The Method of Undeter mined Coefficients
This method of solution applies to a very particular and frequently occurring differential equation. The
equation must be linear, with constant coefficients and with a non-homogeneous term, g(x), that is a solution of
some homogeneous linear D.E., which aso has constant coefficients. The D.E. takes the form:

(LCu) aay® =a,09.
k=0
Note the non-homogeneous term, g.(x), is smply a linear combination of the two functions, x"e**sinbx and

X" e®™ cosbx , where nl W and a, bl R. {As a later “thought exercise” consider the generalization a, b1 C and

that of nl R}
Recall that associated with (LCU) is alinear homogeneous equation with constant coefficients:
(HC) aay®=0.

k=0
Furthermore, (HC) will have n, easily determinable, linearly independent solutions, which are referred to as a
fundamental set of (HC). These are determined indirectly by solving the auxiliary equation

(AE) Q am =0
k=0
We will denote the fundamental set by F = {yi, V>, ... ,ya}. Now adso the arbitrary linear combination

y. = é C.Y., may be called either the genera solution of (HC) or the complementary solution of (LCU).
k=1
For example associated with
(LCU4) y“@ +4y®? = x? +xe * +sin(x/ 2)
is the auxiliary equation m* +4n7 =0 with roots m = {0, 0, +2i} which reveals the fundamental set F = {1, X,
cos (2x), sin (2x)} and the complementary solution y, = ¢, + ¢, X+ C; C0os(2X) +C, Sin(2X) .

We now find it convenient to introduce the following.

Definition: Given g,(x), from (LCU), the initial “basic set”, By, of this function is the set of functions with unit
coefficients, such that all derivatives of g.(x), including g.(x) itself, can be written as a linear combination of the
elements of the elements from thisinitial basic set.

For exampleif asin the above example g,(x) = x* + xe * +sin(x/ 2) , then
Bo = {X*,x,1,xe *,&*,sin(x/ 2),cos(x/ 2}.
Notice that
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Definition: Given an initial basic set, By, as above and a fundamental set, F, aso as above, we determine afinal
basic set, B, by first taking al elements of By that are not also in F are placed in afinal basic set, B. The remaining
elements of B, are repeatedly multiplied by x until they are unique and no longer repeat elements of F nor repeat
an element already in the final basic. These modified elements are then aso placed in B. Note the size(By) = Size(
B). Also notice how the initia basic set, By, depends only on g(x), but the final basic set, B, also depends on the
fundamental set .

In the above example: F = {1, X, cos (2x), Sin (2X)}. Bo ={x*,x,1, e *,€ *,sin(x/ 2),cos(x/ 2)} . Sowe

select the elements {xz,xe' *,e%,sn(x/2),cos(x/ 2)} , from By which, are not repeated in F. Now the remaining



two elements of By, {x, 1} would be multiplied by x* so that they are unique and do not repeat any from F or
those aready selected from B,. Thus the final basic set would be:

B={x*x*x* xe"*,e*,sn(x/2),cos(x/2)}.

Now aform for a particular solution of (Ny) may be formed as alinear combination of the elements of B.
For the given example we have

Y, = A +Bx¢ +Cxx¢* + Dxxe * + Exe* + Fsin(x/ 2) + G>cos(x/ 2)

y$=4AxC +3Bxx* +2Cxx- Dxxe™* +(D- E)»e* +(F /2)cos(x/2)- (G/2)>sin(x/2)
=12 A% +6Bxx+2C + Dxxe * + (E - 2D)>e * - (F/4)sin(x/2) - (G/4)>cos(x/ 2)
y=24A+6B- D>xxe *+(3D- E)> " - (F/8)cos(x/2) +(G/8)>sin(x/2)

y, ) =24A+D>xxe " +(E- 4D)>e * +(F /16)sin(x/ 2) + (F / 16) xcos(x/ 2) .

Substitution into the DE y™ +4y® = x® + xe * +sin(x/ 2)

24A +Dxxe’* +(E-4D)x* +(F/16)sin(x/2) +(F/16)>cos(x/?2)
+ 48AX* +24Bx +8C +4Dxxe* +(4E- 8D)xe* - Fsin(x/2) - G>cos(x/2)

= X +xe +sin(x/2)

Equating coefficients leads to
48A =1, 24B =0, 24A +8C =0, 5D=1, 5E-12D=0, -15F/16=1, -15G/16=0.
SoA=148, B=0, C=-1/16, D =1/5, E=12/25, F=-16/15, G=0.
Thus y, = (1/48) %" - (1/16)>x* + (1/5) xxe™* +(12/ 25) & * - (16/15)>sin(x/ 2)
and the general solution of (LCUA4) isgiven by
Y =C, +C,X+C, COS(2X) +C, Sin(2x) + (1/ 48) x* - (1/16) %> + (1/5) xxe * + (12/25) & * - (16/15)>sin(x/2).

The method of undetermined coefficients for solving (LCU) a ay® =g,(x).
k=0
1.) Determine the roots of the auxiliary equation, (AE) é am =0.
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2.) Usethese roots to determine the fundamental set of solutions, F.

3.) Form the complementary solution y. as an arbitrary linear combination of the elements from F.

4.) Determinethe basic s¢t, B, for (LCU).

5.) A particular solution, y,, for (LCU) may now be given as an undetermined linear combination of the elements
of B.

6.) Vp, isthen differentiated as many times as is required and substituted into (L CU).

7.) Coefficients of the like terms are then equated resulting in an N X N linear system having the N undetermined
coefficients as variables.

8.) Solving the system determines the coefficients and hence y,, is determined.

9.) The generd solution of (LCU) isthen givenasy = y, +Y,



