then set
by replacmgKH nWith K 540" + |/ —dj in generalgiving
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XAh(Zm q”l)Ax(Z”; q|'|')A§Z(Z', q”) (q/// T qp‘/'/ _ q[/| _ qH)dZKHJﬁdzqﬁ"dqudqu
xdZ"dZ'dZ. (A.32)

Ontheform of Eqg. (8.4) we thusgetpartF of the conductvity tensoras
(22,7, Z’"'q” dj.dj.aj") =
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wherewe have omittedthenow superfluousndex mfrom thesurfacestate . Inserting
the DFWM pumpfieldsdefinedby Eqgs.(A.12) and(A.13) into Eg. (A.32), theintegrals
overqi‘“ andq| canbesolved. Theresultingexpressiorcanthenbe solved for q‘ for the
samereasorasbefore,andon the form of Eq. (8.8),the PCDFWM conductvity tensor
partF appearsaskq. (8.22).

A.9 Nonlinear processG

InsertingEq. (6.14) into Eqg. (4.10), we take elementi jkh of part G of the nonlinear

currentdensity In theresultwe insertthe expressiongor the wave function, the vector

potentialandthetransitioncurrentdensityin thetwo-dimensionaFourierrepresentation
[Egs.(8.9),(8.1)and(8.14),respectiely]. Thenby useof Eq.(8.2) we find
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In the abave equation,we may immediatelysolve the integrals [ d?r ri, fd2 i d?r! ri

and [ d? r|, andby replacmgthesumsoverthevar|0u5K“ guantitieswith mtegrals as
before,we get
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Of thefour integralsover‘K'” guantitieswe cansolve threebecaus®f thecouplingto the
wavevectorsintroducedby the Dirac deltafunctionsappearing.We aim at keepingthe
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R'H m set,andthuswe solve theintegralsfor thel, v, andn sets.Thus(i), in thefirst part
of thesum,we find thatKH canbereplacedy K| m+q'” thenletting usreplacex 7 by

K|mt q’”’ q” , whichagainlet usreplacex 7 by K K“7m-|— q“" +q'|"' - q|'| . (i) Inthesecond
part of the sum,we find thatk'II i canbereplacedy K| 5+ q|’|”, thenletting usreplace
K| v by K| m+ q”” q'”, which againlet usreplaceg 7 by K| 5+ q‘”’ qlll, — q|'|. (i) In

the third partof the sum,we find thatK”’I canbereplacedoy K| 5— q|'|, thenletting us
replacex by K| 5+ q|'|" q|'|, which againlet usreplaceX| 7 by K 7+ q’|"” + q|’|’ — q|'|.

Finally (iv), we obsere thatthe substitutionof K K, by K K|, m+q” +q q|’| is global,and
we thusgettheresultingcurrentdensityelement
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Ontheform of Eq. (8.4) we thusgetpartG of theconductvity tensoras
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1
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] inv(Z"; 2R+ — 24

wherewe have omittedthe now superfluousndex m from the surfacestates‘{”. As was
thecasewith partsA—F, we areparticularlyinterestedn findingthe PCDFWMresponse
tensor andthuswe insertthe DFWM pumpfieldsgivenby Eqgs.(A.12) and(A.13) into
Eq.(A.36). Thisallows usto carryouttheintegralsover qﬂ” andqﬁ, consequentallyol-
lowedby solutionto theintegral overq". Theresultingexpressions thensplit according
to Eq. (8.8),andthe PCDFWM conductvity tensormartG appeamsEq. (8.23).



AppendixB

Principalanalyticsolution
to theintegralsoverR” in thelow temperaturdimit

In this appendixwe discusgheanalyticsolutionto theintegralsover K appearingn the
linearandnonlinearconductyvity tensor Thediscussioris limited to coverthelow tem-
peraturdimit, andit is presentedsa principalsolutionto all integralsoverk appearing
in Egs.(8.15)—(8.23).

B.1 Generaltype of integrals

Everyintegral over'K'” in boththelinearconductvity tensoy Egs.(8.15)and(8.16),and
thenonlinearconductvity tensor Eqgs.(8.17)—(8.23)canwhenscatteringakesplacein
thex-z-planebe expressedasa sumover termsof thegenerakype

7B (@) ibh9) - [ [ . [akK o
k=1 X

wherep, k, 3 arenonn@atie integers,andq is an even nonngative integer Thefunc-
tionsin generaldependon (i) the guantumnumbern, which is a positve nonzeraoin-
teger, (i) a setof real quantities,{a} = {ay,...,a3} appearingn front of the integra-
tion variableky in the denominatar (iii) a setof complex nonzeroquantities,{b} =
{by,...,bg} apearingastheotherquantityin eachtermof the denominatgrand(iv) the
real quantity s representinghe displacemenbf the centerof the Fermi-Diracdistribu-
tion functionfrom (kx, Ky) = (0,0). Thequantitys togethemwith eachelemenin theset
{a} isin generak functionof the parallelcomponent®f the probeandpumpwavevec-
tors,qH and_R”. Eachelementin theset{b} is furthermoreafunctionof t, therelaxation
time.

In thelow temperaturdimit the Fermi-Diracdistribution functionis zerooutsidethe
Fermisphereandequalto oneinside,andit is thereforeadvantageouso shift ky by —s,
followed by a one-to-onemappingof the x-y-planeinto polar coordinateqr-6-plane).
Using in this way Ky = r cosb, Ky = rsin6, and thus dkydky = rdédr, the indefinite
integralin Eq. (B.1) is turnedinto the definiteintegral

2 r(rcos — s)P(rsing)d
Fha(n{a},{b},9) / / MP_,[a(r cosd —s) + by]
137

dkdky, (B.1)

dedr. (B.2)
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FigureB.1: Distribution of the elementof the nonlinearconductvity tensorin termsof p and
g. In oneelement(A) thetermsappeamvith (p,q) = (0,0). In six elementg®) thetermsappear
with (p,q) = (0,2). In oneelement(x) the termsappeamwith (p,q) = (0,4). In four elements
(+) thetermsappeawith (p,q) € {(1,0),(0,0)}. In twelve elementgo) the termsappeamith

(p,a) € {(1,2),(0,2)}. In six elementge) thetermsappeamwith (p,q) € {(2,0),(1,0),(0,0)}.

In six elementgx) thetermsappeamwith (p,q) € {(2,2),(1,2),(0,2)}. In four element{®) the
termsappeamwith (p,q) € {(3,0),(2,0),(1,0),(0,0)}. Thefinal element(yy) the termsappear
with (p,9){(4,0),(3,0),(2,0),(1,0),(0,0)}. Elementdabelledwith a“-’ arezero.

Thequantitya(n) = 4/k2 — (tn/d)? is theradiusof the (two-dimensionalfFermicircle
for staten, givenby Eq.(D.20). TheFermiwavenumbekg obeystherelationks > 1n/d,

sincethe Fermi-Diracdistribution functionis zerofor ke < Tn/d, andthusin thatcase
theintegral would vanish.

B.2 Specificintegrals to be solved

The necessargombinationsof p andq in Eq. (B.2) to be calculatedn orderto solve
the integrals over K in the nonlinearconductvity tensorare summarizedn Fig. B.1.
From Fig. B.1 we obsere that a total of nine differentcombinationsof p andq need
to be calculatednamelywhen(p, g) takesthevalues(0,0), (0,2), (0,4), (1,0), (1,2),
(2,0), (2,2), (3,0), or (4,0), andit is seenfrom Egs.(8.15)—(8.23}hat 3 cantake the
valuesp € {1,2,3}. However, thecompleity of thetotal solutioncanbereducedsince
functionswith 3 = 2 canbe expressedn termsof functionswith 3 = 1 in thefollowing
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way

aljr&q(n’ ap, bla S) - aZT&q(n’ a, bZa S)

albz — a2b1 ’ (83)

2
Foq(n,ag,ap,by,02,8) =

a # 0,k € {1,2}. In asimilar fashion thefunctionswith 3 = 3 canbewrittenin terms
of functionswith = 1, namely

af (N, a1, b1,9)
(a2b1 — bzal) (a3b1 — b3a1)

a5 J pq(n, a2, b2,9) a3 J pq(n, as, bs, s)
(a2b1 — bzal) (a3b2 — b3a2) (a3b1 — b3a1) (a3b2 — b3a2) ’

3
qu(n, a,,ay,as, b17 b27 b37 S) =

(B.4)

provideday # 0, k € {1,2,3}. If ary &, for instancea;, becomegzero,we obsere from
Eq. (B.2) thatthe order of the denominatobhecomessmallerby one. This impliesin
Eq.(B.3) thatfgq(n, 0,ap,b1,by,5) = ﬂ}q(n, ap, by, s)/by. The similar conclusionwith
respecto Eq. (B.4)is 73,(n,0,az,a3,b1,bz,b3,5) = #%,(n,az,a3,bz,bs,5) /by. A corre-
spondingreductionappliesfor ary otheray = 0in Egs.(B.3) and(B.4).

As a consequencef Egs. (B.3) and (B.4), the integrals appearingin Egs. (8.15)—
(8.23)cannow bewritten in termsof functionsof thetype

21y (rcosd — s)P(r sing)4
Foa(na,b;5) = / / b—as+ arcosd ddr, (B-5)

droppingthenow superfluousndex ona andb. Sincethefollowing treatments aformal
solutionof Eq. (B.5), we will alsodropthereferenceo n for brevity, lettinga = a(n).

B.3 Solutionwhena=0

Beforecarryingonwith thesolutionto Eq. (B.5) in theappropriateeasesyve take alook
atit in thecasewherea = 0 (aswould bethe casein thelocal limit, for example).Then
theonly termleft in thedenominatois b, whichis constantvith respecto theintegration
variables.Thesolutionto theremainingthusbecomeSriviaI, with theresults

F&(n,0,b,5) / / rdedr — (B.6)
o 4

FoH(n,0,b,8) = % / / r3sin26dedr:T;i, (B.7)
T[C(B

F&(n,0,b,5) B/ / rSsinf dedr = ", (B.8)

2
Fio(n,0,b,s) %/ / [r cose—rs dédr = nss( , (B.9)
4
F5(n,0,b,s) %/ / [r* cosBsin?6 — r3ssin? 8] dedr = %, (B.10)
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a ,m 4
F3(n,0,b,s) :E/ / [r3cos 6+ rs? — 2sr? cosd] dbdr = ™ +T[52a , (B.11)
bJo Jo 4b b
a Tt
F35(n,0,b,s) = %/ / [r°cos 0sir? 8+ r3s?sin? § — 2r*scosOsin? 8] dedr
o Jo
b  rsfat
= % + T, (B.12)
Fi(n,0,b,s) / / r*cos 8 — 3r3scos 0+ 3r?s? cosd — rs*] dedr
3ot msPo?
a Tt
Fis(n,0,b,s) = %/ / [r°cog'6 — 4r*scos’6 + 6r3s* cos 8 — 4r?s® cosd
m® 3ot Tsta?
+rs*] dedr = & T (B.14)

wherewe have madeuseof thefactsthat(i) q is aneveninteger and(ii) cosd andsir? 0
aresymmetricaroundd = 1tin solvingtheangularintegrals.

B.4 General solution

Whena # 0, we have to considerthe full solutionto Eq. (B.5) for the nine different
combinationf p andg we need.To solve Eq. (B.5), let usmake the substitutions

b—as
aa

, r=au, (B.15)

giving dr = adu. TherebyEg. (B.5) is turnedinto the nine functions

21
%Ona’bs / / r]+ucose dédu, (B.16)

anr uscos’ o
Fop(na.b,s) / / N +ucose n -I-UCOSG:| dédu, (B.17)

oy 20°co$0  u’cos'B
/ / - + dedu,
|n+ucos® n+ucosB n+ucosd

2nfr (2
Fh(nab,s) = // weod s u ]dedu, (B.19)

Foa(n,a,b,s) (B.18)

|n+ucosB an+ucosd

2nT y4cosh utcosd s Uud
rnans =% [ teosy s
|n+ucos® n-+ucosB an+ucosb
s ulcogH
an+ ucose] (8:20)
2nl BcofO 2s ulcosh & u
Fao(n,a,b,8) = / / [n+ucose_an+ucose+§n+ucose] Bdu
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(B.21)
T yWcogH wcos® 2s utcosB
F2(n,a,b,9) / / - -
n+ucos8 n+ucosb o n+ucosh
3 3
+23 u*cos’o u & u¥cosh (B.22)
an +ucose 0(2 n+ucos® a2n+ucosd
Fi(nab.s) = / /2" u'cos’®  3s u’cos® +g ucosB
302, n+ucos® an+ucos® o2 n+ucosh
s u
S B.2
S adn+ ucose] dédu, (8:23)
Fi(nab.s) = / /2" wcos'®  4s u'cos’® +§ ucos’ 0
aoln2 n+ucos® o n-+ucosB o2 n-+ucosh
4s* WcosH & u
_ = = B.24
as n+ucose+a4r]+ucose] ! ( )
wherewe have madeuseof therelations
sif8=1—co<, (B.25)
cosBsin’ 6 = cosd — cos' 8, (B.26)
cos 0sin’ 0 =cos 0 —cos's, (B.27)
sin*6=1—2cos 6+ coé'e. (B.28)
B.4.1 Solution to the angular integrals
Next, to carryouttheangularintegrals,we put
t=¢® (B.29)
sothattheseintegralsbecome
2n 2\h
/ r] cod'0 (1+t2) . (B.30)
0

+ucose 2h|u tht—t+ t—t)

whereh € {0,1,2,3,4}. In Eq.(B.30),thepolesatt. in thet-planearelocatedat

R

(B.31)

andtheintegrationrunsalongtheunit circle. Sincewe havet,t =1, oneof thesepoles
is insidethe unit circle while the otheris outside. Whenh > 0 therearean additional
poleof orderh att = 0. Usingtheunit circlesshavn in Fig. B.2 astheintegrationpaths,
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B
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t
o

FigureB.2: Thepolesappearingn thecomplex t-planein Eg. (B.30)areof order1 att.. andof
orderh att = 0, asshowvn to theleft. To theright is shavn the specialcasewhereh = 0 andthe
poleatt = 0 vanishesThe closedcontourshovn in eachdiagramis theintegrationpathused.

we find by aresiduecalculation

/2” 1 40— 2mn

0o n+ucos® /pZ—2’
/”‘ﬂde_z_ﬂ L
0o N4ucosH ~ u -2 |’

/2“ cog0 de_zm n_ 4
0o n+ucos® W |\/mZ—w ’

2n 2
/ cos’0 de_1[+2nn [1_ n ]’
0 n

n+ucos®  u w3 2_ 2
/2” cos'o 46— 2m?3 n__,.m
o n-+ucos® vt | /nZ-w? uz’

Insertingtheseresultsinto Eqs.(B.16)—(B.17) we get

2o 1 u
I(n,ab,s) = / du,
—‘TOO( a, ) a 0 \/m
2o rl us r]2u
1 _ _
fOZ(n’aﬂb’S) - a /0 [\/nz_uz \/n2—u2+r]u duﬂ
m° 1 2u° 4n2ud 2n“u
rhinans =" [ 2

1 _ 2m? gl s u
TlO(naaabaS) - a /0 u— (r]‘i'a) nz_uz dU,

4 1 2 2
Fio(n,a,b,8) = — / [u3— (2n2+—5'> u— (zn + _S) v
0 a o n

(B.32)

(B.33)

(B.34)

(B.35)

(B.36)

(B.37)

(B.38)

5 +3nud— 2r]3u] du,

(B.39)

(B.40)
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+(2r13+2‘?2> S| (B.41)
Fao(n,a,b,s) = 2%@1@3/01 (n2+ 2%“ + ;) \/ﬁ — (n + %) u] du, (B.42)
Faz(n,a,b,s) = T[%S/ol [<2n2+%3+ i—sj) %— (n+2§> u®

- (2n4+ 4';3S+ 22?) nzu_ =+ (2n3+ 4%2 + 222—;]) u] du, (B.43)

6sn? 65°n 28° u
3
—(2” +T+?+¥>W du, (B44)
5 ,1 3 2
1 ™ 4 8% 12¢9n? 8 25 u
Fio(na,b,s) = — /0 [<2n et T e g
_ 4\ 3 (op3, 807 12 8
(r]+a)u (Zn + q + 12 +0(3 u| du. (B.45)

B.4.2 Solutionto the radial integrals

Thisresultleavesuswith radialintegralsof thetype

he {1,3,5}, (B.46)

1 uh
/ — 2 4,
0 v/nN2—u?

apartfrom thetrivial u"-type of integrals. Thethreeintegralsin Eq. (B.46) canbefound
for examplein Gradshtgn andRyzhik (1994)asEqs.(2.271.7)(2.272.7) and(2.273.8),
which by insertionof u andn becomes

u 55

/7 mdu:— r]z—uz, (B47)
ud 1

/ %md“:—é[“z*z”z] V-, (B.48)

> 1
/ﬁdu:—ﬁ[3u4+8n4+4uzn2] NI (B.49)

in thatorder verified by differentiation,andaftercorrectionof the misprintappearingn

Eq.(2.273.8).By insertionof thelimits we get

1w
— 1 _du=n-vh2-1, B.50
fy grgte=n-vh (8:50)
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m® 142n? 5
=33 vt

L@
/o /2 — 2 u
RN 8 5 1 4 o] /=
/0 7F2_u2du_1_5n —1—5[3+8r] +4n ]\/r]——l

(B.51)

(B.52)

By insertionof Egs.(B.50)—(B.52)into Egs.(B.37)—(B.45)and solving the trivial u"-
type of integrals,the resultingexpressiondor the nine differentcasesf Eq. (B.5) thus

become

Fnab,s) = 22 [n-vn?=1],

Rnang =20 [Tty 1),

Foa(n,a,b,s) = T[%S [(gnz—én“— é) n2—1+§n5—n3+§n}

Finaby =T [ (n+3) (n- 1),

Fh(nab,s) = ?4 [(2—§+§n —%nz— §n3> \/r12——1+§n4+ %rf‘
—r12—§r1+%1 ,

(B.53)

(B.54)

(B.55)

(B.56)

(B.57)

2mo 2: & 1/ 2
7210(naaaba3):£[<ﬂ2+ﬂ+p> (n—¢n2—1)—§(n+§)], (8.58)
5
Tzlz(n,@b,8)=%[<3n4+ﬁn3+(§—g>n2—ﬁn—§>x/nz—l

302 3

a o?
(o3, 60° 60 28 s
(2”+T+?+E (n-vAZ-1)|.

o o? o3 o4

2
. (n+4—s>—}(2n3+8%+12$”+§>].

5 3 2
Fao(n,ab,s) = T[% [<2n4+ s’ 12°n° | 8o +§> (n— \/nz——l)

4 a 2 o? as

(B.60)

(B.61)
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B.5 Verification

In orderto verify the result,we take the limit wherea — 0, we usethe binomial series
expansion

n=2

2n 2n)lin2n-1
B 1 1 1 5 7 21 33
—2n 8 160 1287 25619 102411 204813
429 715

- - — .. B.62
3276815 6553G)17 (8:62)

wherex!!" is the ‘double factorial’ operatortaken for the integer x, given by x!! =
X(X—2)(x—4)--- (x—Kk) for x> k. Thusby insertionof Eq. (B.62) into Egs.(B.53)—
(B.61)we getfor smallvaluesof a

T&o(n,a,b,S)zsz[%+%3+ﬁ+ﬁzﬂ+---], (B.63)
Foa(n,a,b,s) = 2%3 [% + 4;3 + 381]5 + 76;7 +] : (B.64)
Foa(n,a,b,s) = T[%S [% + 32;3 + 6:;5 + 252217 +] (B.65)
ffo(n,a,b,S)z—z%@z[%+§12+W‘Tﬁ+%w+--}, (B.66)
Fiz(n,ab,s) = —%4 [4;] + 241r12 + 24203 + 19;4 +] , (B.67)

3
Tzlo(n,a,b,S):ZE[( s +}>E+i+< il +1i>i+ S +:|,

a [\202 "8/ n  4an2 " \8a2 " 16/ n3 " 8an?
(B.68)
j-'l(n bs)—ﬂs i_i_i E+L+ i_l_L i-i- s +
22859 =57 \402 " 24) 0 " 12002 "\ 2402 T 192) 7 T 96an? ’
(B.69)
j-'l(n bs)—_E4 §+§ l_i_ §+} i_|_ i+§ i
30N & 0,8 =—— o 4o ) n 402 " 8) n2 403 " 8a ) n3
32 5\ 1
+<@+@)F+'"], (B.70)
S/ 32 1\1 $ s\ 1
1 _Torifs s YL, (S, Sy
?—40(n7a7bas)_ a |:<G4+202+8>n+<a3+2(}> r]2
¢ 32 5\1 s 55\ 1
+<W+W+@>$+(E+E>F+m]’ (B.?l)

which by insertionof n = (b— as)/(aa) andsubsequentljetting a = 0 reducedgo the
resultsof Egs.(B.6)—(B.14).
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B.6 Result

In termsof the original a and b quantities,the resulting expressiongor the specific
integralsare:

Foo(n,a,b,s) = i—g [b—as— \/(b—as)z—azo@] , (B.72)

Nlw

Thinab.9 = o |(b-a9— %)

3,3 2.2
= 34 —(b—asg”+ 5a°a (b—as)] . (B.73)

Fia(n,a,b,s) = 2n [(b— as)® — gazaz(b— a9+ l§5a40(4(b— as)

5ab
— ((b—as)z—azaz)g] (B.74)
Fio(n,a,b,s) = 2#: [% — az—t;z (b— as— \/(b— as)2 — a20(2>] : (B.75)
F(n,a,b,s) = a—z [%a“a“ —b(a?a®(b—a9 — 2(bh—a9?)
—2—3b ((b—as)z—azaz)%] (B.76)

Fih(n,ab,s) = i—]: [bz (b— as— \/(b— as)2 — a20(2> — %azaz(b+ as)] ,  (B.77)

Fa(n,ab,s) = % [bz (6a20(2(b— as) —4aa(b— as)3 + ((b— as)2 _ a2a2) 3)
_ga4a4(b+ as)} (B.78)

1 _
F5o(m3,b,s) = a |27 @az " w@od

— [1 (b+ag? 2b° (b_as_\/(b_as)z_aZGZ)],(B.79)

5 4 3
1 o [ 2b Y 22 b b
Faoln 2.9 =75 [a5a5 (b_as‘wb‘as) T ) T T @l

2
_2 (§+(ba+2§2§) )] (B.80)

Using Egs. (B.72)—(B.80)togetherwith Egs. (B.3) and (B.4) whenthey are needed,
the solutionto theintegralsappearingn Egs.(8.15)—(8.23)(10.5),(10.6),(10.13),and
(14.11)—(14.14@reobtainedn astraightforvard manner They canbefoundondetailed
form in AppendixC.




AppendixC

Analytic solutionto theintegralsoverk’n appearingn the
conductvity tensorsvhenscatteringakesplacein the x-z-plane

Takingacloselook attheexpressiongor thedifferentnonlinearconductvity tensomparts
in Egs.(8.17)—(8.23)we obsenre by insertionof the transitioncurrentdensitygiven by
Eq. (8.14) thatthey canbe separatednto two independenparts. One of theseparts
dependssolely on k’” andthe other part dependsonly on z. In the remainingof this
Appendixthey will be denotedby & and Z, respectiely. The quantityé canbe solved
accordingto the solution schemegiven in Appendix B, andthe explicit solution will

thereforein the following be given in termsof the functionssolved in Appendix B.

Furthermoreit is possibleto split the z-dependenpart into independenfunctions of
eachz-coordinate.Sincethe z-dependencevolves only the wave functions,we define
thefollowing threenew quantities

Zhm(2) = Zim(2) = Un(2Wn(2), (C.1)

oYn(2) (2
Z (2) =y (z — (2 /2 C.2
Zin(2) = Wh(d =5, ~ (=25~ (C2)
in orderto reducethe expressionsn thefollowing.
As the first stepin preparingthe solutionsto the integrals over K we identify the
transitionfrequencie®ccuringin the nonlinearconductvity tensorparts.Eachof these
transitionfrequenciesanon generaform bewritten

2

Q)nm(RH + E7R|| +V) = % En—Em+ %'e (2KX(BX —Yx) + [3)2( - Vﬁ) . (C.3)

Looking at Egs.(8.17)—(8.23)we obsenre thatthe following transitionfrequenciesp-
pearin the nonlinearconductvity tensor:

nm(KyK)) = @hm(K) + 8, K +7)) = % [en —&m], (C.4)
nm(K) + K, K)) = ’—11 :sn —&m+ Zznk]: (26 + kx): : (C.5)
(@) R ) = 7 s - zi:e (2+ kx): , (C6)
(R — K, Ry) = % :sn—sm+ ’;Z—rr‘: (kX—ZKX): , C.7)

147
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Wnm(& ), K —K)) = % :sn—sm+ Zzn‘: (20— kx)] : (C.8)

nm(K ) + Ty, Kj) = % :sn—sm+ er:: (2KX+qX)] . (C.9)

Wnm(K) + A K| +K)) :% :En—€m+£,e (2kx(ox — ky) +Q>2<—k>%)] ,  (C.10)
wnm(K + 0y, K — k) = % :En —Em+ %e (2Kx (O + k) + G2 — kf)] . (C.11)
nm(K| —RH +Tj,K)) :% :sn—sm+ %(QX— ke) (2Kx + (q ] (C.12)
%m(k'n+RH+<‘ii”,r<'“):7—1i &, —&m+ 5 i g (k) (26t (Tkt-k) ] (C.13)
mnm(‘K‘“Jr'IéH+ci||,R”+‘|2“):7—1i :sn—sm+z2r:e (2Kx+ Ox + 2k« ] (C.14)
&hm(k'||+EH+Q'H,_K'”+q“)=% :En €m Z?Ti x+2qx:| (C.15)
th(R||+Q|I,R||—R||+ql|):% :sn—sm Zi:e (2Kx+ 20x — ] (C.16)
Wnm(®) — Ky + ), K — k) :% :sn—sm—l- fnq]: 2Ky + G — 2Ky) ] (C.17)
Wnm(Ry — K+, K +d)) :% zznk]: (kX—ZqX—ZKX)] : (C.18)

We obsere from Egs.(8.17)—(8.23}hatthesdransitionfrequenciegivesriseto anum-
ber of differenta andb coeficients,which we will usein the later sectionsof this Ap-
pendix. It turnsoutthatthereareatotal of four differenta’s andthirteendifferentb’s. To
presentanovervien andfor the sale of easyreferencehey areall listedtogethetbelow,

viz.
k
ay = &
Me
hQx
aH=—,
T me
a E(q + k)
3_r_ne X X /3
h
a4:rr_le(qx_kx)’
1 k2
1 hk2
bﬁmzﬁ(sn 8m)—z—x—w—

(C.19)
(C.20)
(C.21)
(C.22)
(C.23)

(C.24)
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b3 = %(sn—sm)Jr ;fi+w—irn,}1, (C.25)
b= %(8n—£m)+ g%i—w—ir;nﬁ, (C.26)
bam= ,—1i(sn —&m) + %e(qx —ko? = iTam, (C.27)
bim= %(sn —&m) — %(qx —ko? = itam, (C.28)
bl = 7_11(8” —&m) + h (qx + ke)? —iTp ks (C.29)
8. = %(sn —&m) + %e(q —K3) —it, L (C.30)
bm= %(sn —&m) + hqx (qx + 2ky) + 0 — it (C.31)
bil = %(sn —&m) + g::e(k + 20¢) — W— Ty, (C.32)
bil = %(sn —&m) + %Xe(q 2ky) + W— T, (C.33)
02 = 76— o)+ g (2 —ko) — 0~ Ty (.3
bid = %(sn —&m) + %(k —20) — W— Ty (C.35)

C.1 Nonlinear processA

Startingwith the pureinterbandtermin Eq. (8.17)we separatéhe z-dependenandthe
K|-dependenpartsin thefollowmg way:

—xxxx(zazl Z Zm qH’kH 3 Zan Z,Z’ Z Z”I) nm (C-36)

wheretheindiceson the quantitiesZ andg follows theindicesof the quantumnumbers
in thesum.Thez-dependenpartabove is

Zhm(z,2,2',2") = Z5(2") Z3n(2)3(2— 2)3(2' — 2"), (C.37)
andthe solutionto theintegral overk’“ in thelow-temperaturdimit
A___ ¢ ai—of,
M 321 (&n— &m) /A — 20— it

readilyappeardy useof Eq. (C.178),sinceonly the Fermi-Diracdistribution functions
depencnk|.

(C.38)
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C.2 Nonlinear processB

In orderto solve theintegral over k in Eq. (8.18),we rewrite it into

— ! N T 2 h 1 JNn
:Exkh(zazlazl 72, ;q”,k”) = (iQ))3 ( > ) z Zkh nmv(zaz, 4 Zl )Ekh nmv(q||7k|\)
(C.39)

in which both quantitiesZ andg areindexed accordingto their dependencen the two
Cartesianndicesof = andthe quantumnumbersin the sum. Above, the zdependent
partin generals givenby

Zth,nmv(Za zla zu’ Z”I) = Z\r/]n(zm)zrlilv(zﬂ)é(z_ Z,) Zr)im(z)a (C-40)

in termsof Egs.(C.1) and(C.2). Of these thetwo with Cartesiarindicesxx andyy are
equal. The solutionto the otherquantityabove, EEh,nmv(q'H ,K), in termsof thea's and
b's andthefunctionssolvedin AppendixB, is written

- € 1 1
EEh nmv(qHakH) = _4rneh2 (2.,.[) (sn — Sm)/h— 200 — ITEI‘}] {?k?](ma ay, b\J;ma O)
— F&(vag, bl ko) + AN, —aq, b3, 0) — Fa (v, —ag, b3, k) } , (C.41)

whichiswrittenin termsof asetof functions# thatvaryfrom elemento element.These
functionsare of the order3 = 1 becausenly onetransitionfrequeng appearsnside
eachintegral. They are determinedfrom the k'”—dependenparts of the microscopic
currentdensitiesandthey become

T2 = Foos (C.42)
—‘Tyy 4?—02, (C.43)
Fa= Fax= 2Fion+ koo, (C.44)
Foe= 4T 20+ A Fio+ K; Foo, (C.45)

in shortnotation,sincethe functionsat the right side of theseequationgake the same
amgumentsasthe functionsto the left.

C.3 Nonlinear processC

Separatingdeq. (8.19)into its z—dependenandk'”—dependenparts,we write

=%d22,2., 2",k = 3Zth (z2,2',2")&5(), K)) (C.46)

wherethe indiceson the new quantltlesfollows the quantumnumbersn the sum. The
Zz-independenpartin this partof the conductvity tensoris

Z5n(2,2,2',2") = Zol2) Bin(DB(Z — 2")8(2- 2), (C.47)
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in termsof Eq. (C.1). Thesolutionto the quantity&$ (q“,kH) thenappearsas

- et
Egm(qnakn) = _m {.‘7:010(n7 ay, bﬁma Ox — kX) - f(}o(maa«% bgma 0)} (C48)

in termsof thea's andb’s andthefunctionssolvedin AppendixB.

C.4 Nonlinear processD

Performinganadequateeparatiorof variablesn Eq. (8.20),it is written
o 2 [eh)? -
=D 1. — R (=
=i(z2,2,2";G), k) (i) <2me) r%v{ Zmd22,2, 2" e K))
Jknmv(zaz/ Z ZHI)EJk,nmv(qHaRH)}a (C.49)

wherethefour new quantitiesareindexedaccordingo thevaryingCartesiarcoordinates
of = andthequanturmumbersn thesum. The z-dependentermsin Eq. (C.49)are

Jknm\/(LZ, Z Zm) (Z_Z”I)Z;V(Z”)Z\J;n(zl)zém(z)a (C-50)
Jknmv(zaz’ v Zm) (Z_ZHI)Z\I/(n(Z”)ZrJ:nv(ZI)Zr):m(Z) (C-51)

in termsof Egs.(C.1) and(C.2). In both equationsabore, the xx andyy permutations
arethe same.The solutionto the § quantitieswe write in termsof thea’s, b’'s, andthe
functionssolvedin AppendixB, theresultbeing

&R ). Ky) = _%mefﬂ { FRA(m,{ag, a1}, {bfym, by}, 0)
— TR {ag, a1}, {0fm, B} k) + FR2(N, {ag, @2}, {0, B} O+ )
—Fir(v{as, a2}, {bhm b}, k) } (C.52)
&R0 Ky) = _%hz {FR2(m {ag, a2}, {bf, B}, 0)
—Tﬁb(V {23,82}, {Bhm Bim}: B) + FR°(N,{@s, 1}, {0fm, b}, O + )
—FR°(% {ag, a1}, {brm ba}, ) } (C.53)

which have beenwritten in termsof a set of functions F that vary from elementto
element.Thesefunctionsareagaindeterminedrom the'K'H—dependenpartof themicro-

scopiccurrentdensitiesappearingn E)E’jkx(; z,72".7", q”,EH). They are

zga: ng = 7:020: (C-54)
Foy=Fyy =455, (C.55)
= 2Ffo+ (2k¢+ ) Foon, (C.56)

0P = 2Ff0+ O For (C.57)
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= 2o+ ke Féor (C.58)
= 275+ (ke + 205) T, (C.59)
= 450+ 2(0 + 3Kx) Fo+ (2K + k) T, (C.60)
= 4%+ 2(30x + k) Fio+ (292 + aek) Fo (C.61)

againin shortnotation,andfor the samereasorasbefore.

C.5 Nonlinear processE

Separatiorof thez—dependenpartandthe‘K'”—dependenpartin Eq.(8.21)yields

- N - 2 eh 2 [ T
:ijx(zazl,z’azl ;q\akn)zw (ﬁ) r%v{ Jnmv(zazl 4 Z, )Eljnm\/(qn,kﬂ)

j an(Z,Z' Z Z,”)Elj an(QHaRH)}a (C-62)

thenew quantitiesbeingindexed accordingo theirdependencenthevarying Cartesian
coordinatesn EiEJ-XX(z, z,7',7";q,,k|) andthe quantumnumbersin the sum. The z
dependenguantitiesareagainwritten in termsof Egs.(C.1)—(C.2) with theresult

j nmv(zaz’ v zm) (Z" - Z’II)Zév(Z”)Z\jn(Z,)Zri‘lm(z)a (C-63)
j nm\/(zaz’ Z Z’”) (Z” - Z”I)Z)/(H(Z”)ijnv(zl)zil‘lm(z)a (C-64)
andagainit appearsthe quantitieswith Cartesiarindicesxx andyy areequalin eachof

the above equations.The solutionsto the two & quantitiesare obtainedin termsof the
a'sandb’s andthefunctionssolvedin AppendixB, andthey become

3 { %Ijzl(ma a, bﬁma O) - fljzl(\/a ap, bﬁma 0)

Ea Ty
&inmd 1K) = ~ Seroma (8v — &m) /h— 20— Ty}
+7E2(n {a2’a2} {bnma bﬁv}aqX) sz(V {a27a2} {bnm, bﬁv},O)}, (C65)

e —?dij (na az, bﬁma qX) - —qdij (Va a, bﬁma qx)
26TPmehi2 (en—&y)/h—2w—ityt

&R k) = —

+FEA(M, {2, 30}, (B, D}, 0) — 524 {20, 20}, (b B} )}, (C66)

whichis writtenin termsof asetof functions¥ thatvaryfrom elemento element.Their
structureis asbeforedeterminedrom the k’” -dependenpartsof the transitioncurrent
densitiesandwe find for the pureinterbandtransitionsfunctionsof order3 = 1, since
only onetransitionfrequeng occursin eachintegral. They are

5= Foo (C.67)
Foy- = 4%, (C.68)
o = T = 2F10+ & Fo0, (C.69)

= 4F 3+ 204 Fio+ 202 Foo, (C.70)
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in shortnotation,andfor the mixed interband/intrabandransitionsfunctionsof order
B = 2 becauséwo transitionfrequencie®ccurin eachintegral. They are

= J&, (C.71)
Fo? = AT, (C.72)
o= Tt = 2F 50+ W Fo, (C.73)
= AF %+ 205 Foy + 202 o, (C.74)

againin shortnotation,sinceall agumentgo thefunctionsareof the sametype.

C.6 Nonlinear process~

The separatiorof variablesof Eq. (8.22)into z-independenandk'”-independenterms
gives

2
—|xxh(zazl Z” z" q”,k”) ( > Z {Zh nm Z,Z',Z”,Z”I) |h nmv(qnakﬂ)

nmv

+Z'|h nmv(za Z, 4 ZHI)Elh nmv(q|| ’ kH)} ’ (C.75)

wherethe new quantitieshave beenindexedaccordingo theirdependencenthe Carte-
sianindicesof = andthe quantumnumbersin the sum. In Eqg. (C.75) above, the 'K'“—
independentermsare

Zinmd2.2,2,2") = 8(Z - 2") Z(Z") Z5Z) 22 (C.76)
Zinmd2.2,2',2") = 8(Z = 2") 20 (Z') Zin(Z) Zn(D)- (C.77)
in termsof thethreequantitiesdefinedin Egs.(C.1)—(C.2),andagainthe xx andyy ele-

mentsin eachof the two above quantitiesareequal. The solutionsto the z-independent
termsappeatin termsof thea’'s andb’s andthefunctionssolvedin AppendixB as

- 3
E;é}nmv(qnakﬂ) = _W{%Ea(ma{a&&}a{bﬁma b\S/’m}aO)
Fa(v {a27a4} {b4ma b\?m}aqx - kX) + jjl (n {a27a1} {bnma blZ}’qX)
F2(v {0, 80}, (b bR} G — ) |, (C.78)

- &
€ 1-K) =~ grarmggz | Fn (M {22121}, (b B} )

_Tﬁb(v {aZaal} {b4ma b\l/m}akx) +j:i (n {a27a4} {bnma bﬁv}aqx)
— FEP( {ag, &}, (B bR} K0 | (€.79)

which arewritten in termsof a setof functions # thatvary from elementto element.
They areagaindeterminedrom thek'”-dependermartsof thetransitioncurrentdensities
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appearingandthusthey become

=1 = oo (C.80)
FFa= FI0 =492, (C.81)
o= = 2960+ %0 (C.82)
=20+ (0k — k) Fo, (C.83)
=295 + ke F &, (C.84)

= 450+ 2(20x — k) oo+ (20 — Akk) oo, (C.85)

= 4F2)+ 2(O+ k) Fip+ Okx P, (C.86)

againin the abbreviated notation,wherethe functionsin generaltake agumentsof the
type (na {ala a2}a {bla bZ}a S) :

C.7 Nonlinear processG

Finally, Eq. (8.23)becomesn termsof zindependenandk-independenterms

2 (] T
_”kh(Z,Z’ Z ZI QHakH) ( ( ) I{ |jkhnmvl Z’Z/’z/’z/ )Eﬁl?h,nmvl(qnakn)

+Z'|th nmvl(zazl 74 Z,”)E-Ijkh nmvl(q||ak||)+Z'|th nmvl(zaz, 4 Z”)Eljkhnmw(q”;lzﬂ)}’
(C.87)

whereagainthe new quantitieshave beenindexed accordingto their dependencen the
variousCartesiarindicesof = andthe quantumnumbersof the sum. The z-dependent
termsin Eq. (C.87)areon generalform

Zijkh nmvl(zaz, 4 Z”I) r?](Z”I)ZK,(Z”)Z\Jm(Z’)ZAm(Z), (C-88)
lekhnva(LZ’ Z” Z”I) 21(2’”) kn(Z”)ZI-JV(ZI)ZLm(Z)a (C.89)
Zth nmvl(zvz’ Z Z”I) = ZR/(Z’”)Z\ll(n(Z”)Z%l(Zl)ZLm(Z)a (C.90)

in termsof the quantitiesdefinedin Eqgs.(C.1)—(C.2),andasin the previous casesve
may obsenre that ary elementwith a Cartesianindex x is equalto the elementwith
the Cartesiarindex y on the sameplace,the otherCartesiarindicesunchangedThe z
independentermswe write usingthea’sandb’s andthefunctionssolvedin AppendixB,
asbefore.They finally become

Ga Ty _i 1 1
Eijkh,nva(QHakH) T E (2.,.[)2 { (sv_ Sm)/h— 20— IT\Tr%
x| FSEH1, {30, —au}, (b b}, k) — TG, {80, —a}, {Bir, B}, 0)
+7?k?‘|1( ’{aZ’al}’{bﬁm’ b\zll}a_kx) ?k%l(v {aZaal} {b nm» b\z/l}ao)]
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+7th (I,{az,a1,a3}, {bﬁmab\zllabﬁl}a_kx)
|th 2 (v, {az, 81,85}, {bm, b3, b5 1, 0)
th (n {ap, 82,83}, {bom, bﬁwbgl}aqx)
532 (v, {20, a0, 30}, {bnm, b3,,b5},0) } (c.91)

- 1
&R amvi(@),K|) = 83 (22 {?.th(a{az, ay, 3}, {0 b, Bom}, —kx)

fljkh (m {aZa alaa4} {bnma Im» b\El,m} O)

+ %5 (1, {az, a2, au}, {bfm, b B3}, —ke)
_j:ijkh (v {az, 30,4}, {bnm |ab\5/’m} Ox — kx)
+ %5 (1,{a2, 82,88}, { b, b, b3 1, — k)
— F:50 (v {2, a2, s}, { b, b, bR 3, Ok — ky)
+ 750 (n, {8z, a1, a3}, {nm bics b 3, 0x)
7.5 (W {2, a1, 80}, (i, D2, 05 1 0 — k) } (C.92)
Eicjilghnmvl(qﬂaa):_s—ze,(zj:[) { T (1,{a2,82,84}, { B, i, Do} > )

_fjkh (m {a25a25a4} {bnma Imabsm} 0)
+-‘]:?k?'ll( {aZa a17a4} {bnma Iab\?m}aqx)

th (V {2z, —a, a4}, {bnma Iabvm} Ox — ) !

(en—¢€)/h—2w—
X[ ?k?]z( {a27 al} {bnmvb\]/-l?’} qX) ?k%z(v’{a% al} {bnm’ Ig}aqx_kX)

jkh (I’] {aZ’al} {bnma blz}aqx) |(13k%2 (V {a27al} {bnm, blz},qX - kx)] },
(C.93)

andagainthey arewritten in termsof a setof functions F thatvary from elementto
element.As wasthe casein the previous sectionsthesefunctionsaredeterminedrom
the zindependenpartsof thetransitioncurrentdensitiesappearingn =.

In passingve shouldnoticethatparts(Gal) and(Gc2) hasp = 2 becaus®f thepure
interbandtransitionappearingn one of their denominatorsyhile parts(Ga2), (Gb),
and(Gcl) hasP = 3 sinceall theirtransitionsaremixedinterband/intrabanttansitions,
we obsere thatalot of # functionsareequal.ln thesimplestcasewe obsere

z%?zl j:zzzz TOO (C-94)
zzzz —¢zzzz —?;ngzz 75)0 (C-95)

At thesecondevel of compleity we find

Gal__ +Gc2 Ge2 _ Gc2 Gc2 Gal
T yyzz — j:yyzz j:yzyz T yzyz — Tyzzy Tyzzy szyz szyz szzy szzy
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Faroy = Frave =45, (C.96)
Fyyer= Fres = Fyyee = Fymr= Fyos = Fyaoe = Fyomy= Fasy = Fyoeg = Fage=

Tt = Tt = Fon= Ty = Fhme= Foo= T = Fom=495  (C.97)
Thethird level of compleity gives

?y?/?)} fyyyy 16-‘704a (C.98)
Ty 7yyyy Ty?/% 16753, (C.99)
At thefourth level of compleity we obsere

wovs = Frasa = Tosds = Faiea = 2710+ 210 oo (C.100)

xe2i= Fase = Fizes = Fovgr = Faxes = 21Fi0+ 2ich Fopy, (C.101)
o = Fraox = 21 %0 — 2k T, (C.102)
e = Tax= Taoe = 2iFo— ik T, (C.103)
2= 2 = 20T+ i(20x — ko) F, (C.104)

b= Fass = Faaox = 2iFo+1(20x — k) Féb, (C.105)
andtheindependenglement

oz 2iFi0+ 2i(ok — 2k) Fop- (C.106)
In thefifth casewefind

PS5 = PS5E= TS = 955 = 9= T = Tk = = 55 -

Fongy = Frigy = —8iFis — 4itk I, (C.107)
Txyyz '{FX?/% Txyyz Txyzy '{FX?/% Fxyzy = szyy '{FXGZ% Fxayy = %, yﬁ%

Foye = Ty = Fyxey = Faxyy = Faxgy = —8iFio — 4k T, (C.108)
Fiige= Fyoy= Fongy= —81F12 — 4i(Ch — 2K) T, (C.109)
Fyger = Fyany = Tagny = fycii‘xl FSL = 78— _8iFL, + Aik T, (C.110)
T = Fyzty = Fryy = Fyyox= Fryox = Fyoypx= Fyoye = Fayyx= Fagyu =

—8i 5+ 4ike Fo, (C.111)
fycj‘x’i Ty = ?z‘ixci FS2— 82 — 752 _8iFL, + 4i(ky— 20) T, (C.112)
Fype= Ty = Fyony= Foory = Fagny= Fayy = Fyex = Fyogn = Frygn =

—8iF S+ 4i(kx — 20%) Fop, (C.113)
In the sixth casewe obsere therelatedfunctions

woor = Fooe = —4T30— 4 Fio— % Foon (C.114)
ooz = Fooe = —A4T 50— 40 Fio— & Foon (C.115)
oz = P = Toos = Foiox = —4F50— 2(0k — k) Fo+ ke Foo (C.116)
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e = From= Fase = Fone = Fonox = —A%F50— Mo — k) Fio + ke Fop,  (C.117)
Gb _ gGcl _ zGcl _ gGel _ Gl _
XZXZ™ S XZXZ — I XZzZX T S ZXXZ T J ZXZX
— 4 50— 2(3ch— ke) Fip — O( 20 — k) Foo, (C.118)
X%C(g = xc§§>2< = z?oc(% = Z();(;)% = _47220 — 2(30x — ky) 7120 — Ox(20x — kx) 7020, (C.119)
andthe eightindependentunctions
o= — 45— Atk — k) i — (O — 2K) P, (C.120)
zxxz — 45— 6(0k — ki) Fio— (20% + 2K — 50kx) Foo, (C.121)
o= —AF 50— 2(0x — 3ke) Fi — Ke(2Ke — Oh) Fio, (C.122)
o= —4 %50+ T o — K Fo, (C.123)
szif —AF 30+ Ay Fio — K Foo, (C.124)
o= — A F30— A0k — ky) Fip — k(K — 20) b, (C.125)
ch)%](- = _4720 — 2(20x — k) ffl?’o — (20¢ — kx)zfc?Oa (C.126)
2= — AR — 2(20x — ky) Fio— (20x — k) Fo- (C.127)
Theserenthcasehasthefollowing relatedfunctions
Tty = Frongy = L6F 3+ 160y Fi + 4K F, (C.128)
Feayy = Fragy = 16F 55+ 160y Fi + 40K Fo, (C.129)
Ty = Ty = Fty = Fyagx = 16F55+ 8(ax — k) T — 40k T, (C.130)
ﬂ?,;”(‘? 7nyx fxyyx 5@%&(‘5 fyxyx 1655+ 8(0k — ki) Fio— 40k Fip, (C.131)
Ty = Figsy = Fgox = Faesy = Ty =
165, + 8(30k — kx) Fip + 40 (20 — ko) T2, (C.132)
Py = Py = Fyey = Py = 16723+ 8(30k — ke) T+ 420k — k) T, (C.133)
andtheeightindependentunctions
Frgy= 16755+ 160k — ke) Fio+ 40 (ax — 2kx) Fo, (C.134)
Fyoy= 16F55+ 24(0h — ke) Fo + 4(20% + 2K — 50ixkc) o, (C.135)
ffyxyx_ 16722 + 8(gx — 3k) ,‘712 + Ak (2ky — Olx) .‘]:OZa (C.136)
Fryex = 1655 — 16K iy + 4K Fo, (C.137)
Fyyaz =165 — 16k Fi + 4K T, (C.138)
Faooe= 1635+ 16(Cl — ky) Fi + Ak (ke — 20) Fio, (C.139)
Fot = 16F3+ 16(20 — k) Fio + 4(20x — k) 2 o, (C.140)
Fo2 = 16F5+ 16(20x — ke) Fi + 4(20x — k)2 . (C.141)
Theeighthcasegives
ez = TFroiox = —8iF 30— 4i(20 — kx) Fio — 2ia (0 — 2ke) Fio + ik Fp  (C.142)
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oo = Froox = —8iF3p— 4i(20x — ko) F3p— 2ic(0k — 2kx) Fio+ickkx Fop,  (C.143)
ooz = T = —81F30— 4i(40h — ky) F5o— 2iak (50 — 2Kx) Fip

—i0% (20 — kx) Fo, (C.144)
x?océ = X%)z( = —8if320 — 4i(40x — ky) f220 — 2igx(5ax — 2kx) 7120

—i0% (20x — k) Foo (C.145)
Xc;)%%: z?o%:(L: _8i7320_4i(qx_2kX)9:220_ 2iky (ks — 2qx)5r120_ iquifozm (C.146)
Xc;)%%: z?o%%: _8i7330—4i(qx—2kX)5f230_ 2iky (ks — 2qx)j:l30_ iquifg’m (C.147)
szgi = z?o(ii = _8if3§0 — 4i(50x — 2k«) 7230 — 2i(20x — k) (40x — kx) 7130

—igx(20x — ky) 273, (C.148)
sz§>% = z(>3<§>2< = _8if320 — 4i(50x — 2k«) j:zzo — 2i(20x — k) (40x — kx) 7120

—ion(20x — ki) 2%, (C.149)

andthefour independenglements

xxxz 8|j:30 4'(4qx 3k )720 2'(5qx + 2k2 8qx )7130

—|qx(2qx + 2k2 — Bayky) Fo, (C.150)
o= —8iF50 — 4i( 20 — 3ke) F3— 2i(0F + 2K — Acpky) 1y

+|qu (Ox — 2ky) T, (C.151)
o= — 850 — 4i(30x — 2K¢) F30— 2i(20% + k& — k) 1y

+|qux(2qx Kx) foo, (C.152)
o= — 81T — 4i(3ax — 4kx) F5 — 2i(20% + 5kZ — 8ajeks) Fi

Fike(202 + 2kZ — 5aky) Fo. (C.153)

The mostcomple solutiongroupof Cartesiarindicesgivesthefive independentunc-

tions

ooor = 1640+ 16(0h — k) T30+ 4(0% + K — Achky) F30+ Ak (ke — O) Fp
+(kax)29'—020>

oo = 1640+ 16(0h — k) T30+ 4(0% + K — 40hky) F5p+ Ak (ke — O) Fip

+ (k) > Foor

oo = 16730+ 32(0x — k) Fi0+ 4(50% + 5KZ — 120ks) F3
+2(0k — ki) (205 + 2K¢ — Baickx) Fi — Ok 20K + 2K — 5elk) Ty

ooox = 1636+ 16(30 — k) Fio+ 4((2qx — k)% + O (90 — 4ky)) T30
420 — kx) (3ck — Ke) Fi + G2 (20 — k) 2T,

oo = 160+ 16(30% — kx) 30+ 4((20 — k) >+ A (90 — 4k)) Fio
140 (20 — Kx) (3ax — kx) 7120 + q>2<(2qx - kx)zfozo-

(C.154)

(C.155)

(C.156)

(C.157)

(C.158)

Theimmediateconclusionof theseobsenationsis thatonly 65 of the original 246 pos-

siblefunctionsareindependent.
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C.8 The Z coefficientswith uniform pump field amplitudes

If the pumpfields have uniform amplitudesalongthe z-axis, we take the local limit in
thetwo coordinate” andZ’ in the Z coeficients,suchthatin generawe maywrite,

Z(z,7) = / / 2(z,2,7',2")dZ"d?', (C.159)
andthus

Using an orthogonalsetof wave functions,parity teacheghatthe integralsover x- and
y-componentgjives

[ Zn@)dz= [ Zn(@)dz=8um, (C.161)

wheredmistheKronecler delta. Theonly questioreft is thez-componentsyhich may
be determinedas soonasthe wave functionsfor the systemis knowvn. Thenpart A of
the nonlinearconductvity tensordoesnot contrikute to the phaseconjugatedesponse
becausef the resultof integrationover Z’. For the samereason part E vanish,since
the pureinterbandtermsvanishby themseles, andthe restof part Ea becomesqual
in magnitudeto the restof part Eb, but with the oppositesign. All othertermsstill
contrituteto theresponse.

C.8.1 Infinite barrier quantum well

If we choosea quantumwell within theinfinite barriermodelwith boundariest 0 and
—d asthesourcethenwefind

0 0
2(27) = / / (22,7, 7")d2"dZ", (C.162)
—dJ-d
andthus
- . 0 0 .
227;4,K) :/_d/_d:(z,z’,z”,z’”;q”,kH)dz’”dz”, (C.163)

in general Sincetheindividual Zyp%’(2) areindependentheresultis written asa prod-
uct of thesein the coordinates, Z, 7/, andZ”. Thenthe integralsover zcomponents
gives

0 _ (_1\h+m
/_ | Fim(ddz= 4”"(%2 _( le))d ! (C.164)
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C.8.2 Probewith a singlewavevector

If we take the probefield asE (Z;d) = E€%Z andthusE*(Z;q) = E*e7%7, thenwe
may furtherreducethe z-dependenceéf we define

3(2) = 1 (; Z(z,Z)e" % ZdZ, (C.165)

wherewe have indicatedthe modificationbeforeintegration of the Z(z Z) quantityby
shifting the symbolfrom calligraphicstyleto fraktur. Then,from thetwo integrals

0 X eiiq z 0 y eﬂ:iq z
| An@etiaz= [ z%(@estaz -
4renmiq, d[eFiad(—1)mm _ 1]

Flliqud)2+ @+ m2)[(iq,d)2+ B(n—m)?’ (C.166)
° 0L 2o 4t (n? — mA)nm{eFiad(—1)+m_ q]
‘Athm(Z)eiq dz= d[(iqj_d)2+ﬂ2(n+ m)Z][(qu_d)2+T[2(n_m)2], (C.167)

we may deducehereducedjuantities.

C.8.3 Combining 3 with Q

If we combinethe 3-quantitieswith the two differentexponentialsappearingn the Q-
guantitieswe getnew quantitieshatareindependendf z. Defining

0 .
3= / 3(2)e"'%%dz, (C.168)
—d
we may nowv deducethe z-independentuantitiesthatwill finally appeaiin the expres-
sionsfor the Q-quantities.Eventhoughwe have modifiedthe 3 coeficientsagainbefore

integration,we keepthe symbol,sincethe main purposeof selectinganothersymbolis
to indicatethatit is modifiedfrom the original Z quantities.

C.9 The nonlinear conductivity tensorin the Q coefficients

If we concatenatéhe definitionsmadein this complimentuntil now, we may definethe
new quantityto beconsideredn the Q coeficients[EqQs.(14.44)—(14.46)]

0 0 0 0 . .
ii(qH’RH) :/_d/_d/;d/_dg(LZ’,Z”,Z’”;q”,R|\)eflqlz,eilqldede”dZ'dZ. (C.169)

As we did with the Z coeficients, the modificationbeforeintegration have led us to
definethe new quantityin fraktur ratherasz=.
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Thenthe nonlinearconductvity tensorscombinedwith the zdependenpartsof the
probeandthe Q coeficient canbewritten

xxxx(q”a H I()J Z3Ai ﬁma (C-170)
- 2 -

o @) K) :( ( > r%v?)kh A A (o T )} (C.171)

xxxx(q||a |] 323nmznm q|\ak||) (C-172)

X%, ‘k>=i )5 {308 0l ) + 30l K}

i 81:K) = G Lame n;v jionmy& flenmddl1- K) + Bjicmyé ficnmdd- k) 1
(C.173)

Et n T 2 (en)?

:{iJ’XX(qH’kH):W<ﬁ) r%\/{BUnm |Jnmv(q||ak||)+3|jnm\lzljnmv(q\akn)}
(C.174)

2 -

xbE @ k) = i ( ) nmv{ ih.nm Ih?nmv(q|\ak||)+3|hnm lhl,)nmv(qHakH)}a

(C.175)

- 2 (en\* . ,
xﬁ%h(q”’k”) - W (ﬁ) n;w{sljkh anIEIth,nmvl(qHakH)

3|th nmvlzljlgh,nmvl(qll ,_k”) + sicj;lsﬁ,nmvlaﬁlgh,nmvl((—jﬂ 7_k||)} ) (C-176)

in termsof the 3 coeficientsjust calculated.

C.10 Thelocal limit in threecoordinates

In the local limit, the vector potentials(and electricfields) are independenbf their z-
coordinateandthusthenonlinearconductvity tensoralonehasto beintegratedoverthe
Z", 7', andZ coordinatesyiz.

C.11 Analytical expressiondor C, D, and A’

In thequantity C(q — k), givenby Eq. (10.5), = 1in Eq.(B.1) andp = 0, andin the
quantity D(qy, k) [Eq. (10.6)],B=p=2.In thequantity Al [Eq. (10.13)],p=ax =0
andb, = 1, andit canbe solvedimmediately with theresult

4 o orm a2
W/0 /0 rdedr = - (C.178)
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Using the analysisin AppendixB, the quantitiesC(qy + k) and D(q,k;) canbe ex-
presseds

Clay £ K)) = 2[F5 (as, b1, q £ k) — %5 (a1, b1, 0)] (C.179)
and
D(0, k) = 2[ 75 (az, a8, b2, bs,0) — 75 (a2, a3, bz, bs, k)

+72 (a2aa4’b2ab4ak|| +q||) 722(a25a4ab2’b4ak|])

(a2aa47 b2a b57 ) - .‘7:2 (a-27a47 b27 b57qH)
+72 (82,33, bz, b, Ky + ) — F5 (a2, a3, bz, bs, )] ,

(C.180)
where

ay = k(g —K)/me, (C.181)
a = h(q +K)/me, (C.182)
ag = hkj /me, (C.183)
ay = hq /M, (C.184)
by = h(q — Kky)?/(2me) —i /1, (C.185)
b = h(q +K))?/(2me) —i /1, (C.186)
bs = Ak? /(2me) —i/T—w, (C.187)
ba = Agy (q + 2k))/(2me) —i/T+ w, (C.188)
bs = Aigf/ (2me) — i/T+ o, (C.189)
be = ik (K| + 29/ (2me) — /T — 0. (C.190)

C.12 Analytic expressiondor the Q quantities

Let usfinishthis appendixby giving thesolutionsto Eqs.(14.11)-(14.14)They are
2|h eh \?
XX ~
X [4.¢20,n(a1a ap, bl,nm; b2,nm, Ox) + 4qX.‘T120’n(ala a, b1,nma b2,nma Ox)
+0% Féon (@1, 32, 01.0m, 02,0m, Ok) — 4F30,m(@1, @2, 01, 0m, b2,0m, 0)

_4qX?120’m(a17 ap, bl,nma b2,nma 0) - q)z(gj()zoym(ala ap, bl,nma b2,nm> O)] ’ (Clgl)
2ih [ eh\?
Xz o
Qnm(qnaw) - (2_,.[)2 (Zme)

X [ij_zo’n(ala ap, bl,nma b2,nm7 qX) + qX—‘TOZO,n(a']-’ ag, bl,nn'h b2,nm7 qX)



AppendixC: Analytic solutionto theintegralsoverkg| 163

_2.‘}-1207m(a1a a, bl,nma b2,nma O) - qxf()207m(a17 a, bl,nma b2,nma 0)] ) (C192)
2if [ e \?
QT w) = 22 (ﬁ)
X 4[ FGon(@a; 82, b1 0ms B2.nm, ) — T m(4, 82, 01,0m b2,0ms 0)] (C.193)
2ih [ eh \?
509 Gz (o)
X [f(%o’n(al,az, b1,nma b2,nma Ox) — T()Zo,m(al,az, bl,nma b2,nm, 0)] ) (C.194)

accordingo thetreatmenof thesetypesof integralsgivenin ComplemenB. Above we
have used

hdx
a=ap=—, C.195
1=2= " (C-195)
s AT
bl,nm:f:n_sm‘l‘—zr(:;——_[ , (C.196)
nm
hg ik

D2 nm=&n—Em+

R, (C.197)
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AppendixD

Fermienegy, quantumwell thicknessanda(n)

Thenumberof electrona(F) in asystemwherethe spinenegiesaredegenerateanbe
written

n(F) = 2% W () s (D.1)

wherethe number2 representshe degenerag of the spin enepies, andthe sumruns
over all electronstatesn the systemmultiplied by the probability of finding anelectron
in thatstate.This probabilityis givenasa Fermi-Diracdistribution

1
T It exp((Zn— 1)/ (keT))’

where Ey is the enepgy of the electronin stateN, p is the chemicalpotential, kg is
Boltzmanns constantindT is theabsoluteemperature.

We will now look atthe casewherewe have two-dimensionatranslationalnvariance
alongthe x-y-plane. In this casethe wave function gives plane-wave solutionsin the
directionof theplane,

fn (D.2)

1 iR, T
= I
Wn(F) = 5 Wn(2)e (D.3)
andthecorrespondingnegy is
thﬁ
En=¢€nt+ o (D.4)

wherek = [K;|. By insertioninto Eq. (D.1), it is convertedinto

« n+ 12k2) /(2 — -1 d?2
@ =23 (2l | w<1+exp ot /o “D i

takinginto accounthatthesumovertheplane-vave expansiorparallelto thesurfacecan
becorvertedinto anintegral, andthe notationn(z) = n(r) is introducedfor consisteng
Solvingtheintegral, we get

(D.5)

n2) = 205 Galtn(@) (D.6)
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with

_ ksT H—E€n
Gp= Eln [l+exp(ﬁ>] (D.7)

asthenumberof electrongn the quantumwell for ary temperaturd .

D.1 Fermi enemgy in the low temperature limit

In thelow temperaturdimit, the chemicalpotentialobeys,
li = D.
lim p= %, (D.8)

whereZg istheFermienegy. Then

_JO foren > Er,
en= { (Er —&n)/(2m) foren < Er, (D.9)
for T — 0, andthus
m
N(Z)rs0= 5 Y (% —&)O(%r ) Wn(2)? (D.10)

is thenumberof electrongnegative chages)in the system.

Additionally, the global neutrality condition teacheghat if the net electric chage
shouldbezero,thenumberof positive chagesshouldbeequalto thenumberof negative
chages,thatis

ZN+d:/n(z)dz
_m

= =5 ¥ (Fe —£0)0(Zr — o) [ |Un(2) 0z
n
m
= WZ(fF —&n)O(Er —€n) (D.11)
n
whereN, is thenumberof positive ionsperunit volumeandZ is the valenceof eachof
theseions.
DefiningthequantityNr astheindex of thehighestccupiedevel, thismayberewrit-

teninto

m

ZN+d — ﬁ

Ne
Zl(ZF_sn)a (D12)

from which the Fermienegy easilyis extractedas

1 |2 ki
=— | —ZN,d+ Y &,]. D.13
Er N [me + nZl n] (D.13)
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D.2 Infinite barrier quantum well

In theinfinite barriermodelfor aquantumwell extendingfrom 0 to —d in thez-direction
andinfinitely in the x-y-plane,we have

TCR?I?
Sn - W’ (D14)
whichinsertednto Eq. (D.13) gives
1 |2 wh? &
EF_N—F[meZNJFdJr dZZn]
_T? T Ne(Ne +1)(2Ng + 1)
= Nem [ZN+d+ >0 5 ] . (D.15)

From this equationthe limits on the thicknessof the quantumwell canbe determined
if we know the numberof boundstateswe want belowv the Fermilevel, the minimal
thicknesdor thequantumwell to have n levelsbeingdeterminedrom thesimplerelation
Er = &, andthusthe maximalthicknesscanbe determinedrom ¢ = €,,1, sinceit
hasthe samdimit valueastheminimal thicknesgo obtainn+ 1 boundstates.Thus,for
n boundstatedelaov the Fermilevel,
T ZN,d+ T n(n+1)(2n+1)]  @h%n?
nm *oq 6 - 2med?’
which givestherelatedminimal andmaximalthicknesse$o have thesen boundstates

. e (MHLEN+L) |
2ZN+ 6

(D.16)

n_ s/T(n+1) 2_(n+2)(2n+3)
d = \/ 2N, (n+1)2—————|. (D.17)
For a quantumwell with only a singleboundstatewe thusget
1
dr(ni)n =0,

A= ¥/3/2ZN,,, (D.18)
for two boundstates

At = /32N,

dize= ¥/39M/6ZN, (D.19)
andsoon.

Sincehzké = 2me‘Er, theradiusof thetwo-dimensionaFermicircle for staten, a(n),
usedasintegrationboundaryin AppendixB canbefoundusingEq. (D.15).1t is

mZNyd | T (Ne+1)(Ne+1) e

a(n) = Ne >4 5 7 (D.20)
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Solutionto integralsover zin Chapterl4

In this appendixve give someintermediatestepsof the solutionto integralsin thequan-
tity I?(q||,w) apperingn thedescriptionof the multilevel quantumwell in Chapterl4.

Insertingthe expressiondor the different F quantities[Egs. (14.18)—(14.22)jinto
Eqgs.(14.26)—(14.30)we get

(.6 = —ow2{ Q@) [ Zin(IGo(z. 2040 252 )0 02
Q) [ ZinlDGa(z0),0) 20 a2} €1)
@) = o0 {1 Q7(01.0) [ Zon(DGu(210,0 2020 ez
+QE0) [ Fin@Galz 8.0 2202 b2} €2)
K@) = ~1H00@)(@), ) [[ 2520220, ) Z(Z)d2'dz. ()
A9 = it { Q2.0 2L [ 222200 55 2002
Qe 0) oL [ Zhe(aIGaz 0,02 )itz E4)
Ko@) = IUow{llevz )" [[ Fonl)Go(z 2500 24(2)d'de
+ Q0L [ 2tz 200 5202 b2 (E5)

Using aninfinite barrier potentialalong the z-direction of the quantumwell, the Z(z)
guantitiesare describedn Egs.(14.34)and(14.35). Thenby useof Gradshtgn and
Ryzhik (1994),Eqs.2.663.1and2.663.3,

/ e sin(bx)dx eax[asm(:zx )-l— b? cosb¥)] ; (E.6)
/ e cogbX)dx = eax[acos(agxitzbsm(bx)] , E.7)
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we find thatintegralsover the sourceregion takesthe form

0 . [bmx mhd[e~24(—1)° — 1]
eax —
/,d sm( d ) d a2d2+meh? 7 (E8)
0 brx ad?[1— e 4(—1)"]
eax —
/,d COS( d ) d ad2+mh? (E9)

in which b is aninteger. Thisresultleadsto

[ Gu(@.2:0,0) Zinl)dZ =

ZTFnrp(gqid [14rP— (e—‘qi.d +rPedd) (—1)n+m] ez (E.10)
w?[(iq . d)? +1@(n—m)?[(iq, d)? + 1P(n+ m)?]

/GXZ(Z,z';q”,Q))Z%(m(Z')dZ' =
2rnmdaq.d [1—rP— (e7'%d —rPed.d) (—1)™m]

Qﬂ[(iqld)z‘l‘nz(n—m)z][(iqLd)z—l-T[z(n_'_ m)Z] eilqlza (Ell)
/ny(Z,Z';qH,w)Zﬁm(z')dz’ =
arénm[1 (9 e (] €1

[(iq,.d)? +1@(n—m)?][(iq ) + 1&(n+ m)?]
[ Gz 23,0 Zin(2)d2 =
2rénm(n? — n?) oy [(e 9L + rPedd) (—1)m — 1 —rP]

io2d[(iq, d)2-+ r(n— m)2][(iq, )2+ T2(n+ m)2] e 7, (E.13)
and
X 0, 2 4m2nmiq d[e9:9(—1)mm — 1]
[ BBl e e R P R (E.14)

7 gLz 4n4nm(n2 — mz) [ei(hd(_l)n+m_ 1]
[ ol e e T P (E-15)
since(—1)"™™ = (—1)™™ for n andmintegers.Then
& . T2(n2 — m2
Pz o) = £ o e { Qi) 0)a d+ Q7)) w }
oW
1+rP— (eﬁi(hd + rpei‘hd) (—1)nm
*TlaLd)2+ B(n—m3[(iq.d)2+ 2(n+ m)?] (E.16)
21 . 2 (2 — mP
Fam(Z 0, 6) = solgmelqlz{IQﬁq(ibw)qzid - anrzn(Gu,w)H}
1+rP— (eﬁi(hd + rpei‘hd) (_1)n+m e

*TiaLd)Z+2(n—m)2|[(iq.d)2+ 2(n+m)7’
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Pz 4, w) = —2mitwnmde %2 Q¥ (), w)
1—rS— (efiqld _ rseiqld) (_1)n+m
(iq,.d)?+18(n—m)?][(iq . d)? + 1 (n+ m)?]’

If we now inserteEqgs.(E.16)—(E.18)(14.21)and(14.22)into Egs.(E.1)—(E.5)andper
form the remainingintegration,we getEqs.(14.26)—(14.30).

x (E.18)
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Danskresune

For at studereden mulige faselonjugationaf optiske neerfelterer det ngdwendigt at
ga ud over denlangsomtarierendeindhyldningskure approksimatiorsamtden elek-
triske dipoltilnaermelse der normalt anvendesi faselonjugationsstdier hvor rumligt
udeempedéelleri detmindstesvagtdeempedejvingningeblandesl denforeliggende
afhandlingpreesenteresn vilk arlig-fasetilneermetberegning af denulinezereog ikke-
lokale optiske responstensoder beskriver denulineraerestramteethedf tredie orden,
somgenereresf firebglgeblanding en uensarteelektrongas.Beskrivelsener baseret
pa en halvklassiskmodel, hvori det elektromagnetiskfelt antagesat veereen klassisk
stgrrelseng udgangspunktedr beveegelsesligningefor teethedsmatrix-operatoreviek-
selvirkningsHamilton-operatorearvendes densminimalekoblingsform,og deninde-
holderdetled i stramtaethedsoperatorater er proportionaltmed det patrykte vektor
potential. Ved brug af denneformalismeer denrumlige struktur af systemetoptiske
responsbeskreet ved hjeelp af mikroslopiske overgangsstramtaethedeBeregningen
inkluderer derfor bade bidrag fra p- A og A- A leddenei vekselvirknings-Hamitin-
operatoren.Det er vist at der introduceresiogle vigtige faenomenersomer begrebs-
maessigforskellige fra de der har deresoprindelse - A-leddet,ved atinkludereA - A
leddeti vekselvirkninggHamilton-operatorerf-or atfremhaee denfysiske meningaf de
forskellige processeer koblingernemellemobsenrationspunktefor feltet og stramteet-
hederpraesenterdtform af diagrammerResultateaf enanalyseaftensorsymmetrierne,
der er tilknyttet p- A og A- A vekselvirkningera er summeret form af symmetrisle-
maerfor faselonjugationsppcesen Denteoretislke modelefterfalgesaf en bergning
af detfaselonjugeredeespondra enet-nveaumetalliskkvantebrgnd Et-niveaukvan-
tebrgndenmepraesenteratensimplestmulige konfigurationen kvantebrgndsafsekoju-
gatorkan have. Ydermereer denet interessanbbjekt, idet densoptiske responskke
indeholdemogetdipol-led. Diskussioneraf responseér baserepa stimuleringaf pro-
cessewedbrugaflys, dererpolarisereenten spredningsplanetlervinkelretpaspred-
ningsplanet. Det vises, at faselonjugationsproesen er ekstremteffektiv i det deem-
pedeomradeaf balgevektorspektret.Dernaestinskuegproblemeimedatgenererglane
balgertil excitationi denhgjeendeaf detdaeempedspektrumpgvi diskuterebrugenaf
enbredi@ndskilde(i vinkelspektretlil atstimulereprocessenEn sadanbredi@ndskilde
kan veereen kvantetad, og detfaseknjugeredevinkelspektrumfra en kvantetéd pree-
sentere®gdiskuteresKvantetddenssubbglgelaengdegrrelsegardenenmulig kandi-
dattil endiskussioraf denmuligerumlige komprimeringaf lys, ogrumlig begraensning
af lys foranenet-nveaumetalliskkvantebrgndsisekojugator er diskuteret to dimen-
sioner Det retfeerdiggeresat manved et passendealg af stramtsethedensrientering
i kvantetddenkan opra en feltkomprimering,der er vaesentligtpa den andenside af
Rayleighsgreenseserdi. Afhandlingenafsluttesmed en kort beskrielse af det mere
generelldilfaelde, hvor kvantebrgndetilladesat have mereendenenepi-egentilstal.
Numerisle resultaterder viser responsehvis en to-niveaukvantebrgndarvendessom
faselonjugerendenedium,er preesenteraig diskuteret.
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In orderto studythe possiblephaseconjugationof optical nearfields, it is necessaryo go
beyond the slowly varying ervelope-andelectricdipole approximationghat are normally
appliedin phaseconjugationstudieswherespatiallynon-decayindor atleastslowly decay-
ing) modesaremixed. In thepresentissertatiorarandom-phase-apprimxation calculation
of the nonlocalnonlinearoptical responsdensordescribingthe third ordernonlinearcur-
rent densitygeneratedy degeneratdour-wave mixing in aninhomogeneouslectrongas
is establishedThe descriptionis basedon a semi-classicaapproachin which the electro-
magneticfield is consideredisa classicalquantity andthe startingpointis the equationof
motionfor the densitymatrix operator TheinteractionHamiltonianis takenin its minimal
couplingform, andit includesthetermin the currentdensityoperatomwhichis proportional
to the prevailing vectorpotential. Using this formalismthe spatialstructureof the optical
responsef the systemis describedn termsof the microscopictransitioncurrentdensities.
The calculationthusincludescontritutions originating from both the p- A andA- A terms
in the interactionHamiltonian. It is demonstratethatinclusionof the A- A termin thein-
teractionHamiltonianintroducessomeimportantphenomenghatareconceptuallydifferent
from thoseoriginatingin the p- A part. To emphasizehe physicalmeaningof the various
processeghe couplingsbetweenobseration pointsfor the field andthe currentdensityis
presentedn a diagrammatidorm. Theresultof ananalysisof the tensorsymmetriesasso-
ciatedwith the p- A andA- A interactionsare summarizedn termsof symmetryschemes
for the phaseconjugationprocess. The theoreticalmodelis followed by a calculationof
the phaseconjugatedesponsdrom a single-level metallic quantumwell. The single-level
guantumwell representshe simplestpossibleconfigurationof a quantum-wellphasecon-
jugator Furthermoreit is aninterestingobject,sinceits opticalresponseontainsno dipole
terms. The discussiorof the responsés basedon the useof light thatis polarizedeither
in the scatteringplaneor perpendiculato the scatteringplaneto excite the process.lt is
demonstratedhat the phaseconjugationprocessis extremely efficient in the evanescent
regime of thewavevectorspectrumWe addresshe problemof plane-vave excitationin the
high wavenumberend of the evanescentegime anddiscussthe useof a broadbandsource
to excite the process.Onepossiblebroadangularbandsourceis a quantumwire, andthe
phaseconjugatedangularspectrumfrom a quantumwire is presentedind discussed.The
subwavelengthsizeof the quantumwire malesit a possiblecandidatdor discussiorof con-
finementof light, andthe confinemenbf light in two dimensiondn front of a single-level
metallic quantum-wellphaseconjugatoris discussedlt is justified thatby a properchoice
of orientationof the currentin the quantumwire a field compressiorsubstantiallybeyond
the Rayleighlimit is obtained.Thethesisis concludedwith a shortdescriptionof the more
generalcasewherethe quantumwell is allowed to have morethanoneenegy eigenstate,
and numericalresultsshaving the responsdrom a two-level quantumwell asthe phase
conjugatingmediumarepresente@nddiscussed.
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